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BerepeHue

O npenogasaHum cTepeoMeTpun B 11 knacce
C yriybneHHsiM ¥ NPOPUNLHBIM M3YHEHNEM
MaTeMaTHMKK

YuebHO-MeTOAHUECKUHN KOMILIEKT AJH H3YVUEeHHs IeoOMeTpHH
(crepeomeTrpuu) B 10—11 Knacce npeaHasHauyeH, TNaBHBIM 0Dpa-
30M, INd LIKOJ ¥ KJACCOB € YrAYOJEeHHBRIM HJIU NPOHUIRHBIM
H3YyYEHYEM MATEMATHKM, XO0TH MOXeT ObITh MCIOJL30BAH U B 00-
nieodpasoBaTeJhHBIX KJIACCAX ¢ CHJIBHBIM COCTABOM VUAIIIUXCH M
BO3MOXXHOCTLIO MCTIONBL30BAHMA AOMOJHUTEJNHHOTO YUeOHOIO Bpe-
MeHHN s3a cyeT GaxKyJbTATHBHLIX 3aHATHH HIU CrelKypcoB. Peun
ugeT, B TOM 4YHCJIE€, ¥ 0 KJIACCaX, B KOTOPBIX yrayOJgeHue Hadu-
HaeTca ¢ 8 KJjacca, BCIEACTBHE Yelo yuallHecd 3THX KJIACCOB K
10 xaacey yKe ZOCTATOYHO CUJIBHO NPOABHHYTHI B M3YYeHHUH Ma-
TEMATUKY, B YACTHOCTHU TNJIAHUMETDHH, a TaKKe 0 TeX KJjaccax,
rAe npegnpodpuIbHoe 00yUeHHe HAUYMHASTCA B AEBATOM KJacce,

Chneaver uMeTh B BHAY, UTO HA U3YUeHUE N'€OMETPUM B KJIaccax
¢ npodpUNBHEIM H3YUYEeHUEM MATEeMATHKY OTBOAUTCA 3 4ACA B HeJe-
J10, TO €CTh, C OGHOH CTOPOHBI, B HOJATOpAa pasa Oonbllle, YyeM B 00-
meo0pasoBaTeNBLHBIX KJIACCaX, a4 ¢ APYroil CTOPOHBI, MOJNYyUYaeTCsH
TOMOJMHUTENbHO OOUH YAC B Helemwo — Bcero 33—34 uaca B rog.
JTOT0, KOHEUHO, OUeHb MaJO. B 3T0# ¢BsA3H, MO HAllleMy MHEHHI),
IJIABHBIM OTMHYMEM U3YYeHHA IeOMeTpHM B KJaccaX ¢ Npoduak-
HbBIM M3VUEHNEM MATEMATHUKY ABJISETCH He TOJABKO YrayOJgeHHe u
paclUINpeHye TEOPETHUYECKOI0 MATepHaJa, HO ¥ METOAHIECKM Bep-
Hag noA0OpKa pellaeMbIX 3a%aY, KAK B KOJIMYeCTBEHHOM, TAK ¥ B
KAa4YeCTBEHHOM OTHOIIEHUH,

[Ipesxx e Bcero, HeOOXOZUMO PELLIUTEL BCe MPOCTENIINE ONTOPHEIE
3a7auy Kypca. JTHMH 3aadaM¥ HI B KOEM CJIy4dae He HYKHO Npe-
HeOperaTh, Kak¥MHu OBl TPOCTHRIMU OHY HU Kaszanuch. OgHaKo cle-
AyeT YIUTRIBATH, ITO METOAUKA PEIIEHUA TAKUX 3azad B Kjaccax
¢ NpodUIELHEIM H3IYYeHUEeM MaTeMaTHKH, BooOlle roBOps, OTIH-
yaeTcsa OT METOAUKH UX penieHusa B o0mjeobpasoBaTeIbHBIX KJac-
cax M KJaccaX 'YMAHUTAPHOrO HaNpaBJeHUusa. TOMBKO IOCJHEe pe-
INIeHHUA BCEX OMOPHLIX 3a74Y MOXKHO MepeXoAHUTh K pelleHHIo 60-
Jee CIOMHBIX 3amad. PagyMmeercsa, caM oTbop 3THX 3aJa4 He
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TONBKO HeIIpPOCT, HO ¥ HeoaHo3HaueH. B HallleM 3azauHuUKe MBI
BHIAEJUIH 3HAUKOM «©» Te 3a1a4d, KOTODBIE CYUTAEM OCHOBHEI-
MH (cpeAy HUX, B YACTHOCTH, HAXOJAATCA ¥ BCe ONOPHBbIE 3aJaqH).
EcTecTBeHHO, UTO TAKOH BHIOOP B ONpeAeIeHHOM CMEICHE SIBJISET-
CcA YCJIOBHBIM H, BOBMOHO, OyZeT USMEHEH YIUTEJIEM B IIPOLIECCE
pafoThl 00 3TUM yUeOHHKY ¥ 3aJaYHUKY.

MpI He ABAAeMCS CTOPOHHUKAMH MNOKVIIKH ydalO[MMuUCSa pPas-
JHYHOIO poZa «pelle0HUKOB», OZHAKO 00pasubl peHieHus U
opopMyeERA 3anad, 0e3YCIOBHO, MOTYT M AOJMKHEBI OLITh PEeKO-
MeHAOBAaHKI ydaniuMca. B Hamrux yuyeOHMKAX M 3afaYHHUKaX MMe-
eTCA ROCTATOUHOE KOJIHYeCTBO TAKHX 00pasnoB K pelieHUusIM MHEO-
THX 3884 PasJIHYHOrO YPOBHA TPYAHOCTH,

CocraBnaa sazauHbIil MAaTepPHAN, Mbl HE CTABMJIH cele IEJIHIO
BKJIIOUeHWe TPYAHBIX ¥ VXX TeM 00JIee OJIMMIIHAAHBIX 3aAa4u. Bmec-
Té ¢ TEM MbI HOCUHTANH HeOOXOQUMBIM PACCKA3ATh B KHUIe LJA
yUuTENA 0 TOM, KAK MOJKHO PeliaTh Ty HJIY MHYIO 3aXady U3 Ha-
HIero safadyHuKa, cAeyarh Haubosee ONTUMAJBHBIH PHCYHOK IO
VCJIOBHUIO pelraeMoil aazauu. JTo, pasyMeeTcH, He 03HAUAET, UTO
IpeayIOKeHHBIH HAaM¥ CHOC00 peHieHHd JaHHOH 3aJayuyd ABJIAETCH
eAUHCTBEHHLIM MIH HauaydimuM. Kak uM3BecTHO, B OQJBIIMHCTBE
CIY4YaEeB TAKOH cIocod BOOOIIe TPYAHO OIpPeAeIUTh.

O HEeKOTOpHIX MeTOAMYECKUX ACIEeKTAX OpraHu3anuyd ¥ HH-
TeHCH(HUKAIHY IIPOIlecca PeHieHus 3a/iay Ha YpPOKAaX B KJjaccax ¢
YIJIYOJIEHHBIM HJIU OPOPUIBHBIM H3yYeHHEM MATEMATHKHN MBI
pacckKasanu B KHUre AJNE y4uTeNlq NPU U3YUYeHUUM TreOMeTpPHHY B
10 xnacce.

Ecny KEHTA I8 VYHTENA NONaJeT B pYKH vualerocs, To, Kak
M B CJIy4ae ¢ pelieHUAMH, NIOMETEeHHbIMH B 3aJaYHUKAaX, OH MO-
MEeT U3y4aTh ONyOJNUKOBAHHBIE B 3TOM KHUre HalllM peHIeHUud.
3To OyzeT OONBIIMM IIOACTOPHEM B PA3BUTUH YMEeHUA paboTaTs C
TeKCTOM 3aJa4¥, AHAJIN3HYPOBAThH X0/ €€ pellleHusd, ¥ B UTOTe, OB-
JazeBas METOAAMM PeHIeHHA reOMeTPHUYECKHX 3444, yUall[¥yucs
mpuodpeTeT HABBIK K CAMOCTOATEeNRHOMY MX pemieHuio. Kpome
TOTO, OH YBUAUT TPABWIRHO BLITOJHEHEBLIH, KOHCTPYKTWBHKIH
JyepTeX.

3HAUNTENRHOU mpoOJeMoll MPH NPenoiABAHUY MeOMETPUH AB-
JIAETCH MAJoe KOJMHWUEeCTBO 33Ja4, KOTOpPhEIE€ VUUTENDb YCIIeBaeT pac-
CMOTPETH C yUaluMuca 3a BpeMmda ypoxa. Ho Bce ke, pemniag Ha
KaM oM YpOKe 110 2—3 3a4a49¥ U JOMa K KaXKJOMY YPOKY — II0
4—5 sanxad, ygamuiicsa 3a OTBeXeHHOe yueOHOe BpeMa MOKeT MPH
YMeHVH ¥ )KeJlaHUM HapenIaTh okoJo 700 sagad, 4To He TAK y3K U
Mano. B Ka:xxkaoM 13 HalIMX 3agavHuKoB U ana 10 knacca, u ana
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11 xnacca 6oaee uem mo 1000 3agau, MHOr#e U3 KOTOPBIX COJEP-
sKaT ellle ¥ moA3afaydu.

Mo HO MOCOBETOBATH COCTABIATE AOMAIIHEE 3afaHue M3 TPeX
onokoB. Ilepsuiii 610K cocTouT U3 2—3 3aja4 U OpefHasHaUeH
1A BCeX YVUEHMKOB KJacca; BTOpOii 60K (TakXe 2—3 3agayuu) B
JNBYX-TPeX BapHAaHTAX IPeAJAraeTcd A4 PasHbIX rpynl ydan{ux-
cA KJacca B 3aBUCHMMOCTHY OT UX YCHEXOB IO NPEAMETY; TPeTHUil
OJIOK COTEP:KUT TPYAHVIO H HHTEPECHYIO 3aaady. [Ipu 3TOM BaMK-
HO: BBITTOJTHEHHUE 3a7aHuil 1-ro ¥ 2-r0 6JIOKOB 0043aTeIbHO. 3a4a-
ya TpeThero 0JI0KA pelllacTes IO JKeJIaHMIO, & €€ IIPaBUIbHOe De-
lIeHUe MO ET OBITh ONEHEHO OTAHYHONA OIEeHKOH TOJBKO IIpU 0e3-
YCJIOBHOM DeIICHUHN 0083aTe/IbHOL YacTH JOMAIIHEro 3aJaH¥d.
CocraBieHye TaKUX JOMAIIHUX 3aZaduii TpefyeT OONBIINX YCH-
NI CO CTOPOHBI YUUTENA, BMECTE ¢ TEM MOMKET JATH BecbMa XOpo-
IIMe pesyJbTaThl B O0yUeHWM ydamuxcs reoMeTpuu. B Romne
y4eOHOIO roAa CTOUT enle pa3 IMPoaHaANIH3UPOBATH CUCTEMY XO-
MALIHHAX 3aJaHUH 34 NPOMIeAIINN rox U NOCTAPATLCA €€ MOAePHH-
3YpOBATL.

Mo:xeT OBITH, [OJE3HO 0 JOTOBOPEHHOCTH ¢ YUeHUKAMYU U IPU
B3aMMHOM JKEJNAHMHN YUICHHKOB M YUHTEJNST 3aBeCTH «0OpaTCHKYIO»
TeTpaab. 3Ty TeTpaZb BeAYT MO OUEepPeIH BCE YUEHHKY Kjacca: BO
BpeMs ypOKa YYEHUWK JAeJaeT 3allUCH He B CBOEW TeTpajgu, a B
«OpaTcKoi» (KajKIbIH YYeHUK OyaeT paboTaTh B 3TOH TeTpagH
npubJIM3UTEIbHO OJUH pas B ABa Mecsana). «bpaTcras» TeTpaas
XPaHUTCA B KJacce. 3TO JaeT BOSMOKHOCTE M YUCHUKaM, M YUUTe-
JIIO B JIIOGOA MOMEHT MNOCMOTPETE, UTO U KAK ObLI0 BBINOJHEHO Ha
TOM MM WHOM yPOKe.

YucHHUK, 3alMCABLINN YPOK M JAaHHOE Ha HeM JOoMalliHee 3aja-
HYE, CTABUT CBOIO MOAIMCH, U VUUTENb MOMKET OIEHUTH KAUECTBO
ero padoTel. (Mbl HEOAHOKPATHO MCIOJBL30BAJIH «0PATCKYIO» TET-
pajs B IIpolecce NpernoaaBadus reOMEeTPUH, ¥ 3TO YACTO MOMOTAJIO
B pa6ore.) BooGmie roropd, MOKHO H IIPUTOTORIECHHAE JOMAIIHETO
3aJAHHA IIPOM3BOAMTHL B «OpaTcKoOW» TeTpajau, HO 3TOr0 Mbl He
Mpo6OBANY AENATH.

«Bparckag» TeTpaak 0COOEHHO BAKHA OIS YIAI[HXCS, IIPOIIYC-
TUBIIVX 3aHATHA TI0 GoJesnu. Kark ALl U3 TAKUX YUALMXCA MO-
JET B3ATH ITY TETPAAb AOMOU AJIR USYUEHUA M IEepenuchblBaHUA
MaTepvasa, H3yYeHHOTO HAa NPONYIIEHHOM YPOKe.

YuuTtenio nexecoodpasHo Takke IPpOSYMATh BOIIPOC O TpeGoBa-
HUAX, KOTOPbIE OH DyAeT NPEeAbABAATb K 3aNUCAM yYaIll[UXCAd B X
pabouuXx TeTpagAXx Mo reOMeTpPHH,



B 910ii cBA34 MBI OBl HOCOBETOBAH YUHTENK) PEILINTE A58 ceds
CJIeAyIOmNe BONPOCH OpraHuMzanuu paboTwl yda-
HINXCH OTHOCHUTEJHHO TETpajcH.

1. Yuamypecs moryT BecT# o Ase rertpaau. OgHy — IJA 3amnu-
CH JeKIUH YUHUTeJA M 3aja4, pelleHHBEIX B KJacce, a APYIVI0O —
AJA BLINOJHEHMS JOMALIHUX 3a4aHUM. B Takom cioydae yuurenio
Oyaer Jierue, HampuMep, coOpaTh TeTpagM y BeeX YUALUXCH MJIH
YACTH KJIaCCa ¥ 03HAKOMMTLCS ¢ HX AOMAamIHNMU paboramu.

2. Yao0HOI $opMOIl BeleHUS AOMAIIHUX TeTpajeill MOMXKeT
OBITH TeTpaab CO CHEMHEIMU OJIOKAMM, KOTODPBIE CEHUYAC LIMPOKO
OpOJaIoTCsA M MCHOJBIVIOTCA MHOTHME yuamuMucs. Ecau taxkue
TeTpaay BeAYT Bce ydalluecs KJacca, TO yUUTeJb MOKET B KOHIE
yPOKAa IMONPOCUTH BRIHYTh U3 TeTPAJd U CAaTh AJIA IPOBEPKH pe-
HIeHUA OOJHOH-IBYX VKA3aHHBIX UM 3aJaU U3 AOMAIIIHEr0 3aaHud.

3. Ienecoo0pa3Ho TaKoe CTPYKTYpPHOE YCTPOMCTBO TeTpagu
ydeHUKa, Y4To0Bl OH MOr JIerko HaMTu B Hell alo0ylo 3ajady, pe-
IICHHYI0 HEeCKOJbKO YPOKOB Hasax, 00Jiee TOro, BCIIOMHHUTBL, Ka-
KMe 3aJauy ¥ KOorja pPeHIanTuch B mponecce yuedri. Jlong sroro
MO HO IPOHYMEPOBATH BCE CTPAHUILI TeTPaAX H BBECTH AN 3a-
MONHEHHA CIAeAYIOUIYI0 Ta0aHy-0orJyiaBleHue.
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I[Ip 3ToM B mpHMeYaHHHM yUeHHK yKa3biBaeT HOMepa 3ajaH-
HLIX Ha J0M 3a1ad, KOTOPble €My He YAAJIOCh PEIIMTh K JAHHO-
My YPOKY, M HOMepa CTpPaHMI] TeTpagyu, Ha KOTOPLIX OH PELINJ
(MOxxer OBITH, ¢ IOMOINBIO TOBAPHIIEH WJIM YUNUTENA) 3TH 3aTaA4UU
mo3aHee.

Mo HO IOCOBETOBATHh YUATUMCA OTMEYATH HA MOJAX TeTpaiu
HauboJslee Ba)xXHbIie pa3Aesbl MaTepHala, PACCMOTPEHHOIO Ha ypo-
Ke. (Moxxer ObITEH, CTOUT PA3PEIINTL YUALIUMCH KAPAHAALIOM OT-
MeYaThb B 3aJaYHUKE 3a/1a4¥, pellleHHLIe B KJacce, OyKBoii K, a pe-
HIeHHBIe JoMa — OykBoil [1.)

Mu yOesxaenbl, UYTO V Ka){ZOT0 OINBITHOTO YUIUTEJIS UMEETCH
MHOrO BAPHMAHTOB DEHICHUS BONPOCOB OpPraHU3aIHMH O0yUeHMs
reOMeTpU¥, a TAKMKE CBOM «MaJIEHbKHE XHTDOCTH» ¥ «BEJHKUE
HAXOAKM» B PeANU3alNU 3TOro Nponecca,
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PDopMBI AOMAIIHUX 3aKAHVH JOJKHLI OBITE PA3SHOOODPABHBIMHU.
B ToM 4yncJjie BO3BMOKHEI 3alaHNA «Ha TBOPUECKVIO HepepaboTky»,
CYTh KOTOPEIX COCTOMT B CJEAVIOIEM. ¥ YUTEIb 3a4aeT YUAI[HNM-
cf, HAIpMMep, pasofpaTh pelleHue 3aJady, NOMeIleHHOEe B Ha-
lIeM 3agadyHUKe WIN V4yeDHHKe, IIOCJe 4Yero yuYeHUK JOJKeH
«TBOPUYECKH NepepalfoTaTh» BTO pellieHHe, TPOPeleH3UPOBATE ero
M OPH BO3MOXKHOCTH — NPERJOKHTH CBOM JYUHINN HMJIH, BO BCA-
KOM CJydae, APYroii BapHAHT perreHus 3Toi 3agaum. (MoxxHo
HCIOJIL30BATh, Hanpumep, sazauu 1.035, 1,107, 1.112, 1.123,
2.164, 2.245, 2.418 u mHoOrue Apyrue 3ajgauyy U3 HAIIEro 3agad-
HuKa ana 11 kunacca.) [lia 570 Ke eI MOMKHO UCIOJIbL30BATE U
3agauu, pelieHHbIe B ZaHHOHM KHHUTE.

ITone3HO TaAKKe IIpeAsaraTh YYaAIUMCHA OePEHOCHTH TOT HJIH
MHOH 4YepTexi H3 BaJaYHWKA WJIH yuyeOHVKA B CBOK TeTPalb.
(O Ba)XKHOCTUM UepTerka HA ypOKaX CTepeoMeTpPuH T'OBODUIOCEH B
Halltel KHure qis yuureasa npy padote B 10 kiacce.)

Oyens BaKHBIM M 3¢ PEeRTUBHBIM NPH M3YUEHUY CTEPeOMeTPHH
ABJAETCE YMEHUE YUAIUXCA CHEJATH NPABMJIBLHBIM YepTeX K
KAaKI0H M3 TeopeM yueOHMKA ¥ TOYHO 3aMMUCaATh, YTO JaHO B YCJIO-
BUU 3TOI TEOPEMEI # UTO TPEDYeTCS JOKA3ATH.

[Ipu BEIIOJTHEHEVWM AOMAHNIHUX 3alaHUH ¥ IPH PELIeHu N 3344 Ha
ypOKAax, a MHOTZAa M OPH BLIMOJHEHUUM KOHTPONLHBEIX pPaboT yua-
Iuecsa MOTYT HCIOJIL30BATh IIOMEIeHHbIE B HANIHX 3aJaUHUKaX
«PopMyJIBl IIaHUMETPUY, CTEPEOMETPHU B TPUTOHOMETPHH», KO-
TOpBIE, B OIIpeieIeHHOY Mepe, 3aMeHA0T CIPABOYHBLI MATEpUAJ.

OTtmeTHM, 4YTO BhIOOD yUHTeNEeM Hamrero yie0HUKa ¥ 3aJaYHU-
K8 B KaueCTBe OCHOBHBIX JaeT DOJbIIUe BO3MOXKHOCTH AJNA IIOA-
poOHOT0 M3YUEHUS CTEPEOMETPHY, HO BTO BOBCE He O3HAYAET, UTO
B Iponecce 00yUeHUs reOMETPHY He MOrYT UCIHOJIL30BATHCA APY-
rue ydyeOHUKH, mocobusa u sazadHuKH, Tak, Hanmpumep, HaIIH
yualmiuecss ¥ B JaJbHEHIIIeM CMOI'YT 3arJAALIBATE B NEJBIH PAX
KHHUI ¥ HCIONL30BATHh uX. IIpuBeeM NpUMMEpPHBIA CIIMCOK 3THX
KHMI.

Amanacan JI. C. u ap. 'eomerpusa. YuebHuUK aas obijeobpa-
30BATEJILHBIX VUPEXKICHNN.

HTapvieun H. @, Feomerpusa. Yuednuk ana 10—11 kaaccos.

HTapvieun H. @. Feomerpus. CrepeoMeTpua. 3aAauHUK.

Ilpaconoe B. B., Hlapvieun H. D. 3agauu 1o crepeoMerT-
puu.

Aanerxcandpos A. J]. u ap. Neomerpua (ana KIaccoB ¢ yrayb-
JIEHHBIM U3YUeHWEM MATEMATHKM). YuebHUK Aias 00meobpasoBa-
TeJbHBIX VUPeKACHMH.



KHucenes A. Il. Crepeomerpusa. (PaxkcHMHIABHOE H3IZaHUeE,
«[Ipocda», 1995). Yuebaur Aas 00i1e0dpa30BATENIbHEIX YUPEIK-
JEeHHH.

Pouibrun H. A. COOpHUK 33144 110 cTepeoMeTpuH (B OJHOHA 00-
JIOJKKE ¢ BhINIeYKasanHbIM yueOuukoM A. 11, Kucenesa).

3ue B.I'. w xp. 3agaun no reoMeTpun AadA 7T—11 Kiaccos.
(Bubnuorexa vaurena).

I'yces B, A, u ap. lIlpakTuKyM 0 3J1I€eMEETApHO MaTecMaTHUKe.
I'eomerpus,

Aesepvanos JI. H. n ap. C60pHUK 3aRa4 10 TeOMETpUH AJIA
NpOBeleHEUA YCTHOrO ak3amMena B 9 u 11 Kiaaccax (sToH KHUT0i MBI
IONBL3YEeMCA AN NPOBeJeHUA UTOrOBOH aTTECTANUHY IO TeOMETPUH
B 9 1 11 KJaccax v A4 OPOBeJeHU s OTKPLITHIX 3A4€TOB [0 pelie-
HUIO 3a7a4).

dJeasuu JI. H., Paszanosecruit A. P. 'eoMerpusa B Tabnunax
(copasouHoe mocobue). M.: Ipoda, 1997 m Bce moclexnymoniue
TOZbI.

COopHUK 3a/a4 110 MATeMaTHKE JAJIA HOCTYNAIOIUX B BY3E! IOX
penarknuei M. M. Cxkamasn.

I'osopoe B. M. u ap. COOpHUK KOHKYPCHBIX 3aRa4 [0 MaTeMa-
THKE.

IIpu 00ydeHHMY reOMeTPUM MOMKHO TAKMKEe BECHMA ILJIOAOTBOPHO
HCIIONIb30BATH paloume Terpagu OO crepeoMerpud JIUTBUHEH-
ko B. H., npusnekars Kk paboTe MaTepuansl KypHANIOB « KBaHT»,
«MaTteMaTHKa B IIIKOJE» 1 ra3eTsl « MaTeMaTHKa».

B npomnecce mdyyeHnuda nnaHUMeTpuu B (—9 Kmnaccax OwLiaa
paccMoTpeHa Tema «l'eoMeTpUUecKHe NPeolPA30BaHHA ILIOCKOC-
TU», B YACTHOCTU, ABMMKEHUS H roMoteTrus. Mayuenwme amano-
TUYHBIX NPeo0pPa30BAHHUIN B NPOCTPAHCTBE MMPEeAyCMATPHBAETCH B
Kypce crepeomeTpuu 11 Knacca, HO HEKOTOpHIE Haen (HAIpHEMED,
NIPUMeHEeHUe EeHTPANbHON CUMMETDUH MPU 3HAKOMCTBE ¢ IapaJ-
AeJeTUNea0M U TIPUMEHEHWe TOMOTETHH IPH M3YUYCHUH Hapasi-
JIeJbHBIX CeYCHHUH NUPaMUALI) MOTYT OBITH BIIOJIHE UCTIONb30BAHLI
U B Kypce cTepeomeTpuu B 10 Kiacce.

OcoDeHHOCTHIO U3YUYEeHUS TEOPETHYECKOT0 MATepHasia cTepeo-
MeTpUHM, Ha HAlI B3MJIAH, ABASACTCA 0e3yCIOBHOEC JOKA3ATE/LCTRBO
Ha YPOKaX BCEX PACCMATpPHBAeMBIX TeopeM (KpoMe ocob0 oroso-
PEHHBIX CAYYAER U, ORITH MOXKET, TeopeM TeMbl « 'eoMeTpHUYecKue
npeo0pa30BaHUA NPOCTPAHCTBA»), CO3AHUE CTPOMHOH CHCTEMBI
IOKA3aTeJIbCTB 3TUX TeOpeM H BbIHeCeHHe UX HA YCTHBIC 334eThl,
aK3aMeHEI U T. 1. O0pamaeM BHUMAHNUE YHUTATENsA, YTQ CUCTEMBbI
MMEHHO CTPOMHOI, HO «He YHBINO» CTporoii. Mul yKe mucanu,
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yTO, HA HAII B3TJIAA, COBEPLHIEHHO He 00A3aTE/IbHO MPYU U3YYEeHUU
IIKOJIBHOH TeOMeTPHM NPMBOAUTE MOMHYIO CHCTEMY AKCHOM CTe-
pPEeOMETPHH, VAOBNAETBOPAIOIIYIO BCeM TpebOBaHUAM, NPEeAbABIAC-
MEIM K CHCTEME aKCHOM MaTeMaTH4YeCKOd HAVKH.

HanokeHue TEOPEeTHYECKOr0 MAaTepuala Mbl COBETOBANH Ol
BECTH JIEKIIMOHHLIM METOAOM, KPYNHBIMM TeMATUYeCKUMM 0J10-
KaMH.

B nmamrem yuebruxe tema «I'eoMeTpuyeckue nmpeobpasoBanus
IPOCTPAHCTBA» HU3J0XeHa JOBOJBLHO NOAPOOHO, KOPPEKTHO U OC-
HoBaTelbHo0. BMecTe ¢ TeM J1000H YVUHTESb MATEMATUKH, B 3aBU-
CHUMOCTH OT YCJOBHM M TPAAUITUI CBOEH LIKOJLI, CBOUX BKYCOB,
MOXeT CAM pPElIdTh, HA KAKOM YPOBHE M3yuaTh 3Ty TeMy. Dolee
TOT0, OYEHE BAXKHBLIM ¥ I'VIABHBIM AJS VUHTENSA JOJNMKEH CTATH Me-
TOAMYCCKHU BEPHBIN BRIOOD KAK YPOBHA CAO0KHOCTH peIlIaeMbIX 3a-
Aad mo STOM TeMe, TAK U YPOBHS TpeOOBaHUII, KOTOpLIE ODVAET
IPeABABIATE YUMTEN: K yUalluMcsH NPH NPOBEDKE WX IHAHWH.
PasymeeTcs, KaxKAbIH yUYeHUK NPOMHUIBHOTO KJacca AOJKeH XOTA
ObI HA HATJIAAHO-KOHCTPYKTHUBHOM YPOBHE NPEACTABIATL BeCh U3-
JIOXKEHHBII B yYeOHMKE MaTepHAJ O eOMETPHYECKU X Nipeoldpaso-
BAHUSAX NPOCTPAHCTBA.

IIBe crneayiomue TeMBI Kypca crepeoMerpuu 11 Kiacca —
¢«MuororpanauKu» ¥ «@Urypsl Bpamenusa» — HeOOX0AUMO H3Y-
YUTh C ZAOJIKHOHM MOAPOOHOCTRIC ¥ OCHOBATEIBLHOCTEIO. MeToaue-
CKH¥e PEKOMeHIalMy [0 BONPOcaM M3Y4YeHUST KaXKA0¥ U3 BTUX TEM
NnpeaJoKeHsl B JaHHOH KHWUTe B BUAe KOMMeHTapud, Kak M0 9acTH
H3JIOKEHHSA TEOPETHUECKOT0 MaTepuasa, TaK U OTHOCUTENBLHO pe-
IMICHUSA 3a8a4 COOTBETCTBEHHO 0 MHOTOTpAHHUKAX ¥ urypax Bpa-
IIEHUA.

IIpu uayuyenuu TeMbl «MHOrOrpanHUKH» MOXXHC NPOBOAUTH
YPOKH pellIeHHd 3a4a4 MO CKJICEHHBIM YYAIIUMHUCH MOAEJIAM MHO-
rorpaHHuKoB, Hanmpumep, nmpoBeCcTH YPOK-NPE3eHTAIUKD, MOCBA-
MeHHYI0 BuaaM nupaMun. Kamaslil yuamuicsa (M3 KaxKJble JBa
YYeHHWKA) noJyuaeT (moJydaloT) 3azaHue CKJIEUTh MOAENL TOH
HaA¥ uHOM nupamuasl. Ha BHelminei#l cTOpOHe OCHOBAHUA MOAeNH
OUPAMHILI JOJXKHO ObITH HAIMCAHO, KTO €€ M3TOTOBWI, M KaKue
oco0eHHOCTH uUMeeT AaHmafa nupamuia. Ha oxgnHoil 3 GOKOBBIX
rpaneil MoXxeT OBITHL M300paAXKeHa yMEHBLIIEHHASI pa3sBepTKa JaH-
HOU nupaMunsl. (3ajauyd AJIA CKJIEHBAHUA MHOTOTPDAHHUKOB HMeE-
I0TCA B 3agaunuke 11 Kaacca, c. 145.)

IIpusesieM mpuMephl HEKOTOPHLIX 3aJaHWI Ha HITOTOBJEHUE
Mofeneu.



HapucyiiTe pasBepTKY MHOTOTDAHHHKA, CBOHCTBA KOTOPOTO
yKasaHbl B YCJIOBUH 3a1auH, H CKJIelTe U3 Hee MHOTOIPDAaHHHK, €C-
JIY 3TUM MHOTOTPAHHHKOM fABJIACTCA:

1. ITupamMuga, B 0OCHOBAHHUH KOTOPOH JEKUT TPEYTOJNBHHK CO
cropoHamMu 9 cM, 12 cm 1 15 ¢M, a Bce OOKOBEIE peOpa HAKIOHEHBI
K OJIOCKOCTU OCHOBAHUA HOA yryoMm 45°,

2. ITupaMmupa, B OCHOBAHUH KOTOPOH JIEMKHUT TPEYTOJNLHUK CO
cropodamMu 15 cm, 15 ¢cm u 18 cM, a Bce 0OKOBRIC I'PaHH HAKJIOHE-
HbI K IJIOCKOCTH OCHOBaHHUA moj yrioMm 60°,

3. Ilupamuga ABCD, B OCHOBAHUH KOTOPOI JEXKHT TPEYTONb-
HUK ABC, AB = BC = BD = 10cm, yron ABC pasen 120°,
a nanockoctH rpaneil DAB u DB(C nepneHAUKYASPHLI IIO0CKOCTHU
OCHOBAaHM A,

4. MTupamuga MABCD, B OCHOBAaHUH KOTOPOM JIEKUT TpAalie-
nusa ABCD, AB = BC = CD = 8cm, AD = 16 cM, a mIOCKOCTH
rpaed MAB 1 MCD nepnenauKyJasapHSI HJIOCKOCTH OCHOBAHUA,

5. TeTtpasap, Bce TPAHH KOTOPOTO — TPEYTOJBHHKH CO CTOPO-
HamMu 9¢cM, 10ecmu 11 cm.

Ha ypoke yuamniuecsa JeMOHCTPHUDPYIOT USTOTOBJICHHBIC MY MO-
JeJIV, paccKas3biBad Npu 3TOM 00 UX 0co0eHHOCTAX U criocofax ua-
roroBjieHua. KpoMe Toro, yyanimeca MOTYT HAWTH B 3a1aYHUKE
3aAaud, KOTOPbIM COOTBeTCTBYET JaHHAA MOAENb. A elle nyulie,
ecNI OHUW NPUAYMAIOT 3ajauyH Ha CKJeHWBAHHE MHOTOTPAHHUKOB
CAMOCTOSATENIBHO.

OueHb UHTEPECHO MOKHO IIPOBECTH VPOK MO 3a7auaM, Mpeao-
MEHHBIM B 38Ja4HUKe 004 pyOpukod «MoxeT ObITH HJIH He
MOXKeT OBTh? », ¢. 163—169. Takoit ypoK MOXHO OPOBECTH U B
¢popMe HAYUHO-IPAKTHYECKON KOH(pEpeHIIUW, M B KauecTBe OT-
KPBITOT'O YPOKAa, 1 B Buje paboThl ¢ MAJILIMU I'PYIIIaMH.

IIporece usyuenus reometpuu B 10 Kiaacce GBI OYEHBL HACHI-
I[EHHBIM W OUeHb HANPAKEHHBIM. DhLIH JOoKa3aHbI BCe 0A3UCHBIE
TEOPEMBI 0 B3aMMHOM PACHOJIOKEHHUH NPAMBIX H ILIOCKOCTEH B
TPOCTPAHCTBEE, PACCMOTPEHBI OCHOBHEIC BOIIPOCHE 0 HAXOMXACHUH U
BBIUHCICHUH YTJIOB M PACCTOAHUH MEXKAY HUMU, H3YUICHEI BEKTOP-
HBIA 1 KOOPIUHATHBIA MeTOIbI B IPOCTPAHCTRE.

JlanbHelilllee OCBOEHHE cTepeoMerpuH B 11 Kijacce B 3Hauu-
TeILHOW CTeNeHU 3ABUCHUT OT TOTO, KAK YCBOEH CTepeoMeTpHye-
ckuH Matepuax 10 Knacca.

B nHacrosmee epeMsa uacTo obCyIRIACTCA IpOOIeMa Neperpy3K i
yuamuxcs. He cTaBa cBoeH nesabio 00CY:KIeHHE BCeX KOMIOHEH-
TOB 3TOH NMeperpys3Ky, 3aMeTHUM, UTO yUefHasA Neperpys3Ka ydalle-
rocs HAXOAUTCA B IIOJHOM COOTBCTCTBHU YPOBHSA eTl'Q 3HAHWUI TeM
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TpeGOBAHMAM, KOTODbIE NPeABABIAIOTCA B JAHHBIM MOMEHT K 3HA-
HUAM YUYAIIHXCA.

MuoroJieTHHEH OIbIT 0OYUeHHA I'eOMeTPHH CBHJETeILCTBYET O
TOM, YTO €CJH VUCHHK 00NaJaeT IPOUYHBIMH U XOPOIIHMH 3HAHUA-
MH DpaHee NPOHAEHHOI'O T'eOMETPHUYECKOI'C MAaTepHaja, BIajeer
BBICOKOM TEXHHEKOH BBIUMCJIEHWN M YMEHHIMH DeIlaTh CIIOpHbIE,
fasHCcHbIe 3a7a4dy, TO NEPerPY3KH V TaKOI'0 YUeHHKa NpH H3yye-
HHH M NJAaHUMeTPHY, H CTepeOMETPHHN He BO3HUKAaIOT. Hcnu Xe
YUEHHK HCILITHIBAET 3aTPyAHEHHA B YCTHHIX BBIUHCJIEHHAX B IIpe-
neyiaX COTHH 1 MUCHbMEHHBIX — B IIpefieslax THLICAYH, €cJIH OH CJia-
00 yCBOWUJ CBOMCTBA TPEYI'OJbHHKOB, YeTHIPEXYTOJILHHKOB H OK-
PYKHOCTe#, eCJI HM He MOHATO OOJIBINIHCTBO METPHUECKHX COOT-
HOIIECHNH B IVIAHUMETPHH, IIPH 3TOM (GOopMYyJIbl MIAHKHMETDHH OH
He IoHuMAaeT (He BHAHUT B HHX I'eOMETPHUECKOTO CMBICJIA), 4 JHINE
HAXOAUT 3TH (POPMYJEI B CITPABOYHUKAX, J1a H TO C TPYAOM, TO
OpAKTHYECKHN J0oe AoMAalllHee 3ajaHHE II0 CTEePeOMeTpPHH JA
HeT'o CTAHOBUTCA «Iileperpy3koily. (He HOBoOCTE, UTO CHHIKEHHE KO-
JUYEeCTBA YACOB HA MATEeMATHKY B IIKOJBLHOM 00pa3oBaHHE — a0-
COJIIOTHO HeBepHasa mies. VIMeHHO CHIUDKeHHe UHCJIa YACOB, OCO-
0eHHO B MJIAJIIHNX KJACCAX, ¥ NPHBOJAUT K Neperpy3Ke y4aimuXxcH
B CpeJAHEeM 3BeHe, a 3aTeM M B CTAPIIHX KJACCAX, NOCKOJIBKY 3Ta
neperpy3Ka, Kak Mbl y:Ke TOBOPHIIH BhbIIIE, BLI3BAHA MMIABHEIM 00-
pasoM caadbIMH 3HAHBSAMN U YMeHUAMH VIeHHKOR, MpHODpeTeH-
HBIMH HMH B MJIAjIIeil HIKoJIe.)

B HacTosimee BpemMsa BBOAATCSA HOBbIE CTAHAADPTHI IO I'eOMeT-
PHH, U HAM KaXKeTCHd, UTO eCNH YPOBeHb 3HAHWH YUYeHHKA NCJIHO-
CTBIO COOTBETCTBYET STUM CTAHAAPTAM, 4 YIHTEJbh MaTeMaTHKH B
cBoell pafoTe MeToAUYECKN BeDHO OPraHH3yeT yueOHBIN nTpoliecc,
TO IIPHA U3YUEHHH CTePeOMeTPHH He BOSHHKAeT BOIPOoC O Teperpya-
KaxX TAKOI'0O YUEeHUEKA.

MbI HACTOATEJLHO COBeTYeM yuamumesa 11 Kjacca Noabp30BaATE-
cs YIeOHHMKOM H 3aJaYHMKOM 110 reomerpun aasa 10 knacca u 11o-
CTOAHHO K HuUM obpamaTthcsa. B aToll cBA3H HeoOXoauMo, UTOOBI
HAII KOMIIeKT yuyeDHHKaA H 3azauduxka anaga 10 kmacca Owin B
NIKONBHBIX OHOIHoTeKaX B JOCTATOYHOM KOJINYeCTBe.

Clenyer 3aMeTHTD, UTC B IPHMEPHOE IOYACOBOe 1IJIAHHPOBAHHE
MBI He BKJIIOUHJIN OTAeJIBHBIM OJIOKOM IIOBTOPEHHE Kypca CTepeo-
MeTpru 10 Kaacca. B geficTBHTENLHOCTH Ke B Ipoliecce H3YUeHH S
J1060i TeMEl cTepeoMerpus B 11 Kiacce MBI TaK HJIH HHAYE HeOA-
HOKpaTHO ofpainaeMcsa K paHee NPOHIeHHOMY MAaTepHualy Kypca
crepeomerprH 10 Knacca. K ToMy ke, BoO3aMOXHO, Ob1JI0 OB 110JIE3-
HEIM IOCTOSHHO OOCYIKIATE C YYEHHKAaMH CIHCOK TeopeM 10 Kjac-
ca (cM. yueObHUK reomeTpun and 10 ki., c. 195).
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Ilpy H3yYeHHUM TEOPETHUECKOI'0 MATEPHAJIAa W IIPH DeHleHHH
reoMeTpPHYeCKHX 3ajlad YYAIOMMCH OYeHb YA00HO HCIIOJb3OBATH
CIIHCOK TeopeM B IOpAIKe HX H3yvueHus., IlpuueM B TOM CIIMCKE
NIPUCYTCTBYET He (DOPMYJINPOBKA TeOpPeMbl, A €e PA3BEePHYTOe HAa-
3eanue. Hanpumep, Teopema o ABYX mDapajeJbHBIX NPAMBIX, OJ-
Ha M3 KOTOPEIX NepeceKaeT AAHHYIO IIOCKOCTE. Hanmume Taxkoro
CITHCKA YV YYAINUXCA CIOCOOCTBYET:

* (hopMHPOBAHUIO V HUX NIPEACTABICHUN O JIOPHUECKOH CTPYK-
TYPe Kypca I'eOMETPHH H O IOPAAKE CJIefOBAHHA H3YUEeHHBIX TeM
¥ TeopeM (UTC M3 Yero cjaeayeT H B KAKOM NOPAAKe H3JIaraeTcA);

* JIYYIIEMY, CO3HATEJbHOMY VCBOEHHI) H 3alIOMHHAHWIO y4a-
IIEMHCA KJIIOUYEBBIX BOIIPOCOB KYDCA CTEPEOMETPHHE, A TAKIKE BO3-
MOMKHOCTH YYAIINXCH Jy4Ille H ObICTpEe OPHEHTHPOBATHCA B
IPOHAEHHOM MAaTepHaJe;

* BO3SMOKHOCTH YYHTeJs OPI'AaHH30BATh HA YPOKe OwhICTpoe 1I0-
BTOPeHHEe TeopHH (y4YalMMCHA IIpeiaraeTci HAlHTH B CIHNCKE TY
INH HHYK TeopeMy H IIC HA3BAHWIO ATOH TeopeMbl JaTh ee IMOJHYIO
dhopMyITHPOBKY);

* BOBMOKHOCTH YYAIIIHXCH COKPATHTD 3aIIHCh JOTHYEeCKHX 000-
CHOBAHUH NIPH BBIIIOJHEHHH HMM KOHTPOJBHBIX M ADYI'HX ITHCh-
MeHHbIX pator. Hammn yueHUKN MMerOT NpaBo NOJAb30BATHCA JAH-
HbIM CITHCKOM TeOpeM KaK Ha YpPOKaX, TAK H BO BpeMsA OTBeTa V
JOCKH, HA KOHTPOJBHBIX pafoTax ¥ gaKe HA sxk3ameHax. [Ipasaa,
Ha 3K3aMeHax JAHHBIH CIIHCOK AyOJIMpyeTCA TEKCTOM OHIETOB,
OAHAKO B OMJIETAX TeOpPEeMbl IaHbI GCTATOYHO XAOTHYHO;

* B ompegeNieHHON Mepe (POPMHPOBAHHIO VMEHHSA VUAIMUXCHA
HOJIB30BATLCH CHPABOYHBIMH MaTepHalaMu (MBI HCIIONb3yeM Ha
VPOKaX reoMeTpHH KEHTY «'eomeTpHusda B Tabauitax» 3sasuu JI. U.,
Pazanorckmii A. P, M., 1997 un sce nocaeayoinue rogkl H3gaHnu 4,
BEIYVINEHHYVI0O B H3xarTenbCTBe «l{pohar. ITa KHHUI'Aa HMeeTCHa V
KaKIo10 U3 HAallUX YIaIHXCA).

CECoOK TeopeM MOMKeT ObITh XOpoulleil oCHOBOH KaK IJIA IPO-
BeIeHHSI CHUCTEMATHYECKOI'0 IIOBTOPEHHA Kypca CTepecMeTpPHN
B 10 Kyacce, Tak M a4 H3yYeHUA M IOBTOPEHHA ITOTC Kypca B
11 knacce.

Cnuckm TeopeM Kypca CTEPeCMeTPHM IIOMEILNeHB! B HAIIHX
vueOHMKax ® 3agadHukax anada 10 u 11 knaccos. MBI coBeTyem
VUAIMUMCH [0 Mepe H3YYEeHUs CTEPeOMETPHM IePeHOCHTH HJ0-
KH 5THX CIIICKOB B CBOH KOMIBIOTED M BCer/la HMeTh ITepe/ Iviasa-
MH pACIIeMaTKY TeopPeM N3 NPoHAeHHOI'0 I'eOMETPHYECKOI'0 MaTe-
praJsa.

B Bampx KEUrax AJgd yIUTeJd eCTh TeKCThl KOHTPOJBHEIX pa-
60T, HO HET TEeKCTOB CAaMOCTOATENbHEIX paboT. Ha sTo mMeercs
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pag napidauH. C ofHO#H CTOPOHEL, HAM Kaj)XeTcs, UTO YPOYHOT'O Bpe-
MeHII He TaK YK M MHOI'0, YTODBI yuyHuTeNb «0e3geiicTBOBaI» BO
BpPEMSA YPOKa, a awboe foMalllHee 3afiaHue K TOMY e ABIAETCA
caMoCTOsITeNIbHOU paboTon. C ApyroM CTOpPOHEI, YYHTeNb, JIO0HA-
HiMHA cAaMOCTOATENbHEIE PAOOTHI, HAWIEeT B HAIIKX 3aJavHNKAX 00-
MHPHLIA B GAarofaTHRIA MaTepUaJ AJIs X COCTaBJeHIA.

B npexncrasieHHOi KHur'e JJIA YYUTeJA NPeJJIOMKeHBl BOCEMb
KOHTPOJBLHEIX pa®oT. PaccMaTpuBasi 83T KOHTPOJIBbHBEIE paboTH,
yuHTedh CaM PeIllNT, HOJHOCTBIO JIM OHH COOTBETCTBYIOT TOMY
ypoBHIO 3HaHuH, KOTOpHINI oH cofupaerca 3ajaTh Npu paboTe C
MAaHHEIM KJjgaccoM. ITpu 3ToM BO3MOKHA KaK pa3rpy3ka KOHTPOJL-
HEIX padoT 3a cueT H3MeHeHHNsI TeKCTOB 3aJa4 1 BBeJeHU A 3HAYKORB
neod0A3aTeNbHEX 3aJaHIIA, TAK U YCJOKHEHHEe TEKCTOB.

Kaxnass koHTpoJbHasa padoTa OpeABapAeTCA CIHUCKOM IIOATC-
TOBUTEJIBHLIX 3a7a4. Ha ¢cBoeM onpiTe MBI yOeAHANCh, YT TIpeIJIO-
KeHIle TAKOro CIMCHKA (ero TaK:Ke MOXHO Ha3BaTh «IOAI'OTOBH-
TeJLHBIM BADHAHTOM») IIOMOTAaeT YUYAHNIHMCA CTPYKTYPHPOBATh
CBOHM 3HAHNA M KOHKDPETH3MPOBATHL CBOIO IIOATOTOBKY HA NAHHBIM
MOMEHT G JaHHOI TeMe.

K cnncky noAroToBHUTENLHBIX 3aJad YUNTeJb MOXKeET 100aBUTh
K KasKJ0H KOHTPOALHCH pafore CONCOK TeOpPeTHYECKHX BOIIPOCOB,
YTO TAKXKe BeChMa MJOJOTBOPHO BJIMAET HA MOATOTOBKY YUAIIINX-
CcA K KOHTpoJibHOM paboTe. Takme BOIPOCH MOMKHO 3aIMCTBOBATE
Jubo M3 COHCKA TeopeM, JHO0 N3 BOIIDOCOB, IIPEAJIOKEeHHBIX B Ha-
ureil KHUT'e 4J15 IPOBeAeHNA 3aUeTOB.

HoaroToBuTedbHBH HaOop 3agad K KOHTDOJIL-
HOHM pabdoTe MOMKHO HCIIOJB30BATE PA3JHYHBIMHU CIIOCO-
0amMmmn.

1. HabGop 3amau BriBemnsaeTca B KabuHeTe 3a 10 xHeit g0 nipo-
BelleHHMSA KOHTPOJILHOM paboThl, U IpenogaBaTel]b IO Mepe HeobXo-
AUMOCTH IPOBOAUT KOHCYILTAIIMIY IO TON MJIN MHOK 33fade.

2. Hafop 3ajau BLIBeIIHBaeTcd B KaDHHeTre MM pasfaeTcsa B
KCePOKOIINAX KaykIoMy yueHHKY 3a 10 gmell go npoBeneHNA
KOHTPOJBHOM paboThl, 1 HA YPoKe, IPeIUIeCTBYIOMEM KOHTPOE-
Hoi1 paboTe, IIPOBOIUTCA OOCYKAEHHEe pacCMaTPUBaeMBbIX 3a/a4.

3. HaGop 3ama4 pasfaeTcA KaxKJOMy YIeHHKY Ha YpOKe, Ipej-
HIeCTBYKIIEM KOHTPONLHOH pafoTe, M peKOMeHyeTCa IJIA pelle-
HHIA B KauecTBe AOMAIIHETO 3aJaHNA.

4. HabGop 3ama4 pasgaeTca KayKJoMy VUEeHHKY Ha YPOKe, npej-
IDeCTBYIOIIEM KOHTPOALHOI pabdore. IIpu aToM yyeHHK AONYCKA-
eTCHA K BRIITOJHEHHIO KOHTPOJLHON pafoThl TOJBKO B TOM ClIyyae,
eCJIM cAaeT Ha OTAEJBLHBIX JJUCTAX pelleHnsa 3a1ad NOATIOTOBUTE -
Horo Habopa.
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5. HaOop 3azau pasfaercs KaxKjaoMy vieHHKY za 10 aneit jo
KOHTPOJbHOM paborel. YUeHHKH CAAIOT YYHTENIO HJIH APYT APYI'Y
3ader 110 3a7a9aM JaHHOTO Habopa ¥ TOJBKO B 9TOM CAVYAae JOIIYC-
KarTcA 0 BEIIOJHEeHHA KOHTPOJBHOM paboThI.

6. YuuTean HCIOJL3VET HNOATNOTOBHTEJILHBIN HabGOp HA ypoKe
nepeA KOHTPOJILHOH pafoTol H aHAJIOTHYHDBIE 3aJa4M JaeT Ha AOM
IJIS TIOATOTOBKH.

Kaxxknas dopma mMeeT CBOHM ILTIOCHI H MUHYCHI, H €€ YCIIEX BO
MHOT'OM 3aBHCHT OT HHTE€PECOB VUHTEJA U cocTaBa KJacca.

Ecap yuuTeap nHOCYKTAET, YTO KOHTPOABHBIX padoT CIHMINKOM
MHOI'0, OH MoXKeT 1100 He TIPOBOAMTE UACTh W3 HHX, nubO coeay-
HUTE ABe KOHTPOJILHEIE padoThl B 0HY, YOPAB yacTh 3aAaHNM, JIU-
00 MpoBeCTH KOHTPOABHYIO paboTy B BHE CaMOCTOATEIbHOM pado-
THI HA YPOKe HJIH B BHJle JOMalllHed KOHTPOJbHOW paGoTHhI.

Ilepsple mecrh KOHTPOJALHHX pador — reMarmdecKue, Ceflb-
Masa 1 BockMasa — oboOIamne, UTOTOBble. Y UHTENI0 CTOHT BHU-
MaTeJLHO OTHECTHCH K KOHTpoNbHOH padore Ne 1, m, Bo3MoXHO,
H3MEeHHB ee COJeDKAaHHeE, CALJATE 3TO CoAepXaHHe COOTBETCTBYIO-
ITMM VDOBHIO H3Y4YeHHs JaHHOH TeMbl B C¢BoeM KJjacce (00 oco-
OcHHOCTAX e H3YYECHHA MK ViKe roBopHJH). Yro Kacaerca KOHT-
poabHEIX Ne 7 u Ne 8, 1o HX npoBefieHue B onpefeJeHHOM CMBbICe
3aBHCHT OT TOT'0, KaK Ipejltoyaraercsa IIPOBOAHTE HTOIOBYIO aT-
TECTAIHIO 110 TeOMEeTPHH B JAHHOM KJiacce.

3aMeruM, UTO NOBTOPEHHUIO IMIAHHMETPHYECKOr0 MAaTepHAIa H
Marepmana crepeoMmerpnn 10 Kiaacca citocoOGCTBYIOT BCe IIpef-
JoXeHHble HAaMH 3aderhl B 11 kmacce. Kaxxanlit 3auer cocronr U3
10 6uyeros. J1060i 13 OMJIeTOB COMEPIKHT ABA TeOPeTHIECKHX BO-
poca, OJHH W3 KOTOPBIX ITOCBAHIEH OIIpeeJIEHHOMY MaTepHanry
HJIH IIJIAaHHEMEeTPHE, UJIN cTepeomerpuy 10 Kiaccea.

st Tex yuurTene, KoTopble 0J1aronpHATHO OTHOCATCA K NIPO-
Be/leHHI0 3a4eTOoB, HAMK pas3padoTaHK M B IAaHHOM KHUTE IIPENJIO-
JKeHbl 3 3ayema o TeMaM Kypca.

3aver Né 1 no reme «T'eoMerpudeCKHe NPeodPA3OBAHKUA IIPO-
crpancrsas. (IloBropeHme mo reme «BzamMHOoe pacnosoKeHHE
NPAMBIX U ILIOCKOCTEH B IPOCTPAHCTBE . )

3auer N¢ 2 o reme «MuororpasauKH». ([IoBropenne 1o reme
«BexTopsl 1 KOOPAHHATEHI B IIPOCTPAHCTBE» . )

3auer N2 3 o Teme «Purypel Bpamiedusas». (IlosTopenue o
reme «lloBTOopeHne naanuMeTpun».)

Hanuuue 3agau B 3auerax 11 kipacca HaM npeacraBiasercs
HeoOs3aTensHEBIM. Ho ecnu yuMTean noKejaaer B 3aderT BKAOYHTD
¥ pellleHHe 3a/1aY4 110 COOTBETCTBYIOIEeMY pa3jelny, TO TAKHEe 3aJa-
Y4 MOYKHO HPENJIOKHTh VHAIINMCH OTEPBITEIME JU0O H3 HAIIHX
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3aladHUKOB, nu00o n3 KEUru Asepeanosa [I. U. u ap. «CoopHuk
sajgad IIO TeoOMeTpUH JAJis OPOBEJeHHs YCTHOI'O 3K3aMeHa B 9 u
11 xmaccax».

OueHb BAXXHBLIM ocTaeTcda I'1o0aJILHBIA BOIIPOC © IeJsX U 3aja-
yax o0yUYeHMSs HIKOJLHOH MarteMmaruke. Hezapom cranaaprel o
MaTeMaTHKe NPHHHMAJIHCE ¢ Topasfio GONBIOHMH TPYIAHOCTAMH,
yeM CTAHAAPTHI 10 APYTHM yueOHBIM IpeaMeTaM. MBI Bo3bMeM Ha
ce0sl CMeJIOCTh BRICKA3ATh MHEHHE O TOM, UTO CTAHAAPTHI 11O MaTe-
MaTHKe NPaKTHYeCKH HeBO3MOMKHO BhIpadorars JasKe TaKUMHU,
yToOLI HX colepiKaHueM Onlya yAOBJeTBOpPEHA XOTA OBl HOJOBH-
Ha YUHTEeNeH MaTeMaTHKH. JTH CTaHAAPTHI HelipeMeHHO OyayT
HOCHTL CJIHIIKOM VX HWHAHBHAVAJLHLIA XapaKTep, HX colep-
kanne OyZer saBHCETH OT B3IVISINOB H HHTEpPeCOB TOM TPYIIEI
JINI, KOTOpas 9TH CTAaHAADPTHL 3aKA3LIBAET K I'OTOBUT. K ToMY Ke
TPYAHOCTH B CO3JJaHHH M pPeaJIH3alHH CTAHIAPTOR IIOPOKIAIOTCH
elie ¥ HeCOOTBETCTBHEM KOJHYeCTBA OTBOJANMBIX HA MaTeMaTHKY
yacoB TpeDOBAHUAM, KOTODEIe IPeABABJAKTCA K TeM 3HAHHUAM H
VMEHHAM VYalHuXCH, KOTOPEEe NOJKHE OBITH BhIpafoTaHBI Ha
YpOKaxX MaTeMATHKH H KOTOpble TpeOyIOTCH NpPH H3YYeHHH OpYy-
I'HX MIKOJLHBIX IPeIMEeTOB. JT0 HeCOOTBETCTBHe 00HAPYKHEBACTCH
KaK IIpU MpoBeJeHNHN UTOTOBOI aTTecTaliu, TaK M [IPU NIpHeMe B
BY3bI.

MaremarTnka — NpeaMer, H3YHAKWIOHHUCA C [IepBOI'0 II0 BEHI-
ITYCKHOH KJacc, H 00'keM OpHOOpeTaeMbIX 3HaHUM IO 3TOMY IIpes-
MeTY 4Ype3BRIYaiHO BeMIUK, a CJIeJJoBATeJIEHO, BeJIHK U 00beM IIpo-
OenoB, HAKANJIWBAKMINKXCH Yy VIAIUXCH 3a I'ogbl IIOJHOI'O 00y-
YeHHA B IOKOJe. SalloJIHeHHe 3THX OpobesioB, K COXAaJeHHIO,
CTAHOBUTCS OT'POMHOM 3ajadell AJMA YUMTEAs MaTEeMaTHKH CTap-
ITIHX KJAacCoB.

Cnennduka npernojaBaHHd MaTeMaTHKH B CTAPIOHX KJaccax
BO MHOI'OM onpefleNiserTcs emme B IIy0oKHNM IOHEMAaHHEeM IIpelnoaa-
BaTeJisi MaTeMaTHKH Tol'o ¢akrTa, 9yro OOJNBIIHHCTBY eI IIMTOMIIEB
HY:KHa X0pollad olleHKa He TOJBbKO [I0 «UWIKOJBHOH COCTABJIAO-
meii» EI'9, HO 1 o BceM 3agayaM 3TOI'0 3K3aMeHAa B [1eJIOM (B 4a-
CTHOCTH, II0 TeOMeTPHUISCKHUM 3a7aUaM).

MaTeMaTHKY, B OTAHYHe OT APDYTHX OpegMeToB, COAKT B O0OMb-
IITHHCTBO BRICIONX YUeOHBIX 3aBeJeHHH, He3aBHCHMO OT TOro, Ka-
KHe 310 yueOHble 3aBe/leHuA (MaTeMaTHUYeCKHe, eCTeCTReHHOHAaY Y-
HBle, TeXHHYeCKHe, 3KOHOMHUYeCKHe, BOeHHEIe, CBA3AHHBIE C Ma-
TeMaTHYeCKOM NUHTIBUCTUKOH u T. A.). Baue rosops, nerue mo
anbliaM epecYUTATh BY3hI, IIPH NOCTYILJIeHHN B KOTOpLIe He 0y-
Ier TpedoBaTLCA NpejacrasieHrne DaJyiia o MaTeMaTHKe, IIOJYYeH-
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Horo Ha EI'D, dem Te By3sI, IPH NOCTYIJIEHHH B KOTODBIE 3TOT
Oanan rpebyercs.

MosHO O0BOABHO NOATC 00CYKAATE BOIIPOC 0 TOM, HYMKEH HJIH
HEe HYJKEeH UTOI'OBLIN 3K3aMeH 10 I'eOMETPHH 3a KYPC ITOJIHOH IIIKO-
Jsl. Eige cpaBHHTeJIbHO HEZABHO STOT DK3aMeH ObIn obA3arTeNh-
HbIM AJI BCEeX HIKOJIBHHUKOB, 3aTeéM OH CTAJI OAHUM H3 3K3aMeHOR
110 BRIOOPY, HO CUMTANOCE «I110 YMOJNUYAHHIO», YTO BCE BhIIIYCKHUKY
KJIACCOB ¢ yIiyOJIeHHEIM H3YYEeHHEeM MaTeMaTHKH CAAI0T dK3aMeH
IO I'eOMETPHE, JTOT dK3aMeH OblI yerHbIiM. Ha HeM HIKOJMLHHK,
IOMKIMO 3HAHUH 1O T'€OMETPHH, JeMOHCTPHPOBAJN YMEHHe H3Jia-
raTh CBOU MBICAH B yerHoH dopMe. OgHAKO NMHCbMEHHBIN H YCT-
HBIH 9K3aMeHBI HMEIOT OY€HE MHOI'O CYIIECTBEHHBIX PA3JIHUHH, U
CBOJHMTH B€Chb HTOT'OBBIH KOHTPOJB TOJBKO K NICEMeHHEIM (TeM Go-
Jee TOJIBKO K TeCTOBLIM) HCIIBITAHHAM OLLJIO ObI, HA HAI B3IV,
COBEPIIIEHHO HeBEePHO.

MaremaTnueckoe obpasosanne B Poccnu noapasymegaer g nep-
BYIO oUepesb DPA3BUTHE MATeMATHUECKOW KYJIbLTYDPH VYall[HXCH,
BaXKHBIMY COCTABHBIMH YaCTAMH KOTODOH CJEeAyeT CUHTATh JIOI'H-
YJeCKYIO KYJIBTYDY, RYJbTYPY BepOaIpHYIO H KyJbTypy I'paduue-
ckyr0. HeorTremneMbIM 3JIeMEHTOM MAaTeMATHYECKOH KYJILTYPEI
SIBJISIETCS DA3BHTHE YMEHUA HCTOJKOBLIBATE NOCTABJIEHHYVIO 3a-
na4dy B (pOpMalbHBIX TEDMHHAX, NPOBOAUTE PACCYXKIEHHA H OO-
Ka3areJbCTBA, CTPOUTH I'€OMeTPHYeCKHEe HHTEPIPETAllHMH, VCTHO
H NHCBMEHHO H3jlalaTh DelIeHHA 3a4a4 B JoKas3arelbCeTsa yr-
Bepxaennn. C namenenneM GopMbI HTOTOBOH arrecranvu, obyc-
JOBJIEHHBIM BBeJleHHEM eAHNHOI0 I'OCYAAPCTBeHHOI'O JK3aMeHa IIo
MATEMATHKE, KOTOPHIA BRJIOUaeT B ce0s OUeHb MAJbIH IIPOIEHT
crienipUUecKNX 3aJaH¥i 110 IeOMETPHUY, He IIPEeACTaRISIeTCa BO3-
MOXHBIM B IIOJHOH Mepe M o0BeKTHBHO OIeHHTE B OOJACTH T'eo-
METPHH YPOBEHb MaTeMaTHYECKOH KYJILTYPHI BRITYCKHHUKA KJAC-
ca ¢ TpoHIBHBIM H3YYeHHEM MATEeMATHEKH.

B 310l ¢cBA3n MBI ObI COBETORAJIH NPOBOAHTL B IIPOMHILHBIX
KJIacCAaX eCJIH He 3K3aMeH, TO XOTA Obl HTOI'OBRIM 3aUeT II0 BCEMY
KypCy CTepEeCMETDHH.

B ny0auKyemMsIx HAMM 3K3aMeHAIIHOHHLIX OHJIeTax CONCPIKHT-
¢s1 ABA TeopeTHUecKHX Bornpoca. OTBeT Ha NEePBLIA BOIPOC MPeAIIo-
naraet, B YaCTHOCTH, JOKA3aTeJNIbCTBO OJHOH H3 BAMKHBIX TeoDeM
Kypca crepeomerprH. 1Ipu orBeTe Ha BTOPOI Bonrpoc OmJiera yua-
MHACA AOJKEH ITPOJAEMOHCTPHPOBATE HIHPOTY CBOMX 3HAHWUU IIO
3TOMY BOIlpocy 0e3 00A3aTelJIBHOI'O AOKA3aTeJbCTBA KaKHX-N1bo
yTBEepPKIeHHH.

IIpu noAroTOBKE K 5TOMY VCTHOMY HCITBITAHUIO MOMKHO Pacipe-
JeJHTh OHJIEeThI CpeJHd y4YaHXCHd KJIacca — Ha3HAUHTh CHEIlH-
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anucToB. CoernnanueT opopMageT NHCAMeHHLIM OTBeT HA CROI O1-
jIeT «BuUepHe», AeJiaeT I0 HeMy cooblleHue, BBRICAVUIINBaeT 3aMe-
yaHuA KJjacca M yunTend, mocae dHero odopmigeT oTBeT
oKOHUaATeNnbHO. B pesyrpTaTe B KJacce HAGupaeTcd MaTepHAJ C
OTBETAMM Ha KaXKAbld GHJIeT, 4YTO MOMKET CAYXKUTH IOACIOPbeM
ans BCeX ydamuxcs aToro kKJjaacca. Ilpm aTom OGoiBaeT 3abasno,
RoOIZia Ha 3K3aMeHe (MU 3audeTe) CIeUANNUCTY IOMALaeT ero cob-
cTBeHHBIN 6maeT. Ho «jioTepes» ecTh «JoTeped»!

KoHeuHO, Kak # Ni000e MeTOAHUYecKoe peHieHne, Takoe Mepo-
[IPUATHE UMeeT CBOM IUIKOCHEI M MUHYCHI, ¥ VIHTEJK BMeCTe ¢ yye-
HUKaMU caMUIM pelulaTh, HY»XHa JK1 Takaf nponeaypa. OgHaKo B
HAIlle BpeMs#, KOIJiJa MACCOBBIMH THpAXKaMU H3AAOTCHA pPa3Jimd-
Hble, MHOT/a BeCchMa HenpoecCHoHAJILHBIE «pelllebHHKII», «OT-
BeTHHKKH» K OPYTHE «IICeBAOIOCOOHA», BCe e JYUIllle HCIOoNb30-
BaTh OMJIeTHI, HAIKNCAHHBIe KBAJNQUIIMPOBAHHO IO PYKOBOACT-
BOM YUUTEJISA,

Ecaun panbille yunTeJs MAaTeMATHKHK B IIIKOJIE MOT ellle Kak-To,
B OIpeaesieHHOM CMBICJe, OTCTPAHUTBCA OT BOIPOCOB CAAUM €ro
BRINYCKHUKAMU BCTYIHTENbHBLIX SK3aMEHOB B BY3 M COCPEIOTO-
YUThCA TOJLKO HA BLRINYCKHOM DK3aMeHe B IIIKoJe, TO ¢ BBeJleHHeM
El'D Ha yunTensa MaTeMaTHKH SABHC WK HeABRHO BO3JIAraeTcH elle
6OMbIIIaA OTBETCTBEHHOCTD,

Cefiuac ¢ BBeZeHNeM NPOQUILHOTO 00YYeHHA MHOIO BHUMAHNA
yaenaseTcs BO3MOKHOCTH INpPOBeJAeHNS BJIEKTHBHBIX KYPCOB, TO
eCTh KYPCOB IO BBIGODY.

Bee ckazaHHOe HaBOANIT HA MBICJBL O TOM, UTO B OyAyIilleHd IIpo-
(puabHOM IIKOJe MAaTeMAaTHKA IPAKTHUYECKH BO BeeX IPoQuIbHbIX
HAIIpABJeHHAX 3aHMeT BechMa Ba)XHOe MeCTo. JTO, B CBOIO oue-
pefit, 03HAYAET, UTO VUUTETsL MAaTeMATHKHI, OIIATEH K¢ He3aBUCHUMO
oT npohund, OyaeT cTPeMNUThCA K YBeJHUEHUK) UHCIa YUeOHBIX
qacoB Io cBoeMy npeamery. ITosTroMmy, Kak HaM IpeAacTaBIAETCA,
abcomTHoe OOJLINIMHCTBO yUHUTeJell MaTeMaTHKHE OyaeT 3anHTe-
PEeCOBaHO BO BBefeHHHU HJIeKTHBHEIX KypcoB. C Ipyroil CTOPOHEI,
OYeHb BaXXHO, KAKHE 3JeKTHBHbBIE KYPChI IIOMKENAT BECTH YUNTe-
JS MaTeMAaTUKU I KaK OHH pacIopAnATcA OTBEeAeHHBIM AJ 3THX
KYPCOB BpeMeHe M.

MoskHO TpoTHO3UPOBATh, UTO OUeHE MHOTHE K3 NpenojaBaTe-
Jell MAaTeMATHKH 3aXOTAT TAK WJIN MHAYE, BOJHHO MJIHM HEBOJIBLHO,
ABHO MJIN HEABHO HCIOJIB30BATh MIEKTUBHbBIE KYPCHI AJIA 3aKpeIll-
JeHuA OCHOBHON nporpamMmsbl, X B HACTHOCTH LJid IparMaTHue-
CKOM mOATroTOBKU yuamuxca K EI'D.

Ha nam B3rasaj, npakTHYeCKH B JIOOOM 3aJIeKTUBHOM Kypcee 110
MaTeMATHKEe JOMN:KHA NPUCYTCTRBOBATEL (I HA CAMOM feJie IPHUCYT-
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CTBYeT) mparMaTudecKas COCTABAAIOIASA, HNOCKONBKY H3VUeHUe
J000T0 pasjaesa MaTeMaTHKM CBA3aHO ¢ KOMILIEKCHBIM 1I0BTODE-
HHUEM M 3aII0JIHeHNEM BCe TeX Ke CaMbIX 3JIONIOJYUYHBIX npobesos.
C apyro# cTopoHBI, BayKHO, B KAKOH CTeleHN U KaK peaJn3yercs
aTa NparMaTHJYecKad COCTABIAIOINAA.

HHTepec yyammuxcs K MaTeMaTHKe 3a rogbl, Ha HAal B3IJVIAL,
npeAnIecTBYIONUe NpopuiIbHOMY OOYUeHHIO, B OCHOBHOM YyiKe
chopmupoBan. PaccMarpmrBas NpHUMHBEI HHTepeca K MaTeMaTHKe
YV CBOHX YUYeHHKOB, YUUTENIO He CTOKUT 1TyTaTh MHTepeC K Hell KaK
K Cpe/ICTBY IOCTYIJIEHNSA B BhICIIee yueQHOe 3aBefeHUe ¢ NHTepe-
COM K Heill KaK cCOOCTBeHHO yueDHOMY HIDeaMeTy, Kak K 3aMeua-
TeJLHON HAVKE.

OpHOM nM3 BasKHBIX 3aJa4 BBEIEHHSA 3JIeKTHBHBIX KYDCOB fB-
JAeTCA MMeHHO WHTeNJIeKTValbHOe Da3BUTHe ydaiguxcda K Io-
BRIINICHMe KX MHTepeca COOCTBEHHO K MaTeMaTHKe. YUYCHUK, HC-
ITRITRIBAIOI[HI NHTepeC K MAaTeMATHKE, YYBCTBYET ICTeTHUECKOE
VAOBJETBOPEHNE OT KPACHBO PELIeHHOH MM 3ajadi, OT YCTAaHOB-
JeHHOH MM BO3MOMKHOCTH IPUJOKEHHA MATeMaTUKN K APYTHM
HAaYKaM.

Ecan B mMa3yueHUU nDpegMeTOB eCTeCTBEHHOHAYYHOTO IJMKJA
OUYeHb BaXKHOE MeCTO 3aHMMAET SKCIePUMeHT, 1 UMeHHO IIPH 110/ -
rOTOBKE, IPOBEICHNH 1 00CYKAeHH K Pe3yALTATOB 3TOr0 aKCIepH-
MeHTa (QOPMHUPYITCA 1 PA3BHBAKTCA HHTEPECH! YUeHHKA K JaHHO-
My IpeaMeTy, TO B MaTeMATHKe SKBHUBAJEHTOM SKCIIePHIMeHTa AB-
nsgerca pemenne sagad. CobOCTBeHHO, BeCh KYPC MATeMATHKH
MOXeT ObITh IIOCTPOEeH M, KaK NPaBHJIO, CTPOUTCH Ha PelleHHH
PasJIMYHBIX 110 CTelleHM BajKHOCTH KM TPYAHOCTH 3anad. Cosep-
HIeHHO AACHO, YTO JII00YVIO TeOpeMY TOXKe MOAKHO 1 HY2KHO paccMar-
pUBATE KAK 3aady, ee JOKa3aTe/ILCTBO — KaK PellleHHe 3TOM 3a-
Ja4ymM, a HCHOJb30BAHIEe B PA3JIMUHBIX O00JACTAX AOKA3aHHOI'O —
KaK NpuJIoKeHue 3TOH TeopeMbI-3aadin.

OTMeTM emme oAHY ODIMYIO AJIA BCell HIKOJB! OCOOEHHOCTH
3NMeKTHBHBIX KYPCOB. DJeKTHBHLIH KYPC NIPOBOANTCA ANA CPABHU-
TeAbHO HeOOJBIIOTO YHCHa YyYaIlgUXCH, NOMeJIaBHINX BeIODaATH
MaHHBIN MEeKTUBHBIN Kypc. Ham Ka)eTcs, npakTHUeCKH TPYIHO
HalTH IOKOJY, B KOTOPOH MMEKTCA KJACCLI (IIycTh npoduiIbHBIE
WaK, KaK IMOKA WX HA3LIBAIOT, YTIIVOJIEeHHBIe), KOTOpbIe chopMM-
POBAHBI M3 YYAIMUXCH, NMEKINNX PABHYI) 10 YPOBHK MaTeMaTlI-
JeCKVIO KyJbTypy. HHaue rosops, ypoBeHb MaTeMaTUUeCKOH TOA-
TOTOBKY VUAIOUXCA KAK OAHOH IIKOJBI, TAK ¥ OJHOrO KJacca pas-
nudeH. IlosTomy opHO#l 13 BayKHBIX OCOOEHHOCTEH BJIEKTHBHBIX
KYPCOB ABJIAETCA UX OPUEHTANMA HA PA3NINYHLIC II0 VPOBHIO MATe-
MAaTHYeCKOH KYJILTYPhI FPYNIIhi VIAINNXCH,
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B macTosIimuil MOMeHT MaJo ONyOJIMKOBaHO Pa3paboToK IO Be-
JeHHIO MEeKTHBHBIX KYPCOB, ¥ YUHTENIb CaM Mo/i0HpaeT MaTepHAal
jJiA 9TOM PaboThI.

Ham goMnaekr, 6e3ycJoBHO, MOMKET CTATh XOPOIIeil OCHOBOH
118 BeAeHWs TOJYT'OAOBBIX M TOJOBHX 3JMEKTHBHEIX KYyPCOB IO
reOMeTPHH, 1715 9T0T0 MOKHO HCIONB30BATh OCHOBHOW MaTepHaJl
yueOHHMKOB M 3alaUHUKOB KOMILJIEKTa, H OCOOCHHO — MAaTepHal
nx paanenos «llpunoxenna» u «ononnenns».

MBI MOMKeM II0COBETOBATHL CHeAVIOIHe TeMbl A NS HJe K-
THBHE X KYPCOB B IPOQHIBHOH IMKOJIE C HCIMILIOBAHNEM
HalIero KOMILJIEKTA.

1. IlpakTuKyM pelleHus 3aaay no nnaHuMerpui. (Kype pac-
cuptal Ha 30 yacos mo 2 uaca B Hegenro.) Mcnoasayercs « Homon-
nenpe 2» u3 3agaunuKa ans 10 Knacca.

2. IlpakTHKYM pelIcHHSA 3ajad IMOBBINIeHHOW TPYAHOCTH IIO
crepeomerpuH. (Kypc paccupran Ha 30 gacos no 2 uaca B HeJe-
m10.) McnonbayioTes 3afgadyn, OTMedeHHble 3HAYKOM Y H3 3azad-
auros 10 1 11, u Mmarepuan «JomoaHeRHsa» sagaunpka 11 xkaac-
ca: «3azauy¥ Ha HaxoXJAeHHe HaHOONMbLIIIeIo 1 HaUMeHbLIET'0 3HA-
HeHHH» H « KOHKypCHBIE Baflauy I MOCTYNAIOIMUX B BY3bI».

3. Bexroprl ¥ Koopaunarsl B npocTpanctie. (Kype paccuuran
Ha 30 uacos o 2 yaca 8 Heneno, ) Ucnonsayerca MatTepuan rnas 6
n 7 yueOHHEKa ¥ 3agaunHkKa 10 xjacca, a TakiKe H3 JONOJHEHUS
vuefanka 11 Kimacca: «O BeKTOpHOM NPOH3BEeJEeHHH JBYX BEKTO-
poB», «00 aHAIHTHYEeCKOH reoMeTpun», « IIOBEPXHOCTHX BTOPO-
70 MOpAaKa».

4. Tlocrpoenns B reomerpun. (Kypc paccunran Ha 30 yacos o
2 gyaca B Hefienio.) Ucmonsayercsa maTepuaJ yueDHHKa M 3aJasIHH-
Ka 10 xnacca B nonogHeHHA K HIM: «3ajayl Ha IIOCTPOeHUe NPH
MIOMOINY THPKYIA B JHHEHKH», «z3o0paxennn GUryp B napan-
JeJbHOH IPOEKIIHK», ¢« MeTOIbl IOCTPOEHHA CedeHHiI MHOTCTDaH-
HHKOB», a4 TaKyKe MaTepual odepka « mpoeKTHBHOM I'eOMeTPHH »
n3 ydeOHTTKA Ans 11 Knacca.

5. IIpeobpaszosanusa B npocrpauctse. (Kypc paccunran na 30
yacoB mo 2 uaca B Hemenio). McmonbayeTca MarepHan riask 1
yaeOHUKa 1 sanaudiKa 11 Kiacca, a rakKe aonoanenne «O cuMm-
METPHAX NIPABHJIbHEX MHOI'OrDAHHHKOB» .

6. HononuuTennHble BONpocsl reomerpun. (Kypc paccuntan Ha
60 wacos o 2 uaca B Hegeno.) Mcnonp3yerca MaTepHaJ AOMOJIHE-
HHH yyeOnnroB H sagaunuiKos 10 i1 11 knaccos.

7. O pasanunaslXx BerBaAX reomerpuu. (Kypc paccunran Ha
30 yacosB mo 2 uwaca B Hegenio.) McHonbayioTCs AONOJHEHUS
«0 pazjnuHEIX BeTBAX reoMerpnu» U «06 aKCHOMATHUECKOM ITO-
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CTPOSHWH I'eOMeTpUu» yuebHHKa 1ad 11 Kiacca. Dro moxker GHIT
HCKJIIOUHTENRHO HMHTEDECHBIH H OO3HABATENLHEBIN 3IeKTHBHBIN
Kypc. Bro MoXHO BECTH COBMECTHO C VUHTeNeM Hertopuu, OH MO-
JKEeT CTATh YaCcThI0 Kypca HCTOPHH HAaVKH.

ABTOpDBI BLIPAKAOT OIArogapHOCTE VURTEN0 MaTeMaTHRy Ta-
Mmape Hukonaesne IlorockyeBoi 3a HeHHble 3aMeyanmsg B GOJb-
H1y1o IOMONIL B IOATOTOBKE DYKOIHCH K II€YaTH, a TaKKe YUHTE-
JAM MaTeMaTHKH ruMHAINA Ne¢ 1567 MocKsh! Kosynuny B. B. H
MInsanounury JI. ., yunTensM MaTeMaTHKH ropoga ToabATTH
Hasaposoii JI. I1., Kapnyxosoii I, C., Kocrunoii T. K., MupuoH-
kogoii JI. M., IIpofizaxosoit O. H., Tennosoii T. A. (muneit N 57);
Anwncudmuposoit T. M., AxmetoBoii M. B., Ko6ozesoii JI. U. (-
neit Ne 51); PesroBy B. M., TonmaueBoit O. T, (uneii N 67) 3a
3KCNIePHMEHTAJBHYIO paboTy 0 HAIIMM YYeHHLIM KOMILIEKTaM
¥ [EeHHEIE 3aMeYaHH .

AsTopH OyAyT GJarogapHE 3a BCe 3aMedaHMNsd, NPHCIaHHLIe [10
agpecam: r. Mocksa, 121096, a/a 534, 3sasmuy JI. K.;
445030, r. Toansartu, Ilotockyery E. B. (g0 BocTpe6oBannsa).



MpvmepHoe noyacoroe NnaHUpoBaHvue
(3 uB Hepeno; 105 y)

MpeobpasosaHna npocTpaHcTea (1—11)

Orobpasxkenusa npoctpasctBa. OnpejeneHie npeobpasoBaHM
npocrpancTsa. IlearpansHag cumMeTpusa npoctpaHeTBa. O0par-
Hoe npeobpazosanne, KoMnosuiua npeodbpasoBaHnii.

JBUKEeHUA TIPOCTPAHCTBA: ONpefeJeHHe ABHKEHNA; KOMIO3I-
nuA asuixennii. O0mue cBoiicTBa ABMKeHn. O IBMKeHUAX Iep-
BOTI'0 M BTOPOTO pona B npocrpaHcTee. O parencTBe GUIyp B mpo-
crpaHcTse, CBOHCTBA MEHTPAIBLHON CHMMETPHH IPOCTPAHCTRA.

CuMMeTpHs OTHOCUTEJIBHO ILJIOCKOCTH. CHMMETPHA OTHOCH-
TEJBHO IJIOCKOCTU B KOOPAUHATHOI hopme. CrolicTBa CHMMeTpPHN
OTHOCHTEJLHO ILTOCKOCTH.

IMapaanensnbrii nepeHoc. Ilapanientunlii mepeHoCc B KOOPAU-
HATAX; CBOMCTBA TIAPAJIETLHOTO MePeHoca.

Cronpaaman cumMmeTrpuda. [ToBopoT Bokpyr ocu. Ocesasdg CuM-
meTpusa., CBOICTBA 0CEBOM CHMMETPHH M IOBOPOTA BOKPYI' OCH.
3epranpHLIH MOBOPOT. BUHTOROE ABHIKEHHE.

BsanmMocBaA3h padaMYHBIX EBUMKEHHI IpocTpaHeTBa. KoMnosn-
NUA ABYX CHUMMETPHUH OTHOCHUTEJNBHO ILIOCKOCTH, CeMb pasjmd-
HBIX BUJIOB ABUMKEHUN NIPOCTPAHCTBA.

I'omoTeTua npocTpancTBa. POPMYIIBI TOMOTETUH IIPOCTPAHCTBA
B KOODAMHATAX W ee C¢BoucTBa, Onpeseseniie moxodHs IpPocTpaH-
CTBa; PasJioMKeHne Mogodnusa B KOMIO3HIIMIO I'OMOTETHH U JABUIKe-
HA A, O nogobun GUryp B IpoCTPaHCTRe.

Koumponvnas padoma Ne 1

MHororpaHHukn (12—19)

BryTperHHe U rpaHMYHBIE TOUKH, BHYTDPEHHOCTh M I'DAHUILE
reoMeTprdecKoit (huUTypH. Brinykiad, ¢BAsHAA, OrpaHMUYEHHAN
reomerprdeckad purypa. Ilpocrpascreennas odxacTs. ['eomerpn-
YEeCKOe TeJD, ér0 BHYTPEHHOCTh U IOBEPXHOCT.

MHOrOrpaHHWUK W ero 3JeMeHTLI: BepIIWHLI, pedpa, I'paHu,
IIJIOCKHE YTJIBI NpH BepIlMHe, ABYI'PAHHEBIE YIVILI Opu pedpax.
JiinepoBa XxapaKTePHUCTHKA MHOrOrpasHuKa, Teopema [lexapra—
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Miepa AJMA BBIIYKJIOIO MHoOrorpaHHuka (6e3 gokasaresncrsa)-
[lousgTHe O DasBepTKe MHororpaHHmKa. CBOHCTBAa BRIMyRIBIX
MHOTOI'DaHHHIKOB,

O mosaT™IHa 00beMa Tena. CBolcTBa 00bemMoB Test. Papuopeny-
rme W paBHOCOCTaBJcHHbIC Teaa, O0beM NpAMOYronsHOro napant-
JreJIElHIeRA,

Mpu3ma v napannenenvnes, (20—-25)

OnpezgeeEne Npu3Mel A ee 31eMeHTOB. RomigecTso sepmny, pe-
Oep, TpaHel, JUaroHajled y n-yrojJbHOW npuambl. Ilpamasa u Ha-
KJOHHasg npuambl. [lpaBunsras npuama. Ilpusmatmuecrass imo-
BepxHOCTh. [epneHAMKYyNAPHOE CeUueHle IPN3Mbl. BokoBag i 1oJ1-
Has [OBEPXHOCTH IPU3MEI; (hOPMYJIBI BRIUHCNEHNHA HX ILMoajei.
MopMyabl BRIYUCIIEHUA 00BEMOB IPAMON U HAKJIOHHON ITPU3M.

[Tapannenenunex; HAKJIOHHBIN, NIPAMO, IPAMOYTOAbHEIH. Ky0.
CnolicTBa quaroHajgedn mapannenemnuiena. CBoMCTBO MpAMOYTIOJE-
Horo napaanexenuneaa. Oonem napannenennitexa. Ilocrpoenne ce-
YeHHH IPUAM 1 apaUIeIeIHIe 0B PA3THYHLIME MeTOKaMIHI.

Konmpoavnas paboma Ne 2

TpexrpaHHbie 1 MHOTOrpaHHbie yrnsl (26-—31)

HousaTe 0 MHOTOTPAaHHOM yryie. Bepoiuraa, rpanu, pedpa, mio-
CKHe yIJibl IIPH BePIIHHE BBINYKJIOIC MHOTOTpaHHOTO yria. MHo-
I'OrpaHubie YIVIbl IPH BePIINHAX MHOI'OTPAHHUKOB. T'pexrpaHHbId
yroJa. TeopeMa 0 IJOCKHUX yIiaxX TPEXTI'PAHHOI'O yIJjia (HepaBeHCT-
BO TpexXrpaHHoro yria). Teopema o cyMMe IIJIOCKUX VTJIOB BEIIYE-
JIOT0 MHOTOI'DAHHOT'O yria. TeopeMa CUHYCOB H TeOopeMa KOCHHY-
COB TPEeXI'PAHHOTO yTJIA.

Mupamunga (32—39)

Ompenenenne NMUpaMuibl 1 ee BJIeMeHTOB. KojmmdecTBO Bep-
muH, pefep 1 rpaHed v 7-yrosbHON nupaMuabl. HekoTopeie yact-
HbIe BUJAEI IUPAMMJ: IAPaMHia, Bce DoKoBbIe pebpa KoTopol pas-
Hbl Medxy cobolt (Bce BoxOBbIe pefpa 00pa3yOT paBHble YIVIBL C
ILIOCKOCTRIO ee OCHOBAHHUA); MUpaMuja, Bee NBYrpaHHbIe YIibl KO-
TOpoH HpH pebpax OCHOBAHUA PaBHBI MeXxy coboi; mupaMHaa,
POBHO 0XHA OOKOBAS I'PAHL KOTOPOH IEePIeHAHKYIAPHA ILJOCKOC-
TH ee OCHOBAHWA; IHPaMuia, fBe cocefHHe DOKOBBIE TPaHU KOTO-
PO NeplleHENUKYIAPHBI IIJIOCKOCTH €€ OCHOBAHWA; IUPAMMUAA, KBE
He cocexHue OOKOBbIe I'PaHHW KOTOPOHM IIepHIeHAWKYJIAPHBL ILIOC-
KOCTH ee OCHOBaHNSA; mupamMiija, 6o0KkoBoe pebpo xoTopoii o6pa3sy-
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€T PaBHBIE YTJbI ¢ pefpaMH OCHOBAHMS, BBIXOAAINHNMN 13 OLHOH
MAHHON BePIIWHEL. DOPMYyJbI BhIUHCHeHHA ILIoafgeil 60KoORONA 1
IIOJTHOU IIOBEPXHOCTEHN MU PAMUAEL.

IMpasnnpHas IEPaMHUA 1 ee CBOHCTBA. AnoheMa IPaBUIbHON
nupaMugbl. @OPMy bl BEIUHCACHA A ILNOMaxeN BOKOBOH 1 MOJHOHR
IIOBEPXHOCTEH IPABMJIBHON NINPAMHIJIEL,

Koumpoavrnas paboma Ne 3

CpoMcTBa NaPaINe/IBHBIX CeYeHNH MHPaAMUbl. Y CeYeHHAs IH-
paMuza, GOpMyJibl BEIYHCHEHHA €€ OOKOBOM M IIOJHOM IIOBEPXHO-
cTeit, PopMVIEI BEIYUCICHHAA IJIomaneid O0KOBOH M IIOJHOM IIO-
BePXHOCTEHN IIPABUIBHON YCEUEHHOH MU PAMKIbI.

ObmeM mUpaMUALL ¥ (POPMYJIIBL €I'0 BEIYACICHAA .

Terpasgprr. O0 o6Beme TeTpaszpa. BosaMoKHOCTE BEIOOPA OCHO-
BaHNA YV TeTpadipa. CBOHCTBO OTPE3KOB, COEAUHAIONINX BePUINHBI
TETPAsAPA C II€HTPOHAAMH IIPOTUBONOMOMHBIX I'DaHel. [Ipasuirs-
HEI TeTpaszp. OpronenTpmueckuil TeTpaszp. PaBHOrpasderit
TeTpasip (TeTpasap, Bce I'paHu KoToporo pabBHbI). TeTpaszp, Bce
GoKOoBBIE I'PAHH KOTOPOro OOpPA3YIOT PABHbIE ABYIPAHHBIE YIJIBL C

1
ILIOCKOCTRIO eTo oCcHOBaHuA. Popmyna V = 54" bepla; b)+sin @

BBEIUHCJIEHHS 00BeMa TeTPasapa, rie @ 1 & — NIHHBI ZBYX CKPelH-
BaOIIMXCA pebep TeTpaszpa, p(a; b) — paccTodAHMe MEKAY ITUMH
IIPSAMBIMA, ¢ — YTI'OJ MEXXY IPAMBIMH, COKepKalluMu 3T pedpa.

Ortuomenne o00BHEMOB ABVX TETPA3SPOB, MMEIONUX PAaBHEIS
TPeXI'DaHHbIE YIVIBL,

MNpasnnbHBIE MHOrOrpaHHnkn (40—45)

Bupagel, siteMeHTEI 1 CBOUCTBA NMPABHILHBIX MHOTOIPAHHHUKOB.
Brrumcienue mnomjaieill IOBePXHOCTH M OOBLEMOB IPABHJIBHEIX
MHOTOT'PAHHUK OB.

Konmpoavunaa patoma Nt 4

Linnuagp n koHyc (48—57)

IlosepxHocTh U Teno ppaimnerna. luruuaap. OcroBanusa, obpa-
3yoile, OCb, BbICOTA MUINHAPa. [THAMHADHIYeCKAsI I0BEPXHOCTD
BpanleHua. CedeHna muanHApa IocKkocTeio. Maobparkenne mu-
auagpa. KacatensHasa OnockocTh ¥ puiuHApPY. Passeprka in-
anHApa. Berumenenne mpouraseil 00xo0BOH M IIONMHOH IIOBEPXHO-
crell munuHApa. [lpmama, BOMcaHHAS B NUAWHAD M OIMMCAHHAA
OKOJNO IIUINHAPA., Beruncaerne oobeMa 1HIMTHADA.
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Konyc Bpamenus. Bepuinna, ocHOBanue, ofpasyiomue, 0Ch,
RBICOTA, DOKOBaA U MOJHAH MOBEPXHOCTH KOHyca. CeueHusa KOHY-
ca IOCKOCThI0. PaBHOCTOpOHHHKIM KOHYC. KacaTenbnasn nmuockocTh
x gouycy. Haobpaxenne xonyca. PaaBeprka. Beiuncnenue njio-
mazneii GOKOBOM M IOJHOH IIOBEPXHOCTed KoHyca. CsoiicTsa Na-
pajinesibHbIX CEUeHHH KOHYCA. Brnncannabie B KOHyC B onucagHbIe
OKOJIO KOHYca Nupamuabl. IHlunaunaap, Boucanmsiii B KoHye.

VeeueHHBIH KOHYC: OCHOBaHHNA, o0pasymoinue, BhICOTa, OOKO-
Bag W MOJHAA NOBepxHOCTHU. Beiumcienne nnomaneit 60xoBol U
MONHOH MOBEPXHOCTEH YCEYEHHOrD KOHYCa. Brluncaenne ofrbeMOB
KOHYCA U YCeYeHHOro KOHYyCa.

Konmpoavrasa patoma Ne b

Cdepa v wap (58—70)

IITap 1 chepa. Xopra, fuamMerp, paguyce chepsl u mapa. H30-
opaxcenne ctepnl. ¥ pasaenne cepsl. BaanMmuoe pacrnonoixenue
miaockocT u chepsl. Ilepeceuenna mapa u cepnl ¢ NIOCKOCTLIO.
ITnockocTh, KacaTenbHasd K cthepe U mapy. TeopeMsl 0 KacaTellb-
HOH IIJIOCKOCTH.

[Iapsr n cheprl, BOHCAHHLIE B ABYI'PAHHLIHA yroj, MHOI'OTPAH-
ubi yrojt. Illaper u cdepsl, BOUcadHBIe B MUAUHAD, KOHYC, MHO-
FOI'PAHHHK WU OIMHcaHHbIe 0K0N0 HUX. lllapel u cdepni, BIUCAHHBIE
B IPaBUJIbHbIE MHOMOI'DAHHWKHA U OIMUACAHHBIE OKOJIO HHX.

IIaporoit cerMenT, €r¢ OCHORAHWE U BHICOTA; CEI'MEHTHAad IIOo-
BepxHOCTh. Ilaporoit cnoii, ero OCHOBaHMA H BHICOTa; IIAPOBOH
nosc. IIlaposoii ceKTop W 10 MOBepPXHOCTh.

DopMyJIbE ANA BRIUHUCHCHUA TIIOMaxel chepsl, CerMeHTHOH I10-
BEPXHOCTH, MIAPOBOIO MOACA, IIOBEPXHOCTH IIAPOBOIO CEKTOPA.

DopmMyirbl L BEIUHCHEHHA 0O HEMOB IIIADPA, IIIAPOBOTO CEIrMeH-
Ta, III&APOBOI'0 CEKTOPA, LIIAPOBOTO CIOA.

Koumponavnasa paboma Ne 6
MpakTukym NO pelleHno 3aJa4 Kypca CTEPEOMETRIM

[oBTOPEHKNE TEOPUN
Konwmpoasrnas patoma Ne 7 (o6obuiarvuian)
Peseps BpeMeHn HA U3YyYeHME N30PaHHBLIX TeM «JononHeHna»
354 (71—105)
Konwmpoavrnas patoma Ne 8 (o6o6warowasn)
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YKazaHust K pelueHusm 3aaau

B nannom paspgene mpepjaraiorTcs KpaTKue pellleHHsd 1T YKasa-
HUAA K PelIeHHsAM JUIIb PALA 3ajad, IIOMEINeHHbIX B 3alaUHIKe
E. B. [lorockyera u JI. HU. 3paBnua «Feomerpusg. 11 wirace» K
yueOHHUKY TeX e aBTopoB «l'eomerpusa. 11 rmace» aJsi KIaccoB
¢ Yyray6iIeHHusIM U IPOPUIALHEIM U3YIYeHIEM MATEMATUKH.

Kak u B sagaunnke «['eomerpnsa. 10 knace» E. B. [Torockyera u
JI. 1. 3BaBuya, B 3azaudnke «leomerpus. 11 kiace» cucrema 3a-
a4 K KAarKAOMY PAa3fesy CTEPecMETPHUH Iono0pana mo MpUHITHITY:
OT ITPOCTOr0 — K CJOMKHOMY, UTO II03BOJAET, ¢ OLHOH CTOPOHBI, YUH-
Teno AuphePeHNUPOBAHHO I NeJeHAIIPABICHHO PEKOMEHAOBATH
KamaoOMY YUEHUKY 38841 OIPeZesIeHHON CJOMHOCTH, ¢ APYFoi
CTOPOHH, KAXKAOMY VUEHHKY CAMOCTOATENILHO BLIGUPATE AJIA pellie-
HUA TY UMW UHYIO 3aaauy. OnHako, Ipexae ueM IPHACTYIINT K pe-
LICHUIO CJOMHBIX 3844, VUAITIHACA OKeH PellIUTh OnopHiIie (0a-
3UCHELIE, KJIOUYeBLIE) 327Uy K ZAHHOMY Pasfiel]ly CTepeoMeTPHI.

JIio6asa 3apaua MoxeT OLITH PelleHa He e WHCTBEHHBIM METO-
JOM, H PEelIeHIA 33184, NPHUBeLEHHBIEC B 3TOM II0cOGUH, He IIPeTeH-
AVIOT H& eUHCTBeHHO BoaMoyable. Hao6opoT, ABTOPH IPeRIIoNa-
raloT HAXOXAeHNEe KaK YUNTeIAMH, TAK U YVUIeHHKAMI APYTUxX, 60-
Jee panMoHaNbHLIX peureHuii. K ToMy e aBTOPbI HE NBITAJUCH
JATHh KAKHEe-TO CBEPXPAIIHOHANBHEIE U CBEPXOPUTHHAJILHEIE Pe-
IIIeHMST; HAIIIN PellleHusd B OCHOBHOM pafouHe U KOCTATOUHO CTAH-
ZAPTHEIE.

Crnexver 0c000 OTMETHTE, YTO 3TH PEIIEHNA HH B KOEM CAYUAL
HeJIb3A IPUHUMATE 38 00PA3NH oopMIeHUA 3a8iaHUI BBUIY, HA-
IIPHUMEP, OTCYTCTBHS B HUX IOJHEIX APTYMEHTHPOBAHHBIX 060CHO-
BAHHUI HEKOTOPHIX YTBEPEIEHUN, UTO 06YCJI0OBJICHO HEBO3MOMXKHO-
CTBHIO IIOAPOOHOrO Pazdopa OrPOMHOrO KOJMIMYeCcTBA BeceX 34784 B
HeboJMbIIoN o 00 beMy KHITE.

rnaea 1. [peobpa3oBannsa NpocTpaHcTBA

Tema «TeomerpiuecKkiie mpeoGpasoBAHMA TPOCTPAHCTBA» 3a-
HHMAaeT BAXKHOE MECTO B U3VUeHUHU crepeoMerprun 11 Kiracca 1 Mo-
SKeT M3YYAaThCH HA PABJNYHBEIX YPOBHAX CHAOMKHOCTH. JTO PACIIPO-
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crpanderca KaK Ha TeOpeTUUYEeCKHH, TaK U Ha 3aJaUHbIi MaTepu-
a71. OHA MOYKET ABITHL H3YUeHa O030DHO, C PeIlfeHneM He(oJIbIHoro
Kpyra IpOCTEALINX 38/29 1, HATIPOTHE, MOXKET GbITb U3yueHa J0-
craToUHO TOZPOGHO C PEIIEHNeM MHOTHX H MHOIHX 3a/ia4 pas/ind-
HOIi cTemneHH CJOMHOCTH. Kax nprii YIHTEIb caM BeIGEpET IIOZXO-
KSMHH ero KJIACCY YPOBEHb U3YyUYeHHA 9TOU TE€MHbI.

[Ipu yroiyGJIeHHOM M3YUSHUN ILTAHUMETPHH yYallnecsd A0CTa-
TOUHO XOPOLIO OBIAANEBAIOT T€OMETPHYECKHUMH IIpeobpasoBaHUd-
MH ILIOCKOCTH M YMeEIOT NMPHMEHATh UX B KauecTBe pabouero
ammapaTa [pH PellleHUN IJIAHUMETPHYeCKHX 3ajad Kak Ha J0-
Ka3aTENRECTBO M BBIUHCJIEHUE, TAK W 3a/a4 KOHCTPYKTHBHOTO Xa-
paxrepa, [I0STOMY OHH CPaBHHTENBHO JIEIKO CMOTYT NEpPeATH K
M3y4eHMI0 TEOMETPHYECKHX NPeoOpasoBaHuii mpocTpadcrsa B 11
KJIACCe.

Ecau ke M3yueHHUe IUIAHUMETDHM IIDOXOJUNI0 Ha obmeobpa-
20BATEJLHOM YPOBHE, To yunTtenno B 11 riaacce 1ubo morpedyer-
cf AOIOJHUTEIBHOE BpeMd HAa usyueHue Tembl «l'eomerpuue-
ckue npeobpasopaHuA», JAHO0 3Ty TeMy NpHAETcAd HM3y4YaTb B
yMeHbIIEHHOM o0BbeMe, a IIpH pEelleHuH 3akad COOTBETCTBEHHO
YMEHBINNTE HCIOJB30BaHNE METOa FeOMETPHUECKHUX IIpeohpaso-
BAHHHA.

BestegerBre HegocTaTO4YHO Iy 0OKOTO NOHUMAHUA YUAITUMUCH
«IIPHPOIbI» I'€OMETPUUECKUX NpeodpaszoBaHUit OHU HCIIBITHIBAIOT
3aTPYAHEHHA B MX IPDUMEHEHHH IIPHU PEINeHNH 3akad KaK Ha Jo-
Kas3aTeJbCTBO M BHIUHCJIEHNE, TAK ¥ Ha ITocTpoenue. B aroii cBa-
31 HEeobXoANMO O0BACHUTE YUAIMMMCS, UTO CYI[HOCTE IIOHATHA
«IreoMeTpuUecKkoe rnpeobpasoBaHHe NPOCTPAHCTBA» B I'€OMETPHUH,
110 CYTH, Ta €, UTO H CYIMHOCTDb IOHATHA «(QYHKIIUA YHCI0BOTO
apryMeHTa» B airefpe: reomerpwuecikoe IpeofpalzoBaHHe IIpO-
CTPAHCTBA MOKHO DPACCMATPHUBATH KaK CBOCODPA3HYIO «TEOMETPU-
YeCKYIO DYHKITHIO», 0OJACTBIO OIIPEAEJIEHUA U MHOMKECTBOM 3HA-
YEeHHH KOTOpPOIi ABJAIOTCA TOYEUHBIE MHOMKECTBA — T'eOMEeTpHYe-
ckue purypsl. Torga moHarusa «o0paz» U «1Ipoobpasz» B TEOPHH
reoMeTpruYecKHMX Npeodpa’loBaHMN CTAHOBATCA aHAJOTAMH NMOHHA-
THil ¢3HaU€HWe APryMEHTa» H «3HAueHWe (QYHKIMH» B TEOPHUHU
YHCJIOBBIX DYHK I,

CyImecTBeHHBIM B TeopHUU TeOMETPUUYECKHX IpeoOpazoBaHUil
ABAACTCA CBOMCTBO JIOGOTO I'eOMETPHYECKOTro IIPeobpasoBAHUA
B3aUMHO-OHO3HayHO OTOOpakaTh JIOOyIo (hurypy Ha ee olpas,
a Iepeceyernue AdbIX ABYX (PUI'Yp — Ha Iepecedenue X o6pasoB
IIpHA 3TOM IpeodpasoBauuy, ITO 3aMeUaTeJbHOE CBOHCTBO reoMeT-
PUYECKHX IIpeodpasoBaHMil ABJAETCSA OZHHUM M3 OHOPHBIX MOMEH-
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TOB IPHU peIleHHU IreOMeTPUUYECKUX 3ama¥ Ha AOKAa3ATeJLCTBO U
IIOCTPOEHNE METOAOM MeOMeTPHUYeCKUX mpeobpasoBanmii.

Ilo HammemMy MHEHMIO, I'VIABHBIM OTJUYHMEM H3Y4YCHHS IeoMeT-
PUHU B KJ4aCCax ¢ MATEMATHYECKHUM yIrayldJjieHIeM SBJISETCS He Ka-
Koe-To 0cofoe yeiaoMHeHne N (GOPMAaM3ATASA TeOPEeTHIECKOr0
MaTepHana, a MEeTOZMYECKM BepHas mobopKa peliaeMuIX 3afad,
KaK B KOJHYECTBEHHOM, TaK M B KAYeCTBeHHOM OTHOLIeHHIN.
Ilpexx e Bcero, HeOBXOAUMO PEIIHTHL Bee IIPOCTEHNINE, OIOPHLIE
3a4a9M Kypca. OTUMH 3afa49aMM HHM B KOEM CJIydae He CJlefyeT
npeHeOperaTb, KaKUMH OBl IIPOCTEIMHA OHU HHU Kazajauch, Jpyroe
Zea0, UTO METOZUKa UX pellleHMA B KJAccaX ¢ YrayOJIeHHBIM H
npohHILHBIM U3yUeHeM MaTeMaTuKH, BoobIe ropops, oTJanya-
eTCA OT METOZUKHW pPeIlleHUA B 00ImeofpasoBaTeibHBIX KJIACCAX
H KJaccaxX Ir'yMaHHNTapHOH HAIPaB/ICHHOCTH.,

§ 1—-2. OtoBpaxeHns npocTpaHcTaa.
MNpeobpasosaHus NPOCTPAHCTRA

Nsnoxenue TeOpeTHYECKOr0 MATepUalla 3TOW IJIaBH aBTOPHI
COBETYIOT BECTH JEKIMOHHLIM METOAOM, U3Narasd MaTepuay Kpyi-
HBEIMII TeMATHYSCKHUMHU ONOKaMu (MeTOZOM VKPYIIHEHHBIX TUAAK-
TUYECKHX €XMHIIIL ).

Nsyuns oTo0pamkeHHs W reoMeTpPHUYECKHe IIpeo0pasoBaAHNSA
IIPOCTPaHCTRA, yYanuecd JOJIKHR YMETh YeTKO PAasJTHYATH BHBI
oroOpaskeHUN OAHOIl reoMeTpUYecKOoH (GHUryphl Ha APYryIo, IIpH

B ’
3TOM OHH AOJIAKHEI 3HaTh, YTO: KaK IPH oToOpayKeauu V —> V',

TAK W OIpu oToOpakeHun V i V', mobasa toura M € V nmeer
enrHCTBeHHBIN 00pas M € V'; npu oTobpaskeHNHU «68» He HCKJIIIO-
YeHO CYIIeCTBOBAHHE BO MHOKecTBe V' TOUeK, KOTOpLIe He HMEIoT
mpooOpasa B V, B TO BpeMsa Kak IpH OTOOPAKEeHNUH «HA» HE HC-
KJIIOYEHO CYMIeCTRBOBaHUE B V' TaKkMX TOYeK, KOTOPHIE UMEOT B V
Oojiee opHOrO npoofpasa; ecayu reoMeTpuueckada urypa F npnu
npeobpasoBaHuu g orobpamkaerca Ha burypy F', to ¢urypa F’
HasuBaeTca 00pasom dmrypel F npu npeobpasoBannu g, a hurypa
F — npooGpazoMm puryper F' npu ToM ke Ipeo0pa3oBaHnHE g NN
o0pazom 3Toil (hUrypsl n1pu npeobpaszoBanmu, 00paTHOM Ipeodpa-
BOBAHUIO &, T. €. Ipu peobpasosannn & 1; npu 6MeKTHBHOM (B3a-
HUMHO-OEHO3HAYHOM) OTODparkeHUH MHOMecTBa V Ha MHOMKeCTBO
V'’ 06pass 1obbIX ABYX PAs3JHYHBIX TOYEK Pas3JUYHLI U ABe JI00bIe
pas3muYHble TOYKH MHOMecTBa V' ABIAIOTCS 00pa3aMH gBYX pas-
JIAYHEBIX TOYEK MHOMXKecTBa V,
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BasKHBIM ABAgeTcA cleayomui GaxT: npeobpaszoranmeM Mpo-
cTpAHCTBA fABAAETCA JUIlb B3AaUMHO-OZHO3HAYHOE (BMexTHBHOE)
oToOpasKeHue 3TOr0 NpocTpaHcTBa Ha cebsf. CrescTeurem ITOTO
sinfieTcA 0OpaTHMOCTEL J00oro mnpeobpazoeanust MpocTpaHCTBA
(cymecTsosanne o0patHoro eMy npeobpasoranusa).

B mamieM yue0HHKe KOHIENTYaJbHO KaxKZoe HpeodpazosaHlie
IpocTpaHcTBa (KpoMe peobpasoBaHUd MOKOOHUT) 3aLaeTCHA «AJITO-
PUTMHYECKH-KOHCTPYKTUBHO» Kak OTOOpaskeHue NpOCTPAHCTBA
ma cebst ¢ mocnenyIOINM JOKA3ATENBCTBOM OMEeKTHBHOCTH 3a8AH-
HOro 0TOOpaKeHud, HHade FOBOPHA, JOKA3BIBAETCA, YTO MOCTPOEH-
Hoe oTofpaskeHme #ABIAeTca Npeobpa’zoBaHMEeM IIPOCTPAHCTRA,
IocJIe YEero BBOAATCS COOTBETCTBYIOINVE HA3BAaHUE W Olpexene-
HHE, 4 TAaK:Ke CHMBOJIHYeckoe 0003HAUEHHWE 3TOTO NpeobpasorRa-
HHUA, U3YYAKTCS ero CBOUCTRA.

SaMeTHM, YTO HH [apajlejbHoe, HH MEeHTPAIbHOE IPOeKTHPO-
BAHUS MPOCTPAHCTBA Ha IIJIOCKOCTL HE ABJAIOTCA NpeoOpasoBa-
HUAMMU [OPOCTPAHCTRA, TAK KAK IIPU 3TOM BCe TOUKH ONPOEeKTUPVIO-
mel NpAMoH 0ToOPAKAITCSA HA OJHY W TY K€ TOYKY IJIOCKOCTH
IPOEKIMI — TOUKY ee MepeceyeHn ¢ IIPOeKTHPYIONEeH TpAMOH.

[TeperiMm n3 npeodpaloBaHMil, KOTOPbIE PAaCCMAaTPHUBAIOTCH B
vueOHHKe, ABIAeTCH IIeHTpaXbHAg CAMMeTpHA IpocTpancTBa. Ha
IpHUMepe IEeHTPANBHOH CHMMETPHUH HAaUWHAIOT M3yYaThCA ROIIPO-
ChbI 0 HAJIUYUHK [Ipeobpa3oBaHud, 00PaTHOrO AAHHOMY U COBIAaIo0-
IIero ¢ caMuM peobpasoBaineM, 0 KOOPAUHATHOM 3alUcH Ipeoh-
PA30BAHNA, 0 €70 HEeTTOABMKHLIX TOUKAX, HeNOABMXKHBIX IIPDAMBIX
1 HEeIIOZBUKHBIX IJIOCKOCTIX, 0 KOMIIO3WINY IpeofpasoBaHHIA.

YyamuMca cieayeT OOSICHUTE, 4TO IIPpHA A3YUYeHUH reoMeTpuye-
CKUX NpeolpasoBaHUi NPOCTPAHCTBA HHTEPEC BHI3bIBACT HATUYNE
HEMOABUIKHBIX TOYEK, HEMOABHIKHBIX NMPAMBIX H HEMOABMXKHBIX
IIOCKOCTEH KasXZOro U3 PACCMATPUBAEMBIX TpeobpasoBaHuil.

[lo onpepenenno ¢hurypa F apndeTca HeIlOABUIKHON IIPH JAH-
HOM IpeobpasoBaunu g, ecjau npeobpasosanue g orobpaxkaeT Ty
thurypy Ha cebd, T. e, g(F) = F. B reomeTpnu pasnuyaioT ABa BUAA
« HeMOJ BMXKHOCTH (UTypel F» OIpHU AaHHOM IpeobpasoBaHun g

1) xaxxnaa Touxa purypsl F HenmoasHiKHA (oToOpaxiaercsa Ha
cefaA) Ipu AaHHOM NpeodpPa30BAHHN g5 B 9TOM CJIydae HHOTJa roBo-
pAT, uTo hurypa F MOKATLHO HENOABHMXKHA, JIOKAJIBHO HMHBApH-
aHTHA;

2) purypa F npeobpasosanueM g oToOpakaeTcda Ha cebdA, HO
Cpexd TOYeK 3TOi (PUIyphI CYIIECTBYIOT KAK TOYUKH, KAMKAAA M3
KOTODBIX HEMOABHMAHA OIPU NpeoOGpazoBaHUM g, TAK U TaAKHe TOoY-
KM, KOTOPLIE He ABJAAITCA HeIIOZBUKHBIMU TOUKAMU 3TOr0 Npeob-
pasoBaHua g, HO oToOpakawTcA NpeobpasoBaHUeM g HA TOUYKH
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(hurypsl F; B 3TOM cayuae WHOTAA TPOBOPAT, 4yTo durypa F rjo-
0aJIbHO HeIlOABMMHA, I1o0aIbHO HHBAPHUAHTHA.

Hamnpumep, nobas mpaMas, IPOXoAAIAsS Yepes TOUYRY A, rio-
f0asbHO HeNoABIDKHA (IrodalbHO MHBAPDUAHTHA) TP CHMMETPUH C
IHeHTpoM A; mobas npsaMas (IJTOCKOCTE), NEePIeHAUKYAspHaH
ILTOCKOCTU O, TIoBaibHO MHBApUAHTHA (rii06aJbHO HEIOABHHA )
IIpH CHMMETPHUH OTHOCHTEJbHO ILJIOCKOCTH ¢, HO CAMA IIJIOCKOCThH
O JIOKQJIBHO HEeNOJBHKHA IIPH CHMMETPHH S , TAK KaK KaKAad
TOUKA IIIOCKOCTH O IPU cUMMeTpun S, orobpaskaercd Ha cebs.

Caegyer 06pATHTL BHUMAHHUE YUYAIMXCHA Ha BONPOC O PABEHCT-
Be IBYX mnpeobpaszcBanHu#. [lo onpegenenmio aABa npeoHGpasoBa-
HHUA g, U g, IPOCTPAHCTBA HA3LIBAIOTCA PABHLIMHU, eciu 06passbl
JIO00M TOYKHU IPOCTPAHCTEA IIPH 3THX NPeoOPA30BAHHAX COBIIA-
oawT, T.e. AafA J000i ToykH M 1OpocTPaHCTBA HMMEET MECTO

8,(M) =
gy(M) =
TOpUS IIepeMeniedust («IyTellecTBHA») AaHHOM Toukm M npnm
Ka)XXJoM U3 [1peobpasosaHuil g, 1 gy, & TOT QPAKT, YTO B PE3YIbTA-
Te J106oro n3 npeobpasoBaHuil g, U &, Toura M, 06pa3zHo BHIpa-
MAACH, «JIPHIIIa» B TOUKY M,

Heob6xoanmo geTaibHO PACCMOTPETH TAKIKE BOIIPOC 0 KOMIIO3II-
IITUY JBYX NIPEecOPAa3OBAHUH.

Jns BCARKUX ABYX IPeoOpa3oBAHUM £, 1 £, IPOCTPAHCTBA MOXK-
HO IOCTPOWThH TpeThe IpeobpazoBaHue gy, KOTOPOE HA3BIBAIOT
KOMIIO3UI1IeH Tpeobpas3opaHuil g, 1 g, U 0603HAYAIOT CHMBOJIHYE-
CKH g4 = g,°4,, IDU 3TOM M MeeM:

gi(M)=M', g,(M')y=M"= g(M) =(g,08 (M) = go(g,(M)) =
= gz(Mr) =M".

IIpu TaxoM ompejeneHnn KOMIIO3HINY £,°4, Tpeobpa3oBaHNil
g1 Y g, cHayaa npuMenseTcH npeobpasoBaHne g, («IpaBoe») u K
ero peaynbTaTy IpuMeHsercs npeoGpasopaHue g,.

Bpeaennoe 0003HAUEHHE BIIOJIHE ECTECTBEHHO, TAK KAK 3AIIUChH
(8,08 ) (M) = g,(g,(M)) B Teopuu reoMeTpPHUYECKHX upeofpaszoBa-
HHH anajiormana sanucH (07 Mx) = f,(f,(x)) B Teopun dyarmmil.
NusiMu ciroBaMu, IMOHATHE «KOMIIO3HUUHA NpeobpasoBaHHii» B
KYpCe reOMeTpPHH SHAJOTHYHO MNOHATHIO «CHOMKHAA (DYHKIMI»
(«cyneprnoanius GYHEKIMIi» ) B Kypce anre6psl.

Yuamuecs A0JKHBI 3HATH, UTO KOMIIOBUIUA JBVX Ipeohpaso-
BaHHUH He 00iagaeT CBOHCTBOM KOMMYTATUBHOCTH (IIE€PEeMECTH-
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TEILHOCTH), T. €. He AJIA BCAKHX NpeobpasoBanuil g, u g, BHINON-
HAETCS PABEHCTBO £,°8; = £,°8,. B chopaBegnuroctu storo yT-
BeP/KACHHA OHHM MOTYyT yOeZHUTHCA HA KOHKPETHBIX IpUMeDax.

1.004. © MosxHO 111 BBaMMHO OJHO3HAYHO OTOOPa3uTh: a) Mo-
BepXHOCTH KyDa Ha IIOBEPXHOCTE Apyroro rKyba; 6) moBepXHOCTH
Kyfa Ha MOBEePXHOCTH NPAMOYTOJBHOTO IapajlleNenunesa; B) mo-
BePXHOCTh KyDa Ha ciepy; I') IOBePXHOCTE TeTpasapa Ha ciepy;
1) chepy ¢ «BBIKOJOTOH» TOYKOI Ha MNOCKOCTH? CrenaiitTe cooT-
BETCTBYIOLIHE PHCYHKH.

Pewerune. a) HocTaTouHo KYOBI PACIOJOMKATH Tak, 4TOOBI CO-
BIIAJIX UX [€HTPHI, & I'PaHy OFZHOIo ObIIH mapajinedabHBl rpaHaAM
zpyroro. Torga moBepXHOCTH OAHOTO Ky0a B3aWMHO-OJHOIHAYHO
orobpasxaeTcA HA IIOBEPXHOCTh APYTroTro Kyba mocpeicTBOM 11eHT-
PATLHOTO IPOEKTHPOBAHIA U3 UX 0o01iero neuTpa.

B) JlOCTaTOUYHO IEHTP chePhl COBMECTUTE C EeHTPOM Kyba, TOr-
Ja IOBePXHOCTH Ky0a B3aMMHO-OZHO3HAYHO OTOOpayKaeTca Ha
cdepy mocpescTBOM IEHTPANBHOTO IIDOEKTHPOBAHAA H3 HX oOlle-
ro IeHTpa.

z) Ecau B chepe ¢ suamMeTpoM AB «BBIKOJIOTa» TOUKA A, TO JO-
CTATOYHO IJOCKOCTE PACIONOMHATL Tak, 4TOOEI OHa ObLa IepIileH-
auryiaapaa npamoil AB. Toraa nocpeAcTBOM meHTPaNbHOro Ipo-
eKTHUPORAHHSA C IEHTPOM A OCYIIECTBJAAETCA B3AHMHO OZHO3HAY-
Hoe oToDpaKeHme auHoM chepPhl ¢ «BBIKOJIOTOM» TOUKOU A Ha 3Ty
ILTOCKOCTD.

1.009. lIe OKPYRHOCTH HEHTPANILHO-CHMMeTPHU4YHBI. Moryr
JU OHH JIeKaTh: 4) B OxHOM ILmockocTi; 0) Ha ozuHOH ciepe;
B) B Pa3JIMYHBIX ILJIOCKOCTAX?

Pewenne. a) Tax kak meaTpaXbHasA CHMMETPHAA — ABUM{EeHHE, TO
MAaHHBIE ABe OKPYIKHOCTH PaBHbI. [IBe paBHBIE OKDYXHOCTH MOTYT
AeXKATh B ORHOH mtockocTH. [1pnu aToM, ecyii 9TH OKPYKHOCTH IIe-
pecerarTca B Toukax A u B, TO uX IEeHTPOM CMMMETPUHU CHYXHKHUT
cepexnHa oTpe3ra AB; ecIl OKPY:HHOCTH KacaoTesd, TO II€HTPOM UX
CHMMETPHH CAYKUAT TOUKA KACAHUA; eC/I OKPYXKHOCTH He HMEIOT
o0ILIIUX TOUEK, TO IIEHTPOM HX CHMMETPHU ABJIAETCA TOYKA IIepece-
yeHHs 00X BHYTPEHHUX KACATENLHBIX 3THX OKPYKHOCTEH.

6) Ilpm cuMMeTPHH OTHOCHTEJIbHO IeHTpa cdepnl mobas ee
TouKa oTo0pazkaeTeda Ha TOUKY 5ToiH ke cepsl. [lenTpanbHo-cuuM-
MeTpUYHbIe OKPYKHOCTH, He JieXKanjie B OZHOU IIJIOCKOCTH, MO-
ryT OBITH PACIIONOIKEHBI TOJMBKO B ABYX NapallellbHBIX ILTOCKOC-
tax. [ToaToMy fBe ZAaHHLIE OKPYIKHOCTH MOIYT J€XKATH HA OJHOU
ctepe, eclIE OTPE3OK C KOHIIAMHA B UX [eHTpax NepIeHAUKYIAPeH
ATHUM ILIOCKOCTSM: cCePeXHHa IIePIeHAUEYAADa ABNAETCH IIeHTPOM
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" } d?
3TOH cipepnl, a ee pafuyc paBeH [r2 + g » TAe ' — pajmyc jaH-

HBIX OKpYKHOCTel, d — JJIMHA HepHeHgUKYIApa.
B) Cm. 1.109 (0).

1.017. lausr Touxku A(3; 2; 1) m B(—1; 2; 6). Hatigure Koopu-
HaThel 00pas3a TOUKM B npy KOMIO3HUIMHN NEHTPANBHBIX CHMMET-
pui: a) Z,°Z,; 6) Z5°Z 4, rAe Touka (O — HaJaJIO KOOPAHUHAT.

Pewenwe. a) Ilyete B(x; Y5 20) = Z5(B), Byxy; Y,; 2,) =
= Z ,(B,). Torga, noje3yack KOOPAHHATHEIMHA (HOPMYIaMU IEHT-
paJbHON CHMMMETPMM OTHOCHUTEJBHO Hauajla KoopiuHaTt u Gop-
MyJIaMHU fleleHHA OTPe3Ka MOmoJaM, nojaydaeMm: x;, = 1; y, = —2;
2, =6, x,=2:3-1=5y,=2+2-(-2)=6;2,=2+1-(-6)=
= 8. TakuM o00pazoM, (Z ,0Z,)(B) = By(5; 6; 8).

0) Ilycts C (x5 Y5 21) = Z 4(B), Co(X9; Yo 29) = Z,(C,). Toraa:
x=2:3-(-D=Ty;=22-2=2;2,=2°1-6=-4;x,=-7;
Yo = —2; 2, = 4. Tarum obpasom, (Z,°Z ,)(B) = C,(—7; —2; 4).

§ 3. AsuxerHua npocTpaxcTea. Obwine CBOMCTBA ABUXeHNA

JIBHKeHUA NIPOCTPaHCTBa, ABJAACH OCHOBHBIM O0BEKTOM IIPH
H3VUEHHH BOIPOCOR reOMeTPHUYECKHUX NMpeodpasoBaHUH MPOCTPAH-
CTBA& B IIKONBHOHU IeOMeTpHH, 00JaJal0T MHOTHMM CBOMCTBaAMH,
AHAJIOMYHLEIMH CBOMCTBAM ABMMKEHHUI MIOCKOCTH, KOTOPEIE OBIIN
H3YYeHE B Kypce mIaHUMeTpHH. IlloaToMy H3II0KeHWIO TeopeTH-
YECKOro MaTepuaya 3Toro mnaparpada menecoobpasHo MOIpearnoc-
J1aTh MOBTOPEHUE AHAMOrMYHOrO IJIAHMMETPHYECKOr'o MaTepHuaia
M JIEKIMOHHLIM METOAOM IIOAPCOHO UM 0030DHO PacCMOTPETH 06-
IITVE€ CBOMCTRA ABMKEHUHN MIPOCTPAHCTRA,

B atom ke maparpate M3yuaoTca HEKOTOPEIE CBOMCTBA OHOIO
M3 BHJIOB JBMKeHHM — [@eHTPaJlbHOH CHMMETDPHH.

B yuyebHUKe fOKa3aHO, UTO ABUKEHNe OTOOpaXkaer 1060l TeT-
pasaAp Ha paBHBIA eMy TeTpasap. ¥YYalniHeca JOJKHBI 3HATh, UTO
BaXHBIM CBOHCTBOM J1000I0 ABMMKEHHA ABIACTCA TO, YTO 3TO JBH-
JKeHue WM MeHAET OPUeHTALMIO JI000ro TeTpasapa, UM OpHEH-
Talus J000re TeTpasApa NpH JaHHOM ABHMKEHUH OCTEeTCA HeM3-
MeHHOU. B aToii ¢BA3Y BCe IBHIKeHUA MPOCTPAHCTRA HOAPa3ae -
IOTCA Ha aBa poja. MMeHHO, ABHKEHHE HpPOCTPAHCTBa, IPH
KOTOPOM ODHEHTAIUsI TETpa3fpa coXpaHSAeTcHd, Ha3biBACTCA IBU-
YKeHHeM NepBOro poja; ARMKeHNe MPOCTPAHCTBA, MEHAIOIEE OPH-
CHTAIMIO TeTPa’ipa, Ha3bIBaeTCA ABUMKEeHUeM BToporo poga. Ha-
NpuMep, TOKAECTBEHHOe NpeoOpa3oBaHue SABIAETCA JBHIMKEHUEM
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IepPBOro Poja, a HeHTPpajJlbHad CUMMETPHA NpocTpaHCTBa — JBH-
KeHUueM BTOporo poga. [Janee yuarmuecda mo3HaxoMsATCHA ¢ APYru-
MU JIBU/KECHUAMHE HEPBOTr0 ¥ BTOPOTO POJOB.

Yuamumea HeobXoguMo OOBICHHTL BayXHOCTH BBEICHHOTO
OnpejeseHuA pPaBeHCTBa (pUryp: purypa F, npocTpaHCTBa Ha3bI-

BaeTcA paBHoOH durype F,, eclu cymecTByeT ABUKeHue, oTo0pa-
®arouiee ourypy F, Ha F,. Ha ocHoBaHHNH 3TOro onpejesieHus He

TpebyeTca NPUMEHATE IPU3HAKHY paBeHCTBa (Uryp AJIA BBISICHE-
HUA, paBHBI 14 purypsl F; u F,, a 10CTATOUYHO HAATH X0TA OBI 0]-

HO JBMXKEeHNEe NPOCTPAHCTBa, oTobpaxxatomiee F, Ha F,, Torga mno
oupeaenenuo Gurypel F, n F, cauTalorca paBHEIMH.

1.019. MoxeT J1u IBHKEHHE IPOCTPAHCTBA UMETh PORHO OHY
HENOABUKHYIO TOUKY? A poBHO ABe?

Pewenne. llpumepom ABMMKEeHUA, UMEIOIIETO PORHO OJHY Helo-
OIBHIKHVIO TOUKY, MOYKET CAYKHUTE IIEHTPAThHAS CHMMETPUA.

IMonycrum, 4T0 HEKOTOPOE ABMIKeHne [ UMeeT [Be HenoJBUKHEIE
TodKH A 1 B. Tak Kax npu Ji:o00M ABHXKEHHU OHPAMaAg OToDpaxxaer-
CA Ha NPAMYVYIO I COX PAHAETCA PACCTOSHUE MEMXAY JIOOBIMH TOYKAa-
MH, TO CepeJiiHa oTpe3rka AB TakKe NpH 2TOM ABIMKEHUU oToOpa-
JKaeTcA Ha ceddA, T. €. IOABIACTCA TPEThs HeNOABUMKHAA TOUKA 3TO-
ro ABHMKEHUS, UTO IPOTHBOPEYHT YCJIOBUIO 3aja4yud. Boiaee roro,
Kakjada Touka npsamMoil AB aBiasiercsa HenmoJABHXKHON TOUKOH ABU-
KeHud f. 3Ha4uT, POBHO JiBe HEMOJBUKHBIE TOUKHM HUKAaKOe ABHMKE-
HUE MPOCTPAHCTBA UMETEH HE MOKET.

1.028. © Moser JH ABH)KeHUE NMPOCTPAHCTBA UMETh POBHO
TPU HENOABUIKHBIE TOUKU? A POBHO UeTkIpe?

PeweHune. MonycTum, 9TO HEKOTOPOEe ABUXKEHHe [ HUMeeT TpH
HenoABuXHeIe TOUKU A, B u C. Ecau 2TU TOUKH JeaT Ha OJHOH
NPAMONA, TO KaXXJasd TOUKA 9TOU NPAMON HENOOBUYKHA HPH JBH-
e [ (em. 1.019). Ecan rouxku A, B u C He npuHazne;KaT o4-
HOU pamoii, To Kaxgaa us npameix AB, BC u AC asasercs MHO-
*KECTBOM HeHOABMKHBIX Touek ABmKeHus [ (cm. 1.019). Bosee
TOI'Q, B 9TOM CJIVYae BCH IMIOCKOCT: ABC ABNAeTCA MHOXECTBOM
HEeTIOABMKHEBIX TOUEK ABUMKEHHA [, YTO HPOTUBOPEUHUT YCIOBUIO
3agaun. TakuM obpa3oM, HE CYIIECTBYET JABUMKEHUSA MPOCTPAHCT-
Bd, KOTOPOe UMeo Obl POBHO TPU HEIOABIKHEIE TOUKH,

He moxeT ABUMKeHHEe UMETh H DPOBHO YEThIpe HEIIOJBUMKHBIE
TOUKM, TAK KaK JIOObIe TPH U3 3THX HEeNOABUIKHBIX TOYEK OIpeje-
JIAIOT UIY NPOXOAAINVIO Ueped HUX NPAMYI0 HeHOABHYKHBIX TO-
ueK, UJIH IPOXOAAILYIO Yepe3 HUX IJIOCKOCTh HEeNO[BHUXKHEIX TO-
YeK, UTO IIPOTHBOPEYUT YCIOBHIO.
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1.040. Jlargw Tourka O u durypa F. PaccMOTPHM BCe TOUKH
NIPOCTPAHCTBA, CHMMETPUYHBIe TOUKe (J OTHOCUTEJILHO BCEX TOUEK
durypst F. Karkyio ¢purypy oHu obpasyior, eciu purypa F: a) or-
pes3oK; 0) npAMan; B) IJIOCKOCTD; I') TPEYTOIBHUK; A) Ky0; e) map?
OTpeT NOACHUTE Ha PUCYHKE,

Pewenne. a) Ilyere B kKauecTre Gurypsl F gaH orpes3ok AB.
Toraa us Z ,(0) = A, u Zg(0) = B, cnegyert coorBeTcTBeHHO QA =

= 20A u OB, = 208. 3nauur, oTpe3ok A, B, napalleleH OTpes-
Ky AB u |A;B,| = 2|AB|. Ecitu M — mobas Touka orpeska AB u
Z)(0) = M,, To rouka M, npuHaaIexur orpesky A, B,. B cuny
IIPOH3BOALHOIC BeIDOpa TouKkH M Ha orpeske AB mpuxogiM K BbI-

BOJY: MHOMKECTBOM BCe€X TOYEK, CHMMETPHUYHBIX TOUKe () OTHOCH-
TEJIbHO BCEX TOUEK OTPesKa AB, ABaseTcd TakKoHl oTpesok A B,

uro A, B,|AB u |A,B,| = 2|AB

AHaJOrMYHO pelaTeA OCTANbHEBIE 3a/]a4l 3TOr0 HoOMepa.

*

1.042. IIpu orobpaskerauu f Kyd orobpasujica Ha APYroi Kyo.
MoryT nmu 5T KYORI ORITE HepaBHBIMU? MOKET JIM 3TO OTOOpaKe-
Hue ObITh ABMKeHneM? Ha Kakyio purypy npu 3ToM oToOpasuTcs
IPAaBUNLHLIA TeTpasap?

Pewenune. Ecnu pebpa jaEHOro kyba u ero odpasa npu oTodpa-
*KeHUU [ He paBHBI, TO 5TH KYObl He paBHBI U OoTOoDpaskeHue [ He
ABNAETCS ABUIKEHUEM; MPABUJIBbHBIM TeTPasAp IPH 3TOM OTOOpPa-
BUTCA Ha He PaBHBIU €My [IPaBUJIBHEIN TETPa’ap.

Ecau *e peOpa panHOro kyfa u ero o6pasa nnpu orodparsesuu |
paBHBI, TO JaHHLIE KYOLI PABHEI. JTO O3HAYAET, YTO AAHHOE OTO-
OpaxeHue f — ABHMKeHINe NMPOCTPAHCTBA. A TaKk KaK IIpH JM060M
JBUKEHUH COXPAHAIOTCA AJUHBI OTPE3KOB, BEJHUHHE IJOCKUX,
JABYTPAHHLIX M MHOTOIPAHHBIX YIJIOB, TO 00pPa3OoM NPasBUJILHOIO
TETpa’pa NpU OTOOPAKEHHU [ ABMIAETCA PABHHI eMy INIPABH.IB-
HBIU TETPAa’Ap.

1.045. © Hanumure ypaBHeHNS 06pas3a IpAMOIL

x =3 - 2t,
y=5+3t, teR
z=—-1,

IIPH CUMMETPUH OTHOCUTENHHO HAYANA KOOPAUHAT.
PewseHne. lleaTpanbHas CUMMETPUA ¢ HEHTPOM B Hadaie Koop-
JAWHAT oTobOpaMKaeT a0y Touky M(x; y; 2) npocTpaHCTBaA Ha Ta-

Kyio ToOury M (x’; y'; 2), uro BekTOopel OM u OM ' npoTusomno-
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JIOXKHBI, TIOBTOMY 9Ta CUMMETPUA 3ajaeTca popmynamu: x’ = —X,

y = —y, 2’ = —z. 3HauuT, TouKa (3; 5; 0) nannHoil mpamoil oTO-
OpaskaeTcda Npu cUMMeTpuu Z, Ha TouKy (-3; —5; 0). Tak Kak
npAMadA, He NPOXoJsnlas depe3 IeHTD CHMMETDHH, oToGparKaeT-
CA Ha HapafjejpHYyo eH IpAMYI0, TO HaNpaBJSOIIHHA BEKTOD
P (—2; 3; —1) naHHONi NPAMON ABJACTCS HANPABASIONUM U /I8 €e
obpasa IpH 3TOU CHMMeTpHH. Torja MCKOMEIE HapaMeTpudecKue
ypaBHeHHUA 00pas3a JaHHOU NpAMOM MMEIOT B

x=—-3— 2¢,
y=-5+3t, teR.
z=—1,

§ 4. CummeTpua OTHOCUTENLHO NAOCKOCTH

ITepen uaydenneM npeoGpa3oBaHUA CHUMMETPHHA OTHOCHTEIBLHO
IIJIOCKOCTH B IIPOCTPAHCTBE HEOOXOAHUMO IIOBTOPHTE IIITaHHMETDH-
YeCKAU MaTepHas o npeobpas3oBaHHH CHMMETPHH OTHOCHTEALHO
IpAMOH B ILIocKoCTH. Ilocae ompezeneHus M pPacCMOTpPEHHA
CBOHCTB HpPeoOpasOoBaHUA CHUMMETDPHH OTHOCHTEJLHO ILTOCKOCTH
clenyeT BRJISIUTE AHAJTOTHYHEIE CBOMCTBA 3TUX CHMMETPHHM, HO]-
YEPKHYB, YTO KaK CHMMETPHA OTHOCHTEJIBLHO HPSIMOH B IJIOCKOC-
TH, TaK ¥ CHMMEeTPHUS OTHOCHTEIbHO IVIOCKOCTH B IIPOCTPAHCTBE
ABIAAIOTCA ABHKEHUAME BTODOTO poja. lenarensHo, YToOHI yda-
[HeCA NOCTPOUJIH TETPAdAP, CAMMETDHUYHBIH JAHHOMY TETPa’aApy
OTHOCHTEJLHO JaHHOH NJIOCKOCTH, H YOeIUINCHh B IPOTHBOIIQJIOMK-
HOUM OPWEHTAIIMHU 3THX TeTPasipoB. JTO O3HAYAET, YTO KOMIIO3H-
A YETHOI'O YHCJAAa CHMMETPHH OTHOCHTEJIBHO MJIOCKOCTH €CTh
JBHYKEHHE NePBOro pPoja, a KOMOO3MIIMA HEYETHOIO YUCIa TAKUX
CHMMETPHH — JBHKeHHe BTOPOr'o poja.

HEuTepec mnpeacTaBiAwT (UIypel IIPOCTPAaHCTBa, HMENOIHE
ILJIOCKOCTH cUMMeTpHu. O MHOTOIDAHHHK&X, HMEIOIHX [JI0CKOC-
TH CHMMETPHH, YUeHHKH MOIYT IPOYHUTATL B KOHIIE YUYeOHHKa B
ouepKe «OQ CHUMMeTPHUAX MPaABHIbHBIX MHOTOIDAHHHUKOB» .

1.052. B npaBunnHOM TeTpaspe OKpalleHEl /Be TIpaHH.
CKOJIBKO NJIOCKOCTEH CHMMETPHH ¥ OKPAILIeHHOrO TaKHM 00pasom
TeTpasgpa?

Pewenwe. IIycers okpamerssl rpaad ABC u PBC nmpaBHJILHOrO
reTpasapa PABC. HysxuHo HaliTH TaKyI0 MIOCKOCTS, IIPH CHMMET-
PHUH OTHOCHTEJHHO KOTOPOH TeTpasip oTodpaxkaerca Ha ceba, mpu
ATOM OKpAallleHHBIN TPEYroJbHUK O0ToOpaKaeTca Ha OKpallle HHBIH,
a HeOKpallleHHbII — Ha HeOKpallleHHBbIH.
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O6o3gauruM H u K — cepeluHBI COOTBETCTBEHHO pebep AP u
BC. Toraa npy cuMMeETPHH OTHOCUTENLHO ILIockocTn HBC Toy-
Ku B u C apaaoTca HENOABUMKHBIMH, 8 TOYKH A u P B3auMHO
CUMMETPHYHEEI.

ITo 03HAYAeT, YTO OPH CUMMETPHUU OTHOCUTENABHO ILJIOCKOCTH
HBC okpamensbie rpain ABC u PBC otobpassaTrca oaHa Ha IpY-
Ir'yio, a Kaxjaaa us rpaied APB u APC otobpasurca Ha ceba. Ta-
KM oOpasom, nnockocTs BCH ABAeTCA NIOCKOCTHI0O CHMMET-
PUH OKPALIeHHOTO TETPa’Apa.

Mo:xHO A0oKa3aTh, 4To IIockocTs APK Tak:xe sABASeTCA MJIOC-
KOCTBIO CHMMETPHH JaEHOTO TeTPasApa.

1.058. B xy0e ok pallleHbl OIHUM IIBETOM: a) ABe rpanu; 6) TpH
rpanu., CKOJIBKO HJIOCKOCTEH CUMMETPHH MMEET OKPAIIeHHBIN Ta-
KHUM oDpazom Ky6?

PeweHue. Pacemorpum ky6 ABCDA,B,C,D;,.

a) IlycTs oKk palieHsl e cMeXERle rpasun ADD A, n A B,CD,
Kyba. IlmockocTaMy cHMMeETpUHU 5TOro Kyfa cJayKaT TOJNbKO ABE
HJIOCKOCTH: IIOCKoCcTh BCD, W mIOCKOCTb, NEPHEHAUKYAApPHAas
pebpy BC u npoxoganias yepes ero cepeuny.

Ecnun oxpanreHBl [ABe NIPOTUBONONOMKHBIE rpaHn ABCD u
A,B,C,D, xyba, To Taxkol Ky0 MMeeT NATh NJOCKOCTell CHMMeT-
puu. Umu seasoTca: miaockocTs ACC,; mirockocts BDD,; nioc-
KOCThb, HEepOeHAUKYIXsApHasa pebpy BC n nmpoxogsaulas yepes €ro
CepeJHRY; WIOCKOCTh, NePOCHANKRYIAPHan pebpy AB u nNpoxojid-
Iilasi Yepe3 ero cepeAuHY; ILIOCKOCTh, HEPHEHAUKYAAPHAA Debpy
AA, n npoxoAAlasa Yepes ero cepeuHy.

6) IIycTs oxpatensl Tpu rpanu ABB. A, BCC B, uA,B,C,D,
Kyba, umeomue obuiy0 BepmuHy B;. 9TOT Ky0 HMMeeT TPH IJIOC-
KOCTH CHMMETPHH: IJIoCKocTh BDD,; naockocrs AB,C,; nioc-
KocTb A, B, C.

Ecan orpamieHn! Tpu TIOCHAEAOBATEJIBHO CMEMXHBIE TI'PaHHU
ADDA,, DA B,C, u B,C,CB ky6a, To Takoll Kyb HMeeT ABe
IJIOCKOCTH CHMMETPHU: IJOCKOCTb, HEPHEeHAHKYJAAPHasa pebpy

BC u npoxoaaulasa yepes ero cepeuHy; IWIOCKOCTh, HePHNeHANKY-
AsapHadA pebpy AB 1 npoxofsias 4epes ero cepeAuny.

1.066. Toukn A U B pacHnoNOMXKEeHEI B OJHOM [IOJYIPOCTPAHCT-
B€ OTHOCHTEJIbHO JAHHOU IJIOCKOCTH ¢ U He Je)XaT B Heill. IocTt-
poiiTe B MAOCKOCTH (X TaKYIO TOUKY M, cymMmMa pacCTOAHUA OT KO-
TOPOH A0 ToueKk A u B 6plnia 651 HaNMEHbLIEH.
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PeweHue. Iloctpoum Touky A,
= S (A) (puc. 1). Taxk xak npeoGpaso-
BaHME CUMMETPUU — JBUIKEHUE U
S4) = A, S, (M)=M (M — rouka
IUVIOCKOCTH cuMMerpuu), To AM =
= A, M. 3uauur, AM + MB = A;M +
+ MB. Ho piuHa nomanoit A;MB

OyaeT HauMeHBbUIEH, €CJIU BCe TPH TOY-
Puc. 1 KU A, M u B GyayT JexaTe Ha OfHOHU

npamoi. 3To 03HAUAET, UTO Touka M,
YAOBJIETBOPAIOIaA YCJIOBUIO 3aJa4H, JOJKHA OBITE TOUKOI Ilepe-
cedeHuA NpaAMoii A; B U ILTOCKOCTH O, T. e. M = A, B n o. Taxum

ofpasoM, IPUXOZUM K CASAVIOUIEMY IIYTH PEelIeHUA 3a0a4H,
Crpoum Touky A, = S_(A) u mpoBoauM MaockocTs [ uepes

npamyio AA, u rouxy B. Obosraunm: c —=onB, M =ABnc=
= A;B o (cm. pae. 1). Touka M — uckomas.
JJ1A JOKa3aTeJabCTBa TOI'O, uTO TOuKa M = A B N o ABIAET-

cA UCKOMOM, JOCTATOUHO B IIIOCKOCTH (X BEIOPATE MI00VIO TOUYKY
P # M u jgokasarts, uto AM + MB < AP + PB. Cnpasegiu-
BOCTE STOI'0O HEPABEHCTBA CJHEAVET W3 TOI'0, 4YTO, BO-TIEPBHIX,
AM + MB = A\M + MB = A,B, u, BO-BTOPbIX, B TPEyrojs-
Huke A, PB cripasefjnso HepaseHCTBO AP + PB> A\ B=A M +
+ MB =AM + MB.

1.068. Yepes npamMyio p IpoBOJATCA BCEBO3MOKHEBIE ILTOCKOC-
tu. Touxa M ypajgeHa oT nIpsamMol p Ha paccrosuue b. Kakymw dpu-
rypy o6pasyioT BCe TOUKH, CUMMETpUYHbie TouKe M OTHOCHTEIh-
HO 3THX TIJIOCKOCTEH ?

4
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Pewenue. TIporegem uepes Touky M mirockocTs O L p u 0bosHa-
yum: O = o N p. BEcau B — oxHa u3 maocKocTed, NPOXOAAIINX de-
pe3 npamyio p u Sg(M) = M,, Sg(0) =0, o OM = OM, =bn
OM L p, OM, | p (puc. 2).

Korga naockocts [ OyaeT BpalatsCss BOKDPYD IPAMOU p, B
IJIOCKOCTH ¢ OyZeT BpamaTbca BOKPYr ToukH O Touxka M,, cuM-

MeTpUIHAA TOuKe M. ITO 03HAUAaeT, UTO MHOXKECTBO BCeX TOUEK,
CUMMETPUUYHEX TOUKe M OTHOCHTEJIbHO BCEX NJAOCKOCTEH, MPOX0-
AAIUX depe3 NpAMYIo p, 00pasyeT OKPYKHOCTL ¢ 1eHTpoM O u
paguycom b. 3Ta OKPYKHOCTE IPOXOJUT dYepe3 Touky M u pacuo-
JIOXKEHA B IJIOCKOCTH O L p.

1.073. Hanuurure ypaBHeHUS 00pas3a npaMon

| x=3-2¢,
T y=5+3t, tec R
z=-1,

IPH CHMMETPHH OTHOCUTEIBHO IIoOCKocTH OXy.

Pewerune. Ecau obpasom Touxku M(x; y; 2) HpH CHMMETPHH
OTHOCHTENBHO IIoCKocTH Oxy aBnsietca Touka M'(x’; y'; 2'), TO
KOODAMHATE] 3THX TOYEK CBA3AHBI COOTHOUIEHUAMHU X' = X, I = Y,
2z’ = —z. TakuMH Ke COOTHOUIEHUAMH CBSA3AHBI KOOPAUHATE! JIIO-
0oro BekTopa M ero obpasa Opd CHMMETPHNH OTHOCUTENLHO IIJIOC-
kocTu Oxy.

Tourka A(3; 5; 0) fanHoH TPAMOH PACHOJNOKEHA B NIOCKOCTH
Oxy, 103TOMY OPH CHMMETPUHM OTHOCHTEIBLHO 3TOH HJAOCKOCTH
oHa oToOpa)kaeTcs Ha cebA; HampaBAsiomui BexTop p(—2; 3; —1)
NAHHOW HPAMOH NpPH »TOH CHMMETPHH OTOOpa)KaeTcsi Ha BeK-
Top g(—2; 3; 1), KOTODHIH CAYXKUT HANPaBAAOLUIUM AJA 06pa-
38 JAAHHOM HPAMOM NpPH gaHHOM cuMMeTpuu. [losromy mnapa-
MeTpUUYECKHe YPaBHEHUSA NPAMOM, CHMMETPUYHON NAaHHOU Ops-
MOM HPH CHMMETPHH OTHOCHTEJIbHO NJAOCKOCTH (XY, HUMEIOT

1237 9)

x=3-2t,
y=5+3t, te R.
z2=1,

1.074. © HanuuuTe ypaBHeHHe 00pasa miockocTH 2x + 3y —
— 2z — 5 =0 IpU CUMMETPHH OTHOCHTENLHO IIOCKOCTH Ox2.

Pewenne. Ecau obpasom rouku M(x; y; 2) Ipu CUMMETPHUH OT-
HOCHTEIBHO niaocKkocTu Oxz aBasercsa touka M'(x"; y'; 2'), TO KO-
OPAHMHATEHL 3TUX TOUEK CBAS3AHLI COOTHOUICHHAMH X' = X, i = —Y,
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z' = z. TaKuMH K€ COOTHOMIEHUAMH CBA3AHBI KOOPAUHATEHL JIIO00-
ro BeKTopa u ero obpasa npy CAMMETPHH OTHOCHTEJIBHO MI0CKOC-
T Oxz.

Toura (1; 1; 0) mapHO! HNIOCKOCTH HPH CHMMETPHH OTHOCH-
TeabHO maockoctu Oxz orobpaxaerca Ha Toukry (1; —1; 0); BexTop
n(2; 3; —1) HopMalu NaHHOH NJIOCKOCTH OTOOPAKAETCS IIPH STOMH
cuMMeTPHH Ha BekTop m(2; —3; —1), KOTOPHIA CIVKHT BEKTODPOM
HOPMAJHU aJiA o0pasa JaHHOH NIOCKOCTH IIPH JaHHOUW CUMMETDHH.
IlopTOoMYy ypaBHeHHE IJIOCKOCTH, CHMMETPHUYHOH JaHHOM IJIOC-
KOCTH OTHOCHTENLHO ITocKocTH (X2, ©MeeT BH)L:

2Ax-1D)-3(y+1)-(z-0)=0mm2x-3y—-2-5=0.

§ 5. NapannencHbiin nepeHoc. CKOAb3ALWAS CUMMETPUS

ITapannensHBIi MepeHOC NMPOCTPAHCTBA ONPENENsIeTcs AHAJO-
I’MYHO NAPAJJIeTbHOMY NePEeHOCY IJIOCKOCTH M 06/1aJaeT MHOTHMHU
CBOMCTBAMH, AHAJOIHUHLIMHE CBOMCTBAM NapallelbHOTO IIepeHO-
ca miIockocTd, IlpuMeuaTenpHo, 4TO HapallelbHLIM HepeHoC Ha
HeHYJ1eBOH BeKTOp HEelOABMKHEIX TOUEK He MMEeT, Ho jJobasd npa-
Masi, TTapaJjile/ibHas BEKTOPY P, ABJIAETCA HENOABUMKHON NIpAMOil
IpH IEPeHoce Ha 3TOT BEKTOP, PABHO KaK M J106aA MJIOCKOCTh, Ha-
pajiensHasA BEKTOPY P, ABIACTCA HEIOABHMKHOH ILIOCKOCTHIO IIPH
HapaJIIeIbHOM I PEHOCe Ha 3TOT BeKTOp; IPH STOM Ha KaX/jo0il ua
STHX NPAMEIX ¥ ILIOCKOCTelH MHAYVIHpPYeTCcA NapaielsHEI mepe-
HOC Ha BEKTOP P.

1.079. Yepes cropoanl AB u CD napannesgorpamMmma ABCD
IIPOBENH [Be IapanlelbHble MJOCKOCTH M B HHX HNOCTPOHJINA
ABa paBHHX TpeyronbEura ABM u DCK (AM = DK u BM =
= (CK), pacmoJIO)KMB HX B OJHOM HOJYHPOCTPAHCTBE OTHOCH-
TeJBHO IIJIOCKOCTH JaHHOro napasjnenorpamma. Halpure pac-
CTOSSHHE MEXAY IeHTpouaamu TpeyronbHukoB ABM u DCK,
ectu AB=a, BC=5b.

Pewernne. U3 ycaoBua sa-
aavm ciaegyerT, uto AM|DK n
BMI|CK (puc. 3). Yuurtnipas,
uto AM = DK uw BM = CK,
IIPHXOAHM K BBIBOAYV: NPH Ia-

pPaJaJeJIbHOM HepeHOce Ha BEeK-

—
Top BC BepHIMHHI TPEYIOJh-

Huka ABM orobpamxarorces
COOTBETCTBEHHO HA BePIIHHDI
Puc. 3 TpeyroasHuka DCK.
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IlapangensHBIA MMepeHOC — ABUKeHHE, TI03TOMY cepeauHa H

cTOPOHBI AB Tpeyroasunka ABM orobpakaeTca IpH [IepeHOCE

-
Ha BeKTop BC Ha cepenuny P croponsl DC rpeyroasHuka DCK,

a meHTpousg O TpeyroasHuka ABM — Ha nenTpous F Tpeyroisn-
— — —
ruka DCK, T.e. OF = BC. Tak rak [BC| = b, To paccTodaHHe

MeXXay ueHTpougamu O u F jaHHBIX TpeyroJLEUKOB paBHO b.

1.089. B ocuoBaruu nupamuasl PABCID neXur KBajpar
ABCD. Pebpo PA nupaMuabl OepOeBIUKYIADPHO e OCHOBAHHIO.
Hepes cepegury pebpa PB npokReaeHo cedeHue, fapajjellbHOe
nnockoctTu APD. KakoBa niollaabk ceyeHHA, eCNH ILIOUIAAL I'Da-
Hu APD pasHa 327

Pewenune. Ilycts Touka K — cepeauHa pebpa PB. Tak kax ce-
YyeHHe MapajgyeJbHo miaocKkoctd APD, To ceKyulad IJIOCKOCTS I1e-
peceKaeT: MIOCKOCTs 'paln A BP 1o npAMoOH, napaJjienbHoi AP;
m1ockocTh rpau BCP — 1o npamoii, napaaneiasnoit BC; maoc-
KocTh rpaeu PCD -— 1o npAMoli, napanaeJbHol PD; NII0CKOCTE
ocHoRanua ABCD — mo mnpamoii, napaunenbHod AD. Iloaro-
my mpoeomum: 1) KL|AP, L € AR; 2) KM|BC, M € PC;
3) MH|PD, H e CD.

YeTpipexyroaseuk (rpanenud) KLHM — uncrKoMmoe ceucHHe,
I1o Teopeme ®aneca rouxku L, H, M — cepeuHBI OTPE3KOB COOT-
BeTcTBeHHO AB, CD, CP,

na peluacaeHudA wounlagu Tpanenuun LHMK paccMoTpuM

napaijelbHEIH NepeHoC Ha BeKTOp P = 1_571 . 3TOT mIEpPEeHoC OTOo-
fpayKaeT MIOCKOCThL CeUeHHs Ha ILJIOCKOCTL rpanu APD, npudem
pLY=A,p(K)=E,p(M)=F,p(H)=D,rne Ec PA,Fe PD,
oTKyAa: p (ueTolpexyroasEuk LHMEK) = ueTBIpeXyroJLHHK
ADFE.

IMapannelsHEIA MepeEOC — JABUYKeHHE, MMOITOMY ILIOIAAH ue-
ThIpexyroJdsHHKoB LHMK u ADFFE pasrbl. Halinem mmolaab
yeThIpexyroisEaKa ADFE.

Tak kax LA = KE = MF =|p|, to LA |KE| MF| AB||CD. Cxe-
JoBaTeJbHO, TOUKA E u F — cepeiMHBI CTOPOH COOTBETCTBEHHO
AP u DP rpeyroaveuka ADP. Iloatomy TpeyroasHuku PEF n

1
PAD roMmoTeTHUHEI ¢ KOQDUIIMEeHTOM roMoTeTH 2 = 5 SHAYUT,

1 3 3
SAppr= ZSAPAD- Otryaa S, g = ZS&ADP= i +32 = 24. Torga
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§ 6. MoeopoT BOKpYr ocu. Ocesan cUMMeTpUA.
3epKanbHblA NOBOPOT. BUHTOBOE ABUXEeHWe

IMpexne uyeM MOpPHCTYyHaTh K PACCMOTPEHHIO IIOBOPOTA IIPO-
CTPAaHCTBa BOKDYT OCH Ha OPMEHTHPOBAHHLIH yrol, HeoHXoIUMO
IIOBTOPUTDH MOBOPOT IVIOCKOCTH BOKPYTr TOYKH HA OPHMEHTHPOBAH-
HIi yron. Ipu saToM HeoDXoaMMO YUHTHIBATE claegyioniee obeTo-
ATeJbCTBO.

JIrobasa mIoCKOCTh (L pa3sdUBaeT BCe MPOCTPAHCTRO Ha Ba I0-
JIYOPOCTPAHCTBA, M €CJH H3 TOYUEK OJHOI'O MHOJYIIPOCTPAHCTBa
yroa AQOB, pacnoJOsKeHHBIN B IJIOCKOCTH (., HabJII0naeTcsa OpH-
€HTHUPOBAHHLEIM HOJOXUTENIbHO (Bpanlenue or OA K OB uabdi0-
naeTcd B3 TOYEK BTOTre MHNOJYIPOCTPAHCTBA IIPOTHBR YacoBoH
CTPEeJKH), TO U3 TOUEK JAPYIoro moJynpocTpaHersa yrolad AOB ua-
OntogaeTcsa OPHEHTHPOBAHHLIM OTPHLATENBHO. UT0ObI JOCTHYB
OMHO3HAYHOCTH B ONpe/eJICHHHN OPHEHTAIHH YIJa HOBOPOTA B
IUIOCKOCTH (., PACHOJIOMKEeHHOH B NpPOCTPaHCTBE, NpPeIIaraeTcs
JOTOBOPHUTHCA: «C K&KOH CTOPOHEI CMOTPETh Ha IJOCKOCTH O».
C sToll Hearic BCAKHU pa3 ock BparjeHus 0VjeM OpHEeHTHPOBATDH
TaK, 4TO0LI Ha IIJIOCKOCTS O, NePIeHJHKYIAPHYIO OCH BpalleHu A,
«CMOTPETE» C «HOJOXHTEJIBHOrO HAIIPaBJIeHUA» 5TOM ocH. B Ta-
KOM CIy4Yae MBI HOJYYaeM IIOBOPOT B IJIOCKOCTH O HA MOJOMKH-
TEJIFHO OPUEHTHPOBAHHBIN YIoJ, €CJU 3TOT IIOBOPOT HabIiogaeT-
CA IPOTHB YacCOBOHM CTPEJIKM H3 JI000H TOUKH HOJOMKHTEILHOM
nodyocu. Ecium ke u3 1000 TOYKH MOJOKHTEIbHOH IIOJIYOCH
STOT HOBOPOT HabJionaeTcd MO YAacOBOU CTpenKe, TO OyaeM CUu-
TaTh, YTO BPargeHue B NJIOCKOCTH O IPOUCXOJUT Ha OTPHIIATEb-
HO OPHEHTHPOBaHHBIA YTOJ.

Taxum oOpasoM, MBI 0yaeM PacCMaTPHBATH NpecOpasoBaHHE
BpanieHHsl IIPDOCTPAHCTBA BOKDPYI OPHMEHTHPOBAHHOM NIPAMOMH
(T. e. BOKpyTr oCcH), H BCAKHIH pa3 /A OnpeAesIeHus yIJjia HIOBOPOTa
HaM IIpHAETCA «CMOTPEThL» C MOJONKHUTENLHOrC HANPAaBISHHA OCH
BpauleHUs Ha IJIOCKOCTh, NePHeHAUKYJIAPHYIO 3TOH ocH. O1HAKO
9TO Npeobpa30BaHHME TIOBOPOTA YACTO HA3BIBAIOT IPOCTO «IIOBOPO-
TOM BOKPYT NPAMOH», UMed B BHAY HOBOPOT BOKPYI' OPHEHTHPO-
BaHHOH nmpamoH. KpoMe Toro, Tak Kak B janbHeHNIeM paccMaTpH-
BaeTcs HOBOPOT TOJNBKO HA OPUEHTHPOBAHHBINA YroJl, TO CJIOBO
«OPHEHTHUPOBAHHLINA» OIIYCKAETCs, 8 OPHEHTAIMA yria YKa3bIBa-
eTCA 3HaKOM «+» HJIH «—»,

OceBasd cUMMeTpPHS HPOCTPAHCTBA MOMKET OBITH OHpeneseHa
«KOHCTDYKTHBHO» ¢ HCIOJL30BAHMEM MOHATHA! «IIapa CHAMMET-
PUYHBIX TOYEK OTHOCHTEJbHO NPAMOH» HJH KaK MOBOPOT MOPO-
CTPAHCTBAa BOKPYT NpAMoi Ha yroa 180°.
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Hurepec npeacTaBagT HHUIypEl MPOCTPAHCTBA, UMEKIIHE OCH
cuMMeTpur. O MHOTOIPAHHMKAX, MMEIMUX 0CH CHMMeTpHH, yue-
HUKHM MOTYT IPOYHUTATL B KOHIe yueOHUKA B ouepKe «( cMMMET-
PHAX NPABHJIBHEIX MHOIOIPDAHHHUKOBY .

1.094. TlocrpoiiTe Terpasap, UMeUNHE ONHY OCh CHMMETPHH.

YxkasaHne. Paccmorpure Terpasap PABC, B KOTOPOM JIHIIb
AP =BP=AC = BC,

1.110. © Hocrpoiire ock cumMmMerpuu GUTYpPEI, ABIAKMICHC
o0peMHEeHEM IBYX IPAMEIX, IPOXOJANIHX uUepe3: a) CKperiu-
paroiinecsa pebpa xyda; 6) IpOTHBOIIOIOA HbIe pedpa IIPpaBHJILHOIO
TeTpa3JIpa; B) CKPEILIMBAIOHINECS NHMATOHAJIHU [TDOTHBOIIOJIOMHBIX
rpameii Kyfa; r) cKpelUBaOIIHecsS JTUATOHANL Ky0a B JHaroHa b
ero rpaHu.

Pewenwve. a) llyers gan ky6 ABCDA,B,C,D,. Ocsro cuMmer-
pun GUrypsl, ABIAKONEHCT 00beTUHEHHEM IBYX IPAMEIX, IIDOXO-
IAWUX Yepes cKperquBannueca pedbpa AA, u BC, asaaerca 1Ipda-
Maa AB, nepreHIHKYJIAPHAA KaXJOMy U3 3THX pedep.

6) B mpaBuIBLHOM TETpasape NpaAMas, IPOXOoAdAIlasa depes cepe-
MHUHEI DPOTHUBOIIONOXKHEIX pedep, NEePIeHIUKYIIpHA KaKJIOMY W3
HHX, TIO3TOMY OHA ARJAETCA OCRK) CHMMETPHU (PUTYPEI, ABJIAK-
leica o0beJUHEHHWEeM JIBYX IIPAMBIX, NPOXOAAINMX Hepe3 3TH
pebpa.

B) Ocrl0 cMMMeTpHH (GUIypHI, ABJIAKOLEHCT 00BLeOgHHEHHEM
IBYX NPAMBLIX, ITIPOXOAANIMX Yepe3 CKpeniBaieca JUATOHATH
AD, n B,C nporuBononoxueX rpaneit ADD A, u BCC,B, ryba,
ARJSIETCS OpAMAasi, IPOXOJIINasa uepes MeHTPhI 3THX I'DaHei.

r) PaccmoTpHM ckpernqnBawiineca guaronans BD, kyba u u-

aropaab B,C ero rpann BCC,B,. MoxHo nokasars, UTo nNpAMas
BD, nepnenaukynspra nnockoctu AB;C u nepeceraeT 3Ty ILIOC-
KOCThb B LeHTponge M npapuiasHOro tpeyronbauxka AB,C. Ilpu
aroM, ecau Touka O — uenrp rpanu BCC,B,, To AO — Brcora
OpaBHJIBHOIO TpeyroabHuKka AB,C, npoxogamaa uepes Toury M.
Taxum obpasom, npamMaa AQ meprIeHIHKYIApDHA KAXA0NA U3 IpA-
Mmeix BD; u B,C, caenoBarenbHo, npamaa AQ — ocbk CHMMeTPHH

tburypsl, apaAmnelica oO0beJUHEHHEM CKPEN[WBAICIIAXCS IIPH-
MBIX BD| n BIC.

1.121. © Hanu rouru A(l; 3; —1) u B(7; 5; —1). lIpuBeaure
IpUMEPHL OBHXKeHUH, oTOOpamanux ToOUuky A Ha TouKy B.

PeweHnne. Tak rar cepegmma m000r0 OTpe3Ka sSBJIAETCA ero
IEHTPOM CHMMETPHM, TO IIPpA CHUMMETPHH OTHOCHUTENLHO TOUKH
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(4; 4; —1), asnaromeicd cepeIUHON orpeaxa ABs TO9Ka A oro0pa-
JKaerTcd Ha TOuKy B.

llapannenbHBIA IEPEHOC MOXKET Ghiry, 3agaH K&K BEKTOpOM Hepe-
HOCA, TaK X IAPOH COOTBETCTBEHHBIX Toyexk. B HALIEM Clryyae TOYKA

A orobpasuTcs Ha TOYKY B IpH Oepengce ga peKTOP HE (6; 2; 0).
H3 onpenenenus map TOMEK, cummerpdYHbIX OTHOCHTENBHO
NJIOCKOCTH, CEYeT, YTO TOYKa A orofpasuTcsl Ha Touxky B npu
CUMMETDHH OTHOCHTEJBHO ILJIOCKOCTH, nepHeHIUKYNADHOH OT-
pesky AB u npoxoaamei uepes ero cepeuHY-
CocTraBMM ypaBHeHHe 3TOH myockocTH, AN Ye€T0 B KAYeCTBE
BEKTODE HODMAaJM K 3TOH MJIOCKocTH pniGepeM BeKTop n(3; 1; 0),

KONJIMHeaDHBIN BEKTODY E (6; 2; 0), a B xaueCTBE JaHHON TOYKHU
IIJIOCKOCTH IPHMEM CepeauHy orpesxa AB — Touky (4; 4; —1).
Torna nonyvaem carenyroniee ypapHenue DJIOCKOCTH CHMMETDHU!
x—N+(y-4)=0mwm3dx+y-16=0.

Touka A moxker ObITh 0TOOpa)KeHa Ha TOUKY B Taxke IpH CHM-
METPHM OTHOCHTEJIbHO NPAMOMH, NepneHAHKYAAPHOE oTpesxky AB
H OPOXOoAsAInell uepes ero cepeJMHy. B xadecTBe HAIPABAAIOIETO
BEKTOpA 3TOM NpAMOi npumeM Bexrop p(l; —3; 0), a B KavecTBe
JaHHOM TOUKKM — Touky (4; 4; —1). Ocb cHMMeTpHH 3a7aeTCH Ce-
AVIONIMMU ITapaMeTpUYECKHMKI YPABHEHHAMHM &

x=4+t,
y=4-3t, te R.
2=-1,

1.122. Jana Trouxa M(3; 1; 2). Halinure KoOpAHHATET TOYKH
H —o6pa3za Touru M npu BpanmieHNH BOKpyr ocu Ox Ha yroa 90°.

PeweHue. Koopaunarer x’, y', 2° rToukun M’ — obpasa Touku
M(x; y; 2) npu noBopoTe BOKPYT ocu Ox Ha yroJ ¢ BEIYHCJAAOTCA
no hopmynam:

X'=x,y =y cosp—z°sinQ, 2’ =y-+sin ¢ + z * cos .

Hatinem roopaunarsl X', ¥, 2’ Toukn H npu ¢ = 90°, Ifonyua-
eM: X' =3,y = 1-cos 90° — 2-8in 90° = -2, 2’ = 1-sin 90° +

+2+c0890°=1, T.e. Ra (M)=H(3; -2; 1).

§ 7—8. BzanmocBsi3b pa3nuYHbIX ABUXEHUIN NPOCTPaHCTBaA.
FomoTteTtns n noaobue npocTpaHcTea

Ha nepsbiit Barasag KameTcd, 4YTO KaXKA0e U3 U3YYCHHBIX BUJOB
ABHMKEHUH OpocTpaHCTBA CYINECTByeT BHE KAKOK-NMO0 CBA3M C
IPYTHMM ero BHUJaMH, «ABTOHOMHO», B JeHCTBHTENBHOCTH <«00-
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CTAHOBKA B MHUpe JABUXKEHHWIH TpocTpaHCTBa JajdeKa OT MX B3auM-
HOM HEe3aBMCHMOCTH», IO3TOMY cJeayeT 00paTUTh BHUMAHHIeE yUa-
IUXCA HA B3aMMOCBSA3N PA3JMYHBIX BUIOB IBHMKEHHUM IPOCTDPaH-
cTBA.

OKas3pIBacTCA, MOMKHO KaKJ0e H3 ABUIKeHWU NOpPOCTPAHCTBA
Pa3I0KHATE B KOMITOZUITMIO CUMMETPUH OTHOCUTEIBHO HEKOTOPBIX
NJIOCKOCTEH (3epKaJjibHBIX OTpaKeHHH 0T HEeKOTOPbIX NIJOCKOC-
Ten). B camom gese: :

— KOMOOSHMIIHMA ABYX CHMMETPHH OTHOCHTEJEHO HepeceKarn-
IAXCA TJIOCKOCTed ecTh IOBOPOT BOKPYT NPAMOH MepecevdeHUHA
STHUX MJIOCKOCTEH Ha YJBOEHHEIH YIOJ MeXAY HUMHM (CIpaBeiInBO
00paTHOe yTBepKAeHHe: IOBOPOT BOKPYTr OCH MOXKET ObITh Pa3Jio-
skeH (HeOJHO3HAYHO) B KOMOO3UIHIO 3EPKAJBHBIX OTPaXKeHU OT
TILIOCKOCTEe M, MepeceKaIMxXcd N0 OCH NOBOpOTa 10 yIrJiOM, paB-
HBIM IOJIOBHHE yTJja [I0BODOTA);

— KOMIO3HMIINA JBYX CUMMETPH I OTHOCHMTEILHO TapalieIbHbIX
[IIOCKOCTeH ecTh NapaieJLHEINA IepeHoc Ha BeKTOp, KOTOPBIH ITep-
OeHAMKYJIApeH 3TUM IIJIOCKOCTAM W MMeeT IJMHY, PaBHYIO YIABOEH-
HOMY PACCTOSHHUIO MeKJy HUMH (cOpaBeJHBO 00paTHOE yTBEpX-
NeHHEe: TapajaeJbHBLINE NepeHoC MOXKeT OBITE pasyokeH (Heoz-
HO3HAYHO) B KOMTOO3HUIIMIO 3ePKAJLHBIX OTPAMXKEHMH 0T UIOCKOCTEl,
nepne UK yJIAPHBIX BEKTOPY OepeHoca, PACCTOSAHME MeXXy KOTO-
PHIMM PaBHO IIOJOBHEHE JJIVHL] BEKTOpa IepeHoca);

— KOMITIO3HMIIMA JBYX CHMMETPHH OTHOCHTEJLHO COBIAJAIO-
MIUX TJIOCKOCTEH eCTh TOXASCTBeHHOE Npeobpa3zoBaHue (IiepeHOC
Ha HYJEBOUI BeKTOp});

-— KOMITIO3HIIHA CHMMeTPpHH OTHOCHTEJILHO TpeX MOomapHo B3a-
HIMHO TEepHeHAUKYISPHBIX IIJIOCKOCTEH ABAAETCA I€HTPAJIbHOM
CHMMETPHEN OTHOCHTEJHHO OO0Iel TOUKHM [epece4yeHUs 3ITHX
IJIOCKOCTEH (cIpaBeIMBO 00paTHOE yTREPMACHME: IEHTPANLHYIO
CHMMETPMIC MOXKHO Pa3JIOKUTE B KOMIOIUIMIO CUMMETPHIL OTHO-
CUTEJIBHO TpeX TOIMapHO B3aMMHO IepHeHAMKYIAPHbIX NJIOCKOC-
Tel, HepeceKanNUXCsd B EHTpe CHMMETpUH);

— CKOJIL3ANlad CHMMETPHA HPOCTPAHCTBA HpeiCTaBJIAeT CO-
0off KOMIDO3MIMIO CHMMMEeTPMHM S, OTHOCHTEJbHO MIAOCKOCTH O, M

HapaJIeJbHOrO NepeHoca Ha BEKTOPD P, KOTODHI IapallIeen sToi
niaockocti. Ho DapajutenbHER IepeHOC Ha BEKTOD P €cTh KOMIIO-
SUIUA JBYX CHMMETPHI OTHOCMTEJbBHO NApajeNbHBIX ILJIOCKOC-
Teil, NepHeHIHKYAAPHEIX 3TOMY BEKTODY, MO3TOMY «CKOJL3AIAA
CHUMMETPHA» NPOCTPAHCTBA €CTh KOMIIO3MIUA CHUMMETPUU OTHO-
CUTEJBHO TPEeX ILJIOCKOCTel, JBEe H3 KOTOPHIX HAapaJLIeIbHbI MeX-
oy coboi M MepneHIUKYAAPHB TpeTbel NIIOCKOCTH;
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— 3epKAJLHBIA IIOBOPOT IIPOCTPAHCTBA TPEeACTABIAET COBO0M

KOMIIO3HIHIO IIOBOPOTA Rﬁ BOKDYT OCH ({ HA YTOJI () ¥ CHMMETPKH
S, OTHOCHTEIbHO NJIOCKOCTH (1, IEPIEHANKYIAPHON aToM ocH. Ho

HOBOPOT BOKPYT OCH MOXXeT ObITh PasyiodeH B KOMIOO3UIHIO 3€p-
KaJbHBIX OTpPa’kKeHHH OT IIOCKOCTEH, MepeceKalonuXxcsa o OCH
IOBOPOTA IO YIJ0M, PABHBIM NOJIOBHHE yrja HOBOPOTA. ITO 03-
HavYaeT, 4YTO 3epPKaJbHLI HOBOPOT NPOCTPAHCTBA €CTh KOMIIO3H-
OMA CUMMMETPUH OTHOCUTEJIBHO TPeX MIIOCKOCTeH, IBe U3 KOTOPHIX
NepeceKalnTed MeXAY cofoll U mepheu UK YAAPHLI TPETbel MJoC-
KOCTH;

— BMHTOBOE JBH)KEHHE IPOCTPAHCTBA NpefcTapiider coboit

KOMOO3M M0 IOBOPOTA Rg BOKPYTI OCH ({ HA YroJ ¢ M [lepeHoca Ha

BEKTOD P, KOTOPLiii Napanienen aToi ock. Ho moBopoT BOKpYr ocH
MO3KeT OBITH Pa3Jd0XKeH B KOMHOOSHITHIO 3eDKAJIbHBLIX OTPAXKEHMH
OT MJOCKOCTEN, MepeceKamONIUXeA IO OCH IOBOPOTA IO YIJIOM,
PaBHBIM HOJIOBHHE YIJjla IIOBOPOTa, a NapalJeJbHHI MepeHOC Ha
BEKTOD P eCTh KOMIIOBMIMSA IBYX CHUMMETPHIl OTHOCHUTENLHO HAa-
panidesbHbIX MJOCKOCTeH, NepHeHAMKYIAPHBIX 2TOMY BEKTOPY.
3TO 03HAUAET, YUTO BUHTOROE JBHKEeHHe IPOCTPAHCTBA IIPEACTAB-
asger cobolf KOMMO3UOMIO CHUMMETPHII OTHOCHTEJbHO 4YeThipex
IIJIOCKOCTEH, OBe M3 KOTOPLIX IEpEeCcEeKaoTed, a IBe Apyrye mapaJ-
JIeIbHBI MeXxX Ay co0oli M MepneHIHKYJIAPHE! IPAMO IepeceueHna
[IepBEIX JBYX.

Taxum obpasoM, Jrboe IBUKEHVE NPOCTPAHCTBA eCTh KOMIIO-
aupusa He Gojlee YeTHIpeX CUMMETPHI OTHOCHTENLHO IJIOCKOCTH.
IIpu aTtom m0boe ABUKeHHe MEPBOro poaa NpeacTaBMMO B BHIE
KOMOOSHIMH JBYX MJIH YeThIpeX 3epPKaJIbHbIX CUMMeTPHH, a IBHU-
JK€HHe BTOpPOTO pojAia ecTh JUO0 3epKajbHas CUMMETPHA, JH60
IIpeJCcTAaBMMO B BHe KOMOOBMIIMH TPeX 3epPKANLHLIX CUMMETDHA
OTHOCHTEJILHO TPEX MIJIOCKOCTeH.

Pagnoxxenre ABMKEHMH B KOMNIOSHIMIO ABYX ILIOCKOCTHLIX
CHMMeTpHMi HaAXOAUT IIPHMEeHEeHMe NIPH pElmeHWH pasHooOpA3HEIX
3azlay Ha MMOCTPOE€HHE, BhiUHCJIEHHe U NOKa3aTeIbCTRO.

Omnpenenenrs U cBoiicTBa NIpeoGpa3oBaHMtii TOMOTETHH H IOLO0-
611 HPOCTPAHCTBE AHAJIOTHYHBI COOTBETCTBEHHO ONpeAeaeHHAM U
CBOMCTBAM TaKHX e Npeo0pasoBaHWli IIJOCKOCTH, HOITOMY M3Y-
YyeHUe MepBhIX cJIeIlVEeT HAUHMHATH ¢ NOBTOPEHMS BTOPBIX. Kak u
nofodHe MJIOCKOCTU, MOA00He MPoCTPaHCTBA ¢ Ko dHIMeHTOM &
MOXKHO PA3JOXKHTE B KOMOO3HNMHIO JBHUMKEHHUA U TOMOTETHH C He-
KOTODBIM IEHTPOM U TeM e KOMPPHUIUEeHTOM,
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Yuaninecs AoJKHBI 3HATh, YTO IIPH HNogoOHOM npeoDpasoBa-
HHUHY OPOCTPAHCTBA COXPAHAETCA BEeIUUWHA YrJa (IIJOCKOro U IBY-
rpaHHoro), napajjeibHbie NpAMble (MIOCKOCTH) oTofpakarores
Ha napairejJbHble IpAMble (OJOCKOCTH), NEpIEHAUKYJIAPHbIE
OpsaMasi H MJIOCKOCTh — HA MepleHAUKYIAPHBIE IPAMYIO H IIJ0C-
KOCTh. JTO O3HAYAET, YTO NpPH Nogol0HOM npeobpasdoBaHHHU HPO-
crpaHcTBa obpasoM Jd000E (PUrYpHEI ABJIAETCcS IMOXO0XKaA Ha Hee
¢durypa, T. e. purypa, IMenniad Takyo JXe popMy, UYTO U JaHHadA
durypa, HO OTJIHUAIOIASICA OT Hee JINITh CROMMU pasMepaMU.

Hepearxo moxasaTeasbcTBo Nonodusa ABYX (PUTYyp OCHOBLIBaAETCH
HAa mpHuaHarax nomobma asrux ¢puryp. OmHako uMeercsa IpYroH
nyTh JOKa3aTenbeTBa NONO0HA ABYX QUTyp, OCHOBAHHEIA HA CBOM-
cTBax OpeobOpaszosannit nojgobus. IeiicrBuresnkLHO, €CJAH BBECTH
onpenenenue: «Purypa F; Haseipaercsa nopobunou purype F, ecan

cyigecTByerT IpeoOpa3oBaHMe NDoZoOMA IIpocTpaHCTBa, oTolpa-
xawmmee purypy F na purypy F,», To nua goxasareabersa Hok0-

ousa puryper F; @urype F focrarouHo HalTH XoTA ObI OXHO TaK0e

npeodbpaszosaHue rmomodua, Koropoe puUrypy F orobpakaeT Ha pu-
rypy Fy, rorga no oupeneseHuio mofodua qByX ¢uryp purypbr F

u F, nogobruer. Mcnone3yd takoe ollpeneideHue Nofo0HEIX QHTYD,

yuampnecsd Bpraﬁ()TaIOT HABbLIK HCIOOJIb3OBaTh reoMeTpHYeCcEKHne
Hp@Oﬁp&BOBaHHﬂ KakK allliapaT peIlennda 3alad.

1.132. © [Iycrs niocKas puUrypa uMeer: a) MeHTp CUMMETDHH;
0) ocb cummerpun. Coxpansdercs JIM 3TO CBOMCTRO y NoAoOHOU el
durypbr?

YkazanHune. Touka A HaskIBaeTCA IEHTPOM CHUMMETPHH AaHHOH
duryper F, ecan obpas awbok Touykn GUrypsl F opu cuMmmerpuu
OTHOCHTEJbHO TOUKH A NIPHHAAJIEIKUT 9TOM Ke durype.

IIyers npu gannoM noxmoduy purypa F orobpaaerca HA Gpury-
py F’. Ilpeobpasopanre nonodbusa, naMeHsAs JHHEHHEIE pazMephl
(purypsbl, coxpander ee pOpMy U OTHOINIEHHUE NJIHMH OTPE3KOB, Je-
JKamuX Ha oJHOK NpPAMOM. JTO 03HAYAET, UTO ECJIH TOYKa A ObL1a
cepenunoii orpeaxa BC purypst F, To rourka A’ — o0pas rouxn A
IpM JaHHoM nomobun — Oyaer cepennnoi orpesxka B'C’ — obpaaa
orpeska BC npu stom noxobuu (orpesok B'C’ < F'). Maaue roso-
p#, Touku GUrypsl ¥, cuMMeTpHUUHbIE OTHOCHTEIBHO IEeHTpa A,
orobpakawrcas Ha TOYKH PUrypsl F', CHMMETPHYHBIE OTHOCH-
TEeJBHO TOYKH A'. 2ro ozHavyaeTr, 4UTO CBOMCTBO (HUryphl OBITH
IEHTPATbHO-CUMMETPUYHOM ABAAETCA HHBADHMAHTHBIM KaK IIpH
JBHKEHUAX, TAK X OPH HOJ0OHEIX Npeodpa3oBaHUAX.

To :xe camMoe MOXKHO CKa3aTh M 0 (pUrypax, obIafaoux oChIO
CHMMETDHHN.
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1.134. [loxaxkure, uTo TeTpasap,
BepIIMHAMM KOTOPOTO CAYXKAar 1eHT-
pet Py, A,, B,, C, rpaseii npaBuib-
Horo Terpasgpa PABC, nopoben
aToMy Terpasnpy. Hauaure wosd-
tpunuenT nmoaobusa, orobpakaronie-
ro Terpasgp PABC wuma Trerpasap
P.A,B,C,.

Pewenue. Ilycrp Touxn H u K —
cepelMHEI peGep coorBeTcTBeHHO AB
u BC rerpasapa PABC, Toura A, —
nearp rpamd PBC, Touka P, —
neHTp rpanu ABC (puc. 4). 210 03-
HavaeT, uTo A, P: A, K =P,A: P,K = 2:1. Torga B TpeyronbHu-
ke APK umeeM: A, K : PK = P,K : AK = 1: 3, oTkya cleayer,
uro A, P{:AP=AK:PK=1:3uA,P,|AP.

Anajorm4HO MOMKHO A0Ka3aTh, 4Tro A;B,:AB = 1:3 u
AB, | AB, A,C,:AC =1:8u AC, | AC, B, C;:BC=1:3
uBC, | BC,B,P,:BP=1:3uB,P,|BP,C,P,:CP=1:3
uC,P, | CP.

W3 srax coorHollleHH# MeXXKay peOpamu rerpasgpor PABC n
P.A,B,C, cnegyer, 4to Terpasgp P A B,C, — npaBUIbHEIH, rpa-
HH TeTpasZ[pOB MONapHO HapajesbHbl, [TO3TOMY 3TH TETPasgpbl

Puc. 4

1
noao0HbL; KoadybHIMenT TOoA00HA pageH 3 .

3

3aza4yv nocne rnasbl 1.
Npeobpa3zoBaHng NPOCTPAHCTBA

1.136. ¥ Ilpu HekoTopoM oToOpaskeHHH NPOCTPANCTBA TOYKA
(x; y; 2) B npaMoyroasHoO# cucTeMe Koopaunar Oxyz orobpaska-
eTcd Ha TouKy: a) (—x; ~¥; 2); 6) (x; [yl 2); B) (0; y; 0); 1) (5 x; 2);
o) (x; 3y; 2). 1) Karoe us arux orofpaxkenuis ABjaderca npeobpa-
soBanveM npocrpancrsa? 2) UMeeTr siu oTobpaskeHHe HEMOJBHM-
Hbl€: a) TouKH; 6) NpAMEBIe; B) NJOCKOCTH?

Pewenwne. 1) OrobpaxeHue MpoCTpPaHCTBA, IIPA KOTOPOM TOY-
Ka (x; y; 2) oroOpaykaerca Ha Touky: a) (—x; —y; 2); r) (y; x; 2);
o) (x; 3y; z2), AaBadAercd npeobpasoBaHHEeM, TaKk Kak MEXJIY TOY-
KamM map (x; y; 2) ¥ (—x; ~y; 2), (x5 Y3 2) M (Y5 x5 2), (x5 Y3 2) |
(x; 3y; 2) cynjecTByeT B3aMMHO-0JHOSHAYHOE COOTBETCTBHE,

Ipu orobpaxkenuu (x; y, 2) — (x; |y|; 2) m06as rouxa (x; y; 2)
HMeeT eIMHCTBEHHBIH ofpaa (x; y|; 2), Ho mobas Touxa (x; |y]; 2)
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npu iy # 0 umeer apa mpoobpasza: (x; y; 2) u (x; —y; 2). 3HA4YUT, OTO
orobpakeHue He ABRJAAETCA NpecOpasoRaHUEM NIPOCTPAHCTRA.

IIpu orobpasxennu (x; y; 2) — (0; y; 0) Bce ToukHM npocTpaH-
¢TBA, UMEIIMe OJHY U Ty XKe OpAUHATY «lY», 0ToOpasKawTces Ha
onny U Ty xe Toukry (0; y; 0). 3gauur, 9170 oTOoOpaskeHre He ABJA-
eTcsl IpeodpasoBaHMEM ITPOCTPAHCTRA.

Vkasanua K sagavaM Boopoca 2 AaHBL B pasgzeye «OTBeTH M
VKABAHKA K 33]aUaM» 3aJAUHHUKA.

1.139. ¥ Hapucyiire TpeyrojisHy 0 IHPAMKAAY, HMEKIIY IO IBe
IJIOCKOCTH CHUMMETPH U,

YxazaHue. Paccmorpure nupamuay PABC, B roropoii JUIOL
AP =BP=AC= BC.

1.143. ¥ Hoxaxure, 4TO orpaHHYeHHaA GUrypa HE MOKET
HMETE OoJlee OJJHOTO IEHTpa CUMMETPHH .

Pewenne. JomycTumMm, orpaHHmueHHasa ¢urypa F uMeer naBa
IIEHTpA CUMMETPHU — TOYKH A M B (3TH TOYKH JO/KHBI OLITH
pacnoaoxensl BHYTpH durypu F). Ilyers M u K — Touxu nepe-
ceueHHUA npamoit AB ¢ rpannien 1anaoi QUrypsl.

Tax raxk Touxky M n K cuMMeTpHIYHEI OTHOCUTENHHO TOUKHI A,
TO TouKa A — cepenuHa orpesxa KM, a rak kak M u K cummer-
PHYHEI OTHOCHUTEJRHO U TOYKHM B, To Touxka B — Tare cepeauHa
orpeska KM. Ho nwboit orpe3ox MMeeT JHIObL OJHY CEpEeqHHY.
JTO 03HAUAET, YTO TOUKH A 1 B gosKHEL cOBOAagars, T. €. purypa
F Moxer UMeTh IMOIL OAMH IEHTP CHMMETDHH.

1.144. ¥ HUmeer gu ock cHMMeTpHH (QUIypa, COCTOALIAS W3
IBYX cKpemaBamomuxca npameix? IlogcHure orBeT Ha pHCYHEeE,

YkazaHue. Jliobrie Be cKpeluBaoniiecs NpAaMble UMEOT eJNH-
CTBEHHBIV OOLIMHA NEePHEHANKYAAD, OIPM CUMMETPUMHU OTHOCUTENBHO
KOTOpOro KaXKJasa M3 HUX oTo0pakaerca Ha ceds. ITo o3HAUAET, 4YTO
OpAMas, NpoXoAsaniasd dYepesd HeplIeHJUKYJAADP ABYX CKpEIUBAIO-
IMXCA IPAMBIX, ABJSETCA €IHHCTREHHON OCBI0 CUMMETPHH QHUTY-
pBl, COCTOAIEH M3 3TUX CKPeIIBaIMXCA IpAMBIX,

1.145. ¥ Horaxure, 4TO ecnl orpanueHHass QUIypa mMeeT
EHTP CAMMETPHH M OCh CAMMETPHH, TO IEHTP CUMMETDHH JEHHT
HA 0CH CHMMEeTpHH.

YxazaHue. Ilycers Touxka A — neHTp cuMMeTpHH (urypser F,
npAMad ¢ — OCh CHMMeTpMHU aTolit purypsl. Honycrum, uro A € c.

Yepes A U ¢ IPOXOJUT eUHCTBEHHASA NJOCKOCTE O, JIUHHIO TI€-
peceueHN A KOTOpOU ¢ rpanulied ¢purypsl F oboznauum ¥.

ITyere M u K — TOYKM IepeceyeHus paHHIbl JaHHOK QUTYPHI
1 IPpAMOMH, IPOXOAAIeH Yepes TOUKY A DepueHIUKYASPHO OCH C.

47



Taxk rax Touku M u K cUMMeTPHYHBI OTHOCHUTEJIBHO TOUKH A,
TO TouKka A — cepenuna orpesxka KM, a tak Kar M u K cummMmer-
PHUHEBEI OTHOCUTEJBHO IPAMOM €, TO cepeauna orpeska KM goiix-
Ha OpUHAAIEXKATH IPAMOM ¢. 3HAYUNT, A € ¢ U HAIIE IPEIN0JI0XKE-
HUE 0 TOM, UTO A € ¢, HEBEpHO.,

1.152. ¥ PABC — npaBuneHbIR TeTpasgp. Touku A,, B, C,,
P, — nenTpoujbl ero rpanei coorsercreenno BCP, ACP, ABP,
ABC. Horaxure, uro rerpasap P.A,B,C, romoTeTuueH JaHHOMY

TeTpasgpy. Haiaurte neaTp U Ko3(HUIIEHT 9TOH rOMOTETIHHH.
YkazaHue. Cn. 1.134.

1.155. Y Touxa M He HIpUHAANEIKUT AAHHEM IIepeceKaro-
nMes aockoctam o u 3. Halfigure B mIocKocTH (¢ TOUKY A, a B
nyiockocTH 3 Touky B rakue, 4To0bl TpeyronbHuk A BM umen Ha-
UMeHBIIUH IepuMeTp.

YkazaHwe. IIpopenem uepes TOuky M DJI0CKOCTE 7, IIEPIIEHIM-
KYJAPHYIO NPAMOM IlepeceyeHnsa NAHHBIX IJIOCKOCTeH O u B, u
0603HAUUM: M = 0. N Y, 11 = N V. [l;IocKOCTs Y NepIeHANKYIAPHA
KaXXJ0M H3 IJI0CKocTel O 1 3.

Teneps B mitockoeTH Y nocTpouM Touku M, =8 (M)u M, =

= S, (M), sareM HocTpouM TOUKH A 1 B DepeceueHud NpsiMon
M ,M,c npaMepiMu m u n.

Touku A u B — uckomele, Tax xax MA = M A, MB = M,B,
nosromy MA + AB + BM = MA + AB + M,B, rge orpeskn
M.,A, AB, M,B — 3BeHbd JOMaHOM, PACHOJIOXKEHHBIEe Ha OJHOU
OpSaMOIi.

NNnaea 2. MHOrorpaHHmkKH

§ 9. lNoHaTne MHOrorparHuKa

B yueGaure E. B. [Torockyera u JI. . 3saBuua «I'eomerpus.
10 xjacc» aBTOpPHI DPUAEPKUBANTCHA KOHIEIIIIMM H3YUEeHUA HAa-
YATBHBIX ¥ OCHOBOMNOJATAKIIUX BOIPOCOB CTEPEOMETPHHU C IO-
MONM[BID H300paKeHMH TAKMX MHOrOrpaHHHKOB, KaK Ky0, nOpa-
BHJILHBIA TeTpassp, HNapajiiedenunej, npusma, nupamuga. Llpu
ITOM KAMXJOMy MHOTOIpAHHHKY B TeKcTe yueDHWKA He Jaercs
CTPOroe ompejesieHte, a BROJUTCHA ero HaraanHoe onucaunme. Ho
MHOTQTPAHHUKN — OAWH M3 OCHOBHBIX BHIOB IIPOCTPAHCTBEHHBIX
TeJI, KOTOPEIE SBIAITCA 00BEKTOM U3yueHUA crepeoMmerpun. Ilo-
STOMY KAMKALIM M3 YyOOMAHYTHIX MHOTOTPDAHHWKOB HYMKJAeTCS B
MOoCJAeIYIOINEM CTPOroM, KOPPEKTHOM OMpeaeeHr U MoCen0Ba-
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TeIbHOM HM3VUEHHMH OIIpeeJIeHHBIX ero CBOMCTB. 3TOMY W IIOCBS-
IeHa HacroAmasa rjaga yuebuuka 11 ginacca.

HanoxeHWe TeOpMH HAUAJIA 3TOM IJIaBbl ABTOPBI COBETYIOT BeC-
TH JeKI{MOHHLIM METOJOM, KPYNIHBIMH TeMATHUECKUMH OJI0KaMHU
(MeToIO0M YKPYIHEHHBIX JTHAAKTHUYECKHX €JUHUIL).

Ilpexne yueM BBeCTH onpeJeJeHHe MHOrOrpaHHHKA, YUUTENb,
ofpamiaacs K HAMIAAHOCTH (pHCYHKAM, MOJAENAM), MOCJeI0Ba-
TEJbHO BBOJAWUT OIpeAeJeHUA: BBINYKJIOM U CBA3BHON reoMeTpHaye-
cKkux (Uryp; BHYTpeHHEH H IpaHMYHOH TOUYeK reoMeTpPHUeCKOH
dUrypel, ee BHYTPEHHOCTH M PPAHMUIBL; CBA3HON M OrpaHM4eHHOM
reOMeTpHUYECKOH (MUIrypLl; IPOCTPAHCTBEHHOMX 00JaCTH, reoMeT-
PHYECKOrO TeJia H ero IMOBEePXHOCTH; MHOrNOrpaHHHKA KaK Ireo-
MeTPHUUYEeCKOT0 Teja, rpaHuna (IT0BEpXHOCTL) KOTOPOro ecTh 00b-
eMHEHNe KOHEUHOrQ0 YUC)a MHOrOYroanHHKOB. [lanee omnpene-
IAI0TCA 3JeMEHTHEI MHOTOIPAaHHHKA: BEpINHHLI, pebpa, IpaHH,
AMaroHand, NBYrpaHHLIe U TpPeXIpDaHHEIE YIJIBI(C 3aMedYaHUEM,
YTO 0 MHOTOTPAHHBIX YIJaX OTIeNbHO peub ImoiaeT mo3fHee), Ipu
3TOM cooDINAaeTcd, UTO B INKOJE€ H3ydalTCH JIHIIE BBITTYKJIbIE
MHOTOTpaHHMKHK, Ilome3Ho CpaBHUTH oONpejelieHle BBIIIYHJIQIO
MHOI'OrpaHHHMKA C OIpeielIicHHeM BhIIYKJIOI0 MHOTOYIOJAbHUKE U
paccMOTpeTh MOJeNHM HEKOTOPBIX BBINYKJBIX M HEBBITYKJIBIX
MHOTOTIpaHHHKOB.

Hanee, sMnupuyecKH (Ha MOZeNAX H PUCYHKaX MHOTOIpPAHHH-
KOB) yuautiecsa JOJKHBI yOéeauTscsd, uTo niada uuciaa B Bepinux,
yncaa P pebep 1 urcaa I” rpaneit 1060ro BEIIYKJIOr0O MHOTOr paH-
HHMEKa BhITOJHAeTcA paBeHcTBo B — P + I = 2, mocae dero ¢popmy-
aupyetcsa Teopema [exapra—Iiaepa OJA BEITYKJIBX MHOTOTpaH-
HUKOB. (Teopema npuHHMaeTcA 0e3 TOKA3aTeNLCTBA. )

HN3moxenre NeKNMOHHOro MarepHaja O BBEJNEHUH ITOHATHA
MHOTOIPAaHHHKA 3aBepHiaeTcs paccMOTPEHHeM BOIIpoca O pasBepr-
KaX MHOTOIPAHHHKOR.

Ha O0osee mosnmem VYpoBHe, Ioc/ie H3yUEeHHsS PasJTHYHBIX
IIPpU3M, IAPAIIEJICIUIIEN0B, MMPaMH B HAIleM 3aJauyHUKe 1Tpej-
JaraerTcsa AJd pelIeHMA JOCTATOUYHOE KOJMUECTBO 3aJau Ha Maro-
TOBJICHKE Pa3BepPTOK MHOTNOIPAHHHKOB C IIOCJIEAVIOINIMM CKJICHBA-
HHeM N3 HHX >THX MHOIOIpaHHMKOB. K HHM OTHOCHATCA 3aJaduud
Ne 2.360—2,383, Kpowme Toro, nocyie u3yueHHA QUIyp BpalleHUs
B samauax Nt 3.480—3.485 rpebyerca H3roTOBHUTE PAa3BePTHY
MHOI'OrpaHHWKA IPY YCJIOBMH, YTO B HEr0 BIMCAH OIap MIHM OKOJIO
Hero onucad map. Haubosee nHTEpecHLIE 3agady (Bcero 95 zagayd)
0 pasBepTKaX MHOrOrpaHHHKOB KAVT VUanlMXcs B KOHIlE HAIIIEero
sanaunnka «[eomerpus. 11 knaces, B [lomornennu « MoxeT OBITE
HAJIH He MOXeT ObITh? ».
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Ilpu penieBuu 3axau HeoOX0AUMO 00OpPaTHTh 0co60e BHUMAaHHUE
Ha BHIpA0OTKY V yUalUXCH YMEHUNE CTPOUTH «IPOCTOPHBIE» M
KpacHBEIE H300paKeHHMs MHOTONPAHHMKOB C HOCJeAVIOLIHMH
OOMOJHUTENbHBIMH MNOCTPOEHHUAMH Ha 3THX H300paKeHHsAX.
Yuamuiica JoJKeH BbIpaboTaTs NPHUBBIYKY HAUWHATEH pelIeHUe
CTEpeOMEeTPHUYECKOMN 3aJauM ¢ IMOCTPOCHHA HANTAZHOTO M aKKy-
PaTHOTO PHCYHKA&, HA KOTOPOM M3006paKeHbl MHOTOTPAHHHKH, 3a-
JAHHBLIE B YCJIOBHUHM 3aJauH, a TaKk e GHUrypbl, H300PaKEeHNA KO-
TOPBIX HEoOXOAMMO JONOJHHTENBHO NOCTPOHUTh, YTOOBI YBUETH
TY KAPTHUHY, KOTOpPasa «3almnu@poBaHa» B YCJIOBHH 3aJa4H.

Yuanmmuicsa IOKEH: 3HATh, KaK B HapalJjelbHoH NOpPoeKIINN
u3o0paKawTesa Kyd, OpAMOH M HAKJIOHHBIE IIapasjejennnejsb,
nHpaMuja, NpaBUJIbHAA NHUpaMuza (OPaBMABHBIN TeTpasap) H
YMEeTh CTPOUTH 3TU U300PAKEHUA;, YMETh CTPOUTH M300paKeHUA
OpAMEBEIX H IIJOCKOCTeH, NapanigelbHBIX W NepHeHIHKYJIAPHEIX
pefpaM ¥ rpaHAM AAHHOTO MHOTOTPAHHMKA; YMEThH CTPOHUTH cede-
HUSl MHOIOTPAHHUKOBR METOJOM CJEJ0B, METOJAOM BHYTPEHHEero
[IPOEKTHPOBAHHUSA M KOMOMHHMPOBAHHLIM METOAOM; YMETh HA H30-
OpakeHHHU MHOPOTPAHHHMKA BBIJEJIATE E€ro HEBUJUMEIE 3JIEMEHTHI
HITPHUXOBBIMHU JIMHUAMH; Ha M300pa)KeHHMH MHOrMOrpaHHHKa Ha-
VUHTBCA «BHAETL» YIJIBL MEXKJY €ro pebpaMu W IpaHAMM, JIMHEH-
HELe YIJIbI IBYIPAHHBIX YIJIOB MeX Y €I'0 rpaHAMHY U YMETh MX BhI-
YHUCJIATH, HCTIOJB3YS YCJIOBHE 3aa4d.

HNuaue roBops, yyarniuicsa JOJIKEH HAYUUTHCA TAK aKKYpaTHO,
BEPHO M HaIJIAJHO BHIIOJHATH DUCYHOK K 3ajade, 4T00bI 3TOT PH-
CYHOK CTAJ HaJeKHBIM MOMOIIHUKOM IIPH €€ penieHn.

2.019. ¥ Han wecrurpannux ABCDA B,C,D,, y rKoToporo
rpaib ABCD — pomb6 co cropono# 6 1 yriomom BAD, pasasim 60°.
Pe6pa AA,, BB,, CC,, DD, nepnen-
OIUKYAAPHB Nnockocty ABCD, npu-
yem AA, = 7, BB, = 6, CC, = 5.
Havaure: a) IUHLL OCTAJTBHBIX pebep;
6) yronm Mexay nmockoceTbio ABC n
npamoit A,C,; B) yroa Mexnay ILIOC-
koctamu ABC u A;B,C;; r) camyw
0OJILINYK JHAroHAJEL HNIECTHTPAHHH-
Ka.

Pemrenue. a) Tax xax pe6pa AA4,,
BE,, CC,, DD, mnepneHauKyJIApHEI
nuaockoctn rpaiu ABCD, to oun mo-
IAPHO NapanjaeakHbl (pHC. B).
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Ecnu O = AC n BD u O, — cepeauna orpeska A, C,, 1o orpe-
sox OO, asaaerca cpeaHen sunuen Tpanenun AA,C,C, nosromy
oH pageH 6. Dro osHauaer, uro B,0,|BD. A Tak Kak BD = 6
(A ABD — npaBuNBHBIM), TO 4YeThipexyronbHug BDD B, —
KBagpar, orkyza DD, =6,

IIycres H — Takaa TouKa Ha pebpe AA,, uro AH = BB, = 6,
Torza B mpAmMoyronbELIX Tpeyronbankax A, B H n A D, H Haxo-

auM cooTBeTeTReHHO A,B, = [A,H?+ B, H? = /37, A,D, =

= JAH? + D, H? = /37. Ananoruuno naxogum C,D, = C,B, =

=./37.

6) IIpamasa AC — opToroHajJibHAA OpPOEKIUA HAKJAOHHON A, C,
Ha wiockocTh ABC. CrenoBarensHo, yron ¢ = Z(A,C,, (ABC)) =
= /(A,C,, AC). Ilycts AK = 5 (K € AA)), torna KC, | AC u
Z(A,C,, AC) = £L(A,C,, KC),). B npamoyronerom AAC, K naxo-
aam: tg ¢ = -t = 2 = /3 OTKYyRa ¢ = arctg @

) KC, 6./3 9 ° 9 °

B) Tak xax AH = BB, = DD, = 6, 1o (HB,D)){(ABC). Iloaro-
My yroa 3 Mesxay mockocraMu A, B,C, u ABC paBeH yrily MeX-
xy nmnockoctamun A,B,C, n HB,D,, nepeceKarmMMHCA MO MpA-
mo# B D,. YuntsiBas, uro A0, 1 B,D, (A;B,C,D, — pom0) u
HO, 1 B,D, (AHB,D, — npasBunbHbIi), umeeMm: } = £A,0,H.
AH
HO,

Torza B nmpamoyrombHoM A A,O,H nHaxogum: tg B =

-1 =£ OTKY al3=arctg£
3A/§ 9) I‘]I 9'

r) CaMmo# OOJBINONM JUATOHAJNBIO IMIECTUTPAHHUKA ABJIAETCA TH-
aronanb A,C, IauHA KOTOPO# paBHA JAlAz + AC2=,/49 + 108 =

= /157,

§ 10—~11.1. OBbembl MHOrOrpaHHMKOB.
OnpepneneHve Npnambl. Bugbl Npram

00 peM DpAMOYrolbHOrO Mapajiiejennnesa

Crporoe 060ocHOBaHUe BEIBOAA OPMYN OAA BLIUUCACHHUA O0D-
€MOB TE€J B CTEPEOMETPHH BeCbMa CJO0KHO. OgHAKO 3TOT BOIpPOC
MOJKET OBITH perlieH, eCJIN IPHUHEATE 663 JOKa3aTeILCTBA TPWHITHTI
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Karanwepu: «Ecau npu nepeceveHnH ABYX TeJ INIOCKOCTAMM, IIA-
pajieIbHBIMUA OXHOHM M TOHU K€ IJIOCKOCTH, B CEUEHHAX 3THUX TENX
J000I U3 INIOCKOCTEN IOIYyYalOTCA PABHOBEJAWKHWE MEXKIY COoOOi
(Urypbl, T0 00bEMbI 3THX TENX PABHEI».

B mamem rypce MBI BBIBOEHM (GOpPMYJIBI 00'HEMOB TEJI, OCHOBLIBA-
SICH Ha elrle 0oJjiee CHJABHOM (M MHTYUTHBHO IIOHATHOM) YTBEDsK/Ie-
Hum: «Ecau npu nmepecedeHnn ABYX TEX IIOCKOCTAMIH, IIAPDAJIIE]b-
HBIMH OJTHOH M TOH JKe IIOCKOCTH, B CEUeHHAX 3THX TeX JI000H U3
IIAOCKOCTeH TOJyHaloTess QUIyphbl, IUIOMIALA KOTOPBIX OTHOCATCS
KaK 7 : n, T0 00beMbl TAHHBIX TEJI OTHOCATCH KaK M & n».

Crayana MBI HAXOZUM 00BeM IPSMOYTONLHOTO MapaJlyie/IeInuIIe-
8 CO CTOPOHAMH OCHORAHHWA 4, & U BbICOTOR 1, pacmosio;kUB JaH-
HEIM Tapainenenudnes H eTMHUYHLIR Ky6 TaK, 1To0bl X OCHOBAHUA
HAXOAUJIHCH B OFHOH IJIOCKOCTH, @ CAMY MHOTOTPAHHUKH OLLIH pac-
MOJIOACEHEL IO OXHY CTOPOHY OT 3TOM IJIOCKOCTH. TOrAa ILIOMIAKH
ceueHUM, 06PA3OBAHHLIX IIPY IepeceYeHUH 060MX MHOTOMPAHHHKOB
JIOD0M INIOCKOCTHIO, IAPAJIIENBHON IIJIOCKOCTH OCHOBAHHIE 3THUX
MHOT'OTPAaHHUKOB, OTHOCATCA Kak (a*b) : 1. 91o o3Hauvaer, 1TO UX
00beMbI TaksKe OTHOCATCA Kak (a+*b): 1, r.e. V11 =(a-b):1,

oTKyzAa 00BeM V ,, IPAMOYTOJILHOTO [TapaJiesleNuIesa ¢ uaMepe-

HUAMHA a, b, 1 paseH a- b1, 1. e. Vnap =a+*b*1l = a+b. 3arem
HaxoAuM o0beM TPAMOYTOJIBHOTO NMAapaJUIeNeunIena ¢ A3MePeHu -
MU a, b, ¢, 1714 dero npAMOyTroJibHbIi mapaJlie/eIuIe] ¢ u3Mepe-
HUAMU 1, a, b 1 faHHBIR apaJieenuIiel ¢ UBMepeHUAMH a, b, ¢
pPAaCIoJIOKHUM TaK, YTOOBI I'PaHb CO CTOPOHAMH 1 H @ IIepBOro Imapali-
JIeJIeNHIIela M TPAHb CO CTOPOHAMH C M @ BTOPOTO TIapaJlleIeTUIIesa
JIEXKAJM B O{HOH TIJIOCKOCTH, M 00a mapasieNelnena HaXoguianch
110 OJIHY CTOPOHY OT 3TO# INOCKOCTH. TOorna mjiomaim ceuesuii, o0-
PA3zOBAHHBIX IPH IepeceueHAH OOOHMX MHOrOIrPAaHHUKOB JIO0OMH
IIIOCKOCTHIO, NMAPAJIIENBHON ITOCKOCTH OCHOBAHHH 3THX MHOTO-
1-a 1

TPaHHHKOB, OTHOCATCA KaK m = E . 910 03HAYAET, YTO UX 005-

eMbl TaKKe OTHOCATCA KaK 1 : ¢. A Tak KaK 00'beM IapaJiieenuiie-
a c usMepeHusamu 1, a, b pasen ab, To gna odbpema V npaMoyrosins-
HOIO IIapAJIIENeIIANela ¢ H3MepeHUAMHU d, b, ¢ BEIIIONMHAETCS
coorHomrenue 1 : ¢ =(a+*b) : V, oTryzna Vnap =a+*b-c.

Onpeaenenne npuamsel. Buasl npusm

2.036. ¥ Kaxgoe pebpo TpeyroJbHON IpU3MEI PABHO @. 3HAA,
UTO IJOCKHUE yTJIbl OHOTO U3 TPEXTPAHHBIX YIVIOB IIPU3MbI DABHEI
Mexay co00ll, HauAuTe NJIOHIATL CEUEeHUA, AeANIero IpusMy Ha
CHMMETPHUYHLIE UACTH.
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Pewenve. Tax xax Bce peOpa mpua- C, A,
MBI paBHBI, TO €€ OCHOBaHHSA — IIpa- .
BUJILHBIE TPEYTOJLHUKM, 4 BCE TPH ILJIO- K
CKHX YrJA OJHOTO M3 ee TPEXTPaHHBIX
yI0B paBHEl Mo 60°. BHauurT, KaHHAA 5/’
HpusMa sABIfgercsa HaKAoHHOU. llycTh : %/// ,//

—
%

/'J/j:'-:

7
7
A, — BepIINHA 3TOT0 TPEXTPAHHOrO yT- N

na mpuaMmsl ABCA, B, C, (puc. 6). C R A M
IlnockocThi0O CUMMETPHHM JaHHOM

IIPU3MEI ABJAECTCA ILJIOCKOCTh, IIPOXO/A-

naa depes pedpo AA, u cepeguny pebpa Puc. 6

BC nepneriukyaApHO 3TOMY pebpy. Ce-

YeHHEeM I[PU3MBI 3TOH ILJIOCKOCTHIO SABJIAETCA NapaslIesorpaMM

AA,K K. HaiineM ero miomans.

Ilycte A\ M L (ABC). Torga S, = AK - A M,
B pomGe AA,B,B co cTopoHO# a ¥ ocTpeIM yraoMm 60° Haxoxum
A, B? = 34? Torga B npamoyronsHoM AA,BK umeem: A K2 =

2 11a2

— 2 2_q.2 27 _
A,B* - BK*=3a p 1
O603naune AM = X 1 3aMEeTHB, UTO IPAMOYTOJLHEIE TPEYTONE-
HUEH A AM n A/ MK wMmeor o6myio BeiCcOTY A, M, monydaem
_ 11a? 2
a - (9—[— + x) , OTKyna x = — . Torga: A|M =

.,/_
Ji [ 2_@ Jg _ azz./ﬁ -3
e 3

§ 11.2. bokoBas ¥ NoAHaA NOBEPXHOCTW NPU3Mb

Crnenyer 0oOpaTHTHL BHHMAHWE YYAOIMXCA HA TOT MAKT, YTO B
onpexeJsIeHUHM IPU3MbI ee OOKOBEIMY I'DAHAMU ABJIAKTCA Hapaaie-
JOTPAMMEBI, ¥ KaXKJOT0 M3 KOTOPHIX JBE CTOPOHBI ABASIOTCA COOT-
BETCTBEHHBEIMU CTOPOHAMH OCHOBAHHWH 3TOM TPU3MBI.

Yuamuecsa ZOJMKHBI UETKO pasnudars NoHATHAa <«llpmamanr,
«[IpuaMaTuyeckasa IIOBEPXHOCTH» M <«llpuamaruuecKoe Tes0».
Heob6xoxuMoCTE BBeIeHHMA MOHATHN IPH3MATUYECKOMN IIOBEPXHO-
CTH W IPUBMATUYECKOTO Teja 00yCHOBIeHA CAeAYIOHIUM 00CTO-
ATeNLCTBOM.

He nna mwo60it HAKJIOHHOHU TPH3MBI CYIIIECTBYET IIJIOCKOCTh, IIEpD-
IEHAUKYAAPHAA OOKOBBIM pedpaM M IIepeCeKalomaA KayKgoe M3
aTux pedep. UmenHO pedep, a He UX npoxokeHusa. (B kagecTse
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MIpUMepa AOCTATOUHO PACCMOTPETh IIPU3MY, OJiHA U3 DOKOBLIX I'pa-
HeHl KOTOPOHA — IapaJieIoTpaMM, He CONepPKAHIUui BbICOTHI, OILY-
HIEHHOH Ha TY ero CTOPOHY, KOTOpas fBJfAeTca OOKOBBIM peOpom
mpu3MEI. Takoit mapaineaenune] MOKHO HAPACOBATE.) Torga cery-
HIAA ILJIOCKOCTL, IePIeHAHKYNAPHAA OOKOBLIM pedpaM, OyaeT nepe-
CeKaThb, II0 KpallHell Mepe, OJTHO U3 OCHOBAHUM IIPU3MBI, U IIepIieH-
OTUKYJIAPHBIM CeUeHUEM IIpU3MbI OyAeT MHOTOY T'OJIBHHK, THCJIIO CTO-
POH KOTOPOT'0 He PABHO YUCJIY CTOPOH OCHOBAHWUA TPU3AMEI. B Takom
cay4yae HA [IOMONMTL IPUXORUT NepPIeHHKYIAPHOe CedeHMe TPU3Ma-
TUHECKOW ITOBEPXHOCTH, TOPOKIeHHON JAHHOM IPU3MOM, M MBI ITO-
aydaeM Teopemy: «Iliaomiaak O0KOBOE IOBEePXHOCTH HAKJIOHHOM
IIPHU3MEI PABHA IIPOU3BEEeHHIO [IePUMeTPA HEPIIeHANKYAADPHOTO Ce-
UeHHA [IPU3MATHYECKOR IIOBEPXHOCTH Ha O0OKOBOe pedpo» .
AHalOorn4Ho, IPpH HAXWKAeHHH 00beMa HAKJIOHHOH ITPH3MEI
WUCIIONb3yeTCA ILJ0U[anb HePIeHIHKYJISPHOr0 CedeHnA [IPH3MATH-
eCKOI0 TeJla, IMIOJYUeHHOT0 U3 TaHHOH npu3Mb (Teopema 14).

2.054. © Haigure naomansbk GOKOBOM MOBEPXHOCTH IIPABHJIb-
HON HeThIpeXYTOALHOH IMpH3MBI, AHMATOHANL KOTOPOM paBHA 4 H
obpasayer: a) ¢ IJOCKOCTBIO ocHOBauusa yroax B 60° 6) ¢ mimocko-
c¢ThI0 60KOROI rpaHu yroax B 30°.

PetseHne. a) Ilyers pmaroans BD, = a T1OpH3MH

ABCDA,B,C,D, obGpasyer yron B 60° ¢ migockocroio ABC,
T. e. ZDBD, = 60° (puc. 7). Torra B I pAMOYrOJLHOM TPEyTONb-

a3 BD,
HuKe BDD, umeem: DD, = BD, +sin 60° = “_-'BD 5 =
= 5. Buamur, AB = ‘%é, nosroMy Sy, = 4AB-DD, =
a2 a3 a2./6
c, ,D1_4.4 T T T3 . 6) B npamo-
: ( yronbHoM A ABD, wunmeem (puc. 7):
B VA ‘
1 t 1,30 | AD,= BD,-sin60° = 9—2[§;AB= s
.
IK/ aﬁ 2 a 9
K D,D-.[DAZ-AD?~ (T)*(E) -
s 1
Cy o hfe a2 JD 2
el (P27 = %55 Bmawnn, Sg, = 44B-DD, =
B A
=4 a ._f - 2Jé
Puc. 7 2 2
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Puc. 8 Puc. 9

2.055. CeuenneM HAKJOHHOM TPEYTOJBHOM NMPH3IMEL ILJIOCKO-
CThIO, NIepNeHIUKYNAPHOH OokoBOMY pelpy, Asagercs paBHoDeN-
PEHHBIH MPAMOYTONRHBIH TPEYTOJNRHMK, ILJIOHIaAhL KOTOpOro &.
bBoxosoe pebpo npuamel papHO a. Halizute niomazs 60KoBO#H 1mO-
BEPXHOCTY IPH3MBHI.

YkasaHve. Ecau & — gnuHa karera MH = MK TpeyroasHuKa
MKH — neprneHANKYJIAPHOTO CEeYEHHA, ¢ — IJNHHA €ro I'umore-

uysst HK (puc. 8), ro b%2=2Q, ¢ = 2./@Q . Torza Seox = (2 J2Q +
+2Jé)-a= Za@(ﬁ +1).

2.056. ¥ Huaronanu G0KOBBIX rpaHeil NMpPAMON TPEYroJabHOH

IIpHA3MbL paBHHEL 9 CM, IOﬁ cMm # 15 cm. OcHOBaHME IIPpHU3MBI —
IIPAMOYTOJNLHEIA TPEYroJrHHWK. HaliluTe CTOPOHEI OCHOBAHHSA H
nnomangb OOKOBOM NOBEPXHOCTH IIPH3MBEL.

Pewenve. Ilycrs A\B = 15 cm, A,C = 102 cm, B,C =9 cwm,
AA =R B=C,C=h(puc.9).

B mnpamoyronsnsix rTpeyroasaukax A;AB, A,AC, B,BC
nveeM: AB? = A B%Z - A/A? = 225 ~ h%; AC? = A |C?- A A% =
= 200 - h%; BC?2 = B,C? - B,B? =81 - A2,

Tak kak NABC — npamoyroasHslii ¢ karetamu AC u BC, To
AB? = AC? + BC2. 3uauur, 225 - h2 = 281 — 2h2, orryzna h? = 56

nh=2J14. Torna AB =13 cm, AC = 12 ¢cm, BC = 5¢cm u S, =
=(13+ 12 + 5)+ 2./14 = 60./14 (cM2).

§ 11.3. O6bem Npu3mel

Ilonesno coobmuTe yuammMmca O TOM, YTO: JO00e CeYeHHe
IPHA3MBI IIJIOCKOCTHIO, MAPAJIJNEEHON €e OCHOBAHMIO, JEAMT NAH-
HYIO IPM3MY Ha JB€ IPHU3MbI TaK, YTO OTHOLIEHKE OOKOBBIX IIO-
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F, E, BEePXHOCTEH W OTHOUIEHHE O00BeMOB
A, ATUX MPHU3M PABHO OTHOINCHHUIO JJAUH
D, nx OOKOBBIX Dpebep; moboe ceueHue

IIPU3Mbl IINOCKOCTBIO, IIapayjelbHON

ee OokKOoBOMY pebpy, HEeNIAT JAHHYIO

TIPU3MY Ha JiBe IIPU3Mbl TaAK, YTO OTHO-

meHue 06beMOB 3THX IIPU3M PaBHO OT-
N HOITIEHU O IIJION[aAel HX OCHOBAHUN.

’ T 2.067. ¥ Haigure 06beM mpaBuib-
A / D goit IMEeCTAYTONLHOM IIPH3MBI, ILJIO-
B C oiazbk G0KOBOM NOBEPXHOCTH KOTOPOH
pasua 324 cm2, a oKoBoe peGpo U Gob-
1aA JTUATOHAJIb OTHOCATCA, KaK 3 : 5.

Pewenue. Ilyects AB = a (puc. 10). Torga S,  =6a+<h,rge h =
=A /A,

le,

Puc. 10

Tar rwax AD = 2a, A|/A = gAID, To u3 A, D? = AD? + A A% =

=AD? + B—A D2=4q2 + —Q—A D2 paxonum: A, D = §a
25771 25771 T 27
3 5 3

TomaAlA—g'-z-a—“g-a. .

Taxum o6pasom, monyunm: Sq, =324 =6a-5a = 9a2, oTKy-
fa a = 6. 3uavnr, A = ga = 9, cnepopareabHo, V=S8 _+h =

2 6

ms-“f -h=6~§4—“/§ -9 =486./3.

2.073. ¥ OcHoBaHHE IPH3MEI — TPEYTOALBHHUK, ¥ KOTOPOrO Of-
Ha CTOPOHA pasHA 2 cM, a ABe Zpyrue o 3 cm. borosoe pebpo
IIPM3MbI PABHO 4 CM W COCTABASAET € IIJIOCKOCTHIO OCHOBAHUA YTOJI
B 45°, Haigure nauny pebpa Ky6a, pABHOBEJMKOTO 3TOH IMTPH3ME.

PelwieHue. Tak kKak 60K0BOe pedpo MPUIMEI pABHO 4 W COCTABJIfA-
eT C IJIOCKOCThIO OCHOBAHUA yToJ B 45°, TO BEICOTA IPU3MEL PABHA

2./2. Inomwanb OCHOBAHHSA IPMSMHI paBHA J4+1+1+2 = 2.2,

a ee o0’'beM paBeH 2 NER 2J§ = 8, 3HaunT, pedpo PABHOBEJHKOTIO
eif Ky0a paBHO 2 CM.

2.074. © CropoHBI OCHOBAHUA HAKJIOHHOU TPEYTONBHOMN ITPU3-
MBI paBHbl 1,7 am, 2,8 M u 3,9 am. OgHa M3 BepIIHH BEPXHETO
OCHOBAHUA YAAJCHA OT KAXAOM CTOPOHE! HHXHEro OCHOBAHUA Ha
1,3 oM. Haiinmre 06beM IPU3MBI.
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Pelwuenne. M3 ycmoBua 3agauu ciuefyeT, 4TO OCHOBAHUE TIEPIICH-
JUKYJIApPA, IMPOBEIEHHOTD M3 BEPIINHLI BEPXHEr0 OCHOBAHUSA, PaB-
HOYJAJIEHHOH OT BCEX CTOPOH HMJKHErO OCHOBAHHs, COBIAAAET C
IEHTPOM OKPYHOCTH, BIIUCAHHOW B 3TO OcHOBaHME. J[mHa 3Toro
IEPIEHANKYJIAPA PABHA BHICOTE JAHHOM NPU3MEL. I1lnomans ocHo-

BAHMA DABHA ~4,2°2,51,4+-0,3 =2,1, aero TIIEpUMETD paBeH 8,4.

Torza paguyc OIMMCAHHON OKDYKHOCTH DABEH 84 0,5, BrIcoTa

IpU3MbL paBHa /1,32 — 0,52 = 1,2, a ee 06vem — 2,52 qm3,

2.075. ¥ Ocuorammem HaxknoHHOM npusmel ABCA,B,C, cuy-

JKHAT TpeyroabHuK ABC, mepumeTp Kotoporo paseH 5,6 1M,
a LACB = 60°. Pe6po CC, mpusmrr pasro 0,6 iM 1 obpasyeT co

croporamu AC u BC ocHoBaHusA yrisl o 60°; guaronans AC, 6o-
KOBOJ rpaem npusMmsel pagHa 1,4 nm. HaiignTe 06 b€M npA3MEL.

Pewenrwne. CoraacHo yenosuio, umeem: C,C =6 cm, C;A = 14 cm,
nepumerp rpeyroabaura ABC pasen 56 cm.

Ilyete CK u C,P — BHICOTH TpaHell — IapAIEIOTDAMMOR
ACC A, n BCC,B, coorsercreernEo (puc. 11}, a C,;0 — sricoTa
IaHHOU Mpuamel. F3 paBeHECTBA MPAMOYTOJLHEIX TPEYyroJLHUKOB
C,CK n C,CP cnenyer C,K = C,P. Torga OK = OP (kak npoek-
UM PABHEIX HAKJOHHEIX), npuuem OK | AC, OP | BC (10 Teo-
pemMe 0 Tpex UEePUEHAHKYJIApax). OTO 03HAYAET, 4TO TOUYKa O —
ocHOBaHMe BbICOThI C;O mpnaMB — NPHHAIIEKUT OUCCEKTpUCe

CM yrna ACB.

Haiigem cropors! TpeyronsHuKa ABC.

B npamoyroatrom AC,CK: /C,CK = 60° u C,C = 6, nostomy
CK = 3 (kak KaTeT, JeX Al TIPo- c, B,
tue yraa B 30°), C,K = C,C x

i
><sin60°=6-§ = 3./3. Torxa . A,

B mpamoyrombHoM ACAK Ha- !

xomum AK = JC,A?-C,K? =

mT - o
- __ _

:«/142—(&/@)2 — 13, suauwmr, © _":_‘i' -~-</B
AC=CK+KA=16ucymma AB + K O 1

+ BC nymuH cropoH AB u BC oc- A
HoBanuA ABC nipusmbl paBHa 56 -

- 16 =40, Puc. 11
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Ecmua BC = x, To AB = 40 — x, 1pu 3ToM B TpeyrojabHuUKe ABC
umeem: ABZ = AC? + BC2 - 2AC *» BC - cos 60° mnu (40 — x)? =
=256 + x2— 2+16+x-0,5, orkyaa x = 21, 3naunt, BC = 21,
AB =19,

Hanee maxoauMm miomiaze ocHoBaHua ABC u smicory C,0

IPU3MEL. S sge = 28+ 7+9+12 = 84./3.
B npsmoyronpHoM TpeyroaprHuke OCK, B xKoropom L OCK =

o __CK 38
= 30°, naxoaum OC = c0s30° J§ = 2J§ , & B IPAMOYTONLEHOM
2

AC,CO: C,0=[C,C?-0C? = /36 - 12 = 2./6. Teneps nomy-
yaeM HCKOMEIN 00'beM IIPHU3MBIL:
V =Sx4pc.C;0=84./3 +2./6 =504./2 (cm3).

2.076. ¥ Bepmruna A, npusmel ABCA, B,C, TpoeKTUPYeTCH B
IEeHTPp ee HHMYKHero ocHosarua ABC, a pebpo AA, cocTasafeT co

cropouoii AB ocHopanusda yroa B 45°. Haliaure o6beM u IJIONAAE
OOKOBOM IIOB€PXHOCTH IIPU3MbI, eclH TpeyroabHHK ABC — mpa-
BUJBbHBIH CO CTOPOHOH Q.

PetueHnune. ITycts Tourka O — neHTp ocHoBaHMA ABC npusmesl,
roukn H, M u K -~ cepeagunn cooTBeTcTBeHHO AB, BC u AC
(puc. 12). Torga CH u BK — Bricotsl B AABC, 3uauut, A, H u

A,K — BnicoTeI rpaseif coorsercTReHHO AA, B B u AA,C,C. Tax
kak BC 1AM u BC 1 A,0, ro BC L {(AA,M), otkyna BC 1 PM,
suauuT, rpass CC,B;B — npaMoyroabHUK. Kpome Toro, A, H =
=A,K (xax HaKJOHHLEe, UMeOHIHe DPaBHbe Npoexnud OH n

B, 4 OIS). Iloaromy nnromads 60KO-

1 BOI IIOBEPXHOCTH ITPU3MHBI PAR-

Ha: S, =AB (24, H + AA).

B AAA H: AH = 0,5AB =

=0,ba; AJ\H = AH = (,5a;
a2

AA= 3 - Toraa

Seox =@ " (2-0,5a+aT“/§) =
_a?2+.J2)
- T2 NS,
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B mpamoyronsHoM A AAO0: A0 = JAlAz-OAz =

T - 58

3 . Torga ob6beM V npusMel paBeH

a?.f3 _aﬁ _ad.)2
4 6 8

2.077. ¥ OcHoBAHHMEM HAKJOHHOM LIPH3MBL CJYKHT OPABHID-
HBIY TPEYTOJNLHUK €O CTOPOoHOM a. OgHa 3 G0KOBRIX I'PaHEe# IPHU3-
MLl IIEPIIEHIUKYNAPHA IJNOCKOCTH OCHOBAHUA U IIPEACTABIAELT CO-
0ot poMmM0, Y KOTOPOTO MeHBINAA AUATOHANL paBHa ¢. Ha#mure
00BEM ITPU3MEL.

Pewenwve. Ilyers rpans AA, BB narnoi npusmil ABCA,B,C,

IepIeHAUKYJIAPHA JIOCKOCTH ocHOBaHUA A BC n apnserca poM6oM
¢ MeHbIIIeit fuaronansio AB, = ¢; O — Toura NepecedeHNA IHATO-
HaJeil pomba (puc. 13).

A s BEIUMCACHHA 00HeMA IPUSMbI HYYKHO HANTH LJMHY ee Bbl-
corel B H, KoTopas ABJAETCA TAKXKe BBICOTOR pomba AA BB

(rpaEe pom0a HepreHINKYNSApHA [LJIOCKOCTHA OCHOBAHWS TPUSMEI).

Saa,B,B %AIB-BIA %-2-03.81;1
Tax wax B\H = —5— = yy: = =B -
_OB-BjA
= ——p 7O HAXO[UM JNMHUHY OBE.
B npamoyroasEom A AOB: OB = JAB2 — 0A2 =

, TOTI'-

I (E ]2 _ NJda? - c? cJ4a? - c?
N 2

2 . llostomy B H = 5%

Za o0seM V IpU3MEI PABEH:

2 /3 A
V = SL’.‘.'.ABC.BlH = d ‘;/_ X 1 Bl
y cJda® - ¢ ac.12a?— 3?2
2a N 8 .

2.078. ¥ OcHoBaHMEe TIPAMOMA
IIpU3MBL — POMO C OCTPBIM VYIJIOM (L.
MeHBIIAA KUMATOHANL IPU3MEL PABHA
d #U cocTaBlIfAeT C MJOCKOCTHIO OCHO-
BaHuA yroJa P. Hafigure o6beM npus-
MBbi.
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C, Pewenune. Ilycts BD — mMeHbIIadA
auaroHans pomba ABCD B npamoil
. B npusme ABCDA B,C,D, u /BAD — .

. (puc. 14). Torna / DBD =3 nw D, D =
=DyB*sin 3 = d+sin 3 — gnuHa BHI-
COTHI [IPU3MBEI.
\ IInomaxzs pomba ABCD pasHa
\

1

iabely EAC *BD = OA-BD. Haxogum: B
A% - g0

= ADDB: BD=D;B-cos[} =d-~cosf.

A B
Puc. 14 Torgza OB = -l-Bp _ dcosp

2 2
d
=0B- ctg% = C(Z)SB * Ctg% . SHaqHT, SpOMf)a ABCD —

-
-

B

-
-~

11

Pu__—-eeam mam == -
-~

/]
7

>
v
u
!

’

, OA =

dcosP
g X

o
d? cos? ﬁ-ctg-z-. Takum oOpasom, IIOJY-

1
uaem: V = S_ e, apep D1D = —édg cos? ﬁ*ctg%E «d+sinf =

B |

xctg% cd+cosP =

1 o
= d3 & . . 2
4d sin 2B - cos B ctg 5.

§ 12. Napannenenuneg

Cnemyer o6paTHTh BHUMAHHE YUAN[HXCA HA TO, YTO:

1) o6BbeM mapainenellniiea MOKHO HAaXOAUTEh TPeMA Crocoba-
MH, TPUHENMAA 3a OCHOBAHUWE 3TOT'O MapaeNennesa Jiodyio ero
rpaHb, a4 32 €T0 BLICOTY — PACCTOAHHE MeXKZY BTOU T'paHbIo U
IPaHbIO, i TTapaiJeNbHON;

2) nmobdad II0CKOCTh, IPOXOAANIAA Yepes CepellHHY AAArOHAIH
TIapajxneyqenmnejiga, JEJITAT 29TAaT IIapaJuleJellIhIieq] Ha AB& DPABHOBe-
JAHKNX MHOTOTDAHHHUKA.

2.117. IuaroHaJu cMeKHBIX OOKOBHIX IpaHeif IIpAMOro Ia-
pannenenunena paBHbl 10 cm u 17 ¢M; BepIllIMHA OZHOTO U3 TYTIHIX
YIJIOB BEPXHEr0 OCHOBAHUA YIAJIeHA OT MPOTUBOJIEMKANIUX CTOPOH

HUKHero ocCHOBaHMA Ha 2421 ¢cvm u 3./21 cv. Halimure naonage

OOKOBOI IIOBEPXHOCTH IIApaJJieIennuIieNa.
PeweHwre. IlycTts B npamom napannenenunege ABCDA B ,C, D,

Touka [ — BeplinHa Tymoro yria (pHc. 158), opu stom: DA = 10;

D.C=17; D,H =2./21, D,H 1 AB; D\K = 3./21, D,K 1 BC;
BC=AD=q0;AB=CD=b».
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B npamoyroasaom ACDK: CK = D, ¢,
%
=/D,C?-D,K2 = J172 - 3.21)° = s,
- 10’ 1 ;‘:: \\\\ Bl
B mpamoyronsaom ANADH: AH = ,'J’: \1\
o N
- /D,AT- D H? = J102 - (2/21)% = o 3
=4 ¢ ! :D | \\
T ;| AR N
B npaMoyroisaom AAD, D: DID2 = k ﬁ*ff =Izz1234C
»~' K
= 2 _ 2 . _ 2. i)
DA% - AD? =100 — a?; AT 5
B npAMoyronsHom ACD,D: D D? =
Puc. 15

= D,C?—- CD? = 289 — b2,
W3 nByx nocnepgHUx COOTHOLIEHUHE noaydaem 100 — a? = 289 -
- b% unn

b2 — a2 = 189. (1)
B npsamoyroasusix TpeyrodsHUKax ADH u CDK maxoaum co-
orserctBeno DH = .JDA2-AH? = .a2-16, DK =

=./DC?2 - CK2=./b2-100.

Ranee, S, apcp = AB*DH = BC*DK, r.e. bya?2-16 =

= g. /b2 — 100 unu
1652 = 10042 (2)

Uz (1) u (2) nonyuaem: 16(aZ + 189) = 100a?, otryaa a = 6
(@ = ~6 — nocroporHHH KopeHb), 3HauyuT, b = 15. Torga DD =

= J102 — 62 =8, nosTtomy

Se.. = 2AB + BC)- DD = 2(15 + 6) - 8 = 336 (cm2).

2.137. ¥ Ouaronamu A,C, n

BD rpaneit mnapannenenunena
ABCDA,B,C,D, paBHBI COOTBET-

CTBeHHO 8 B 4. ¥roa MmexIy CKpe-
IIUBAIOIIMMHCA IIPAMBIMH, CO-
Aepxamumu auaronaan A,C; n
BD, pasen 30° a paccroaHpe
MeMXIy STHUMH NPAMBIMH PpPABHO
6. Haiinure o0peM napaieneny-
neaa. Puc, 16
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PeweHune. O6ozraunm: V — o6bem nmapannexenumnena, # — ero
BoicoTa, Torpa V=S__ «h.

0OCH

I'paun ABCD u A, B,C,D, nassoro napa/jnenennnesa (puc. 16),
cozepixalie HX CKpeljuBaroninecs pjuarosanu BD u A,C,, napaJ-
nensHbl. ITosTOMY BRICOT A MapauielleNnNena PABHA PACCTOAHUIO
mexay npambeivae BD n A C,, 1. e. h = 6.

Vaursias, ato AC = A,C, u AC | A,C,, monyuaem: S, =

1
=%AC°BD-sin30° = 5A4,C,* BD*sin 30° = %.3.4.% - 8.

Torma V = 48.

3daMeTnM, 4TO, HCIOJAb3yH HIeK) NaHHOM 3a7ayM, MBI B JAJb-
HelIlleM CMOXKeM IOK&a3aTh, YTO 00beM TeTpa’sapad paBeH OJHOH
IIecTO NPOM3BEACHHA AJHH OBYX JIOOBIX ero pebep, Jexalux Ha
CKPeIUBAIIIHXCA MPAMBIX, PACCTOAHHN MEXKAY 9THMH NDSMbI-
MH B CHHYyC2 yIJyia Mesxay HUMH (em. 14.7—14.8).

2.138. Croponsr ocHoBauusi ABCL npaBHJABHOIO IIPAMO-
yrojesHoro mnapannenenunesa ABCDA,B,C,D, orTHocaTes

Kak 3:4, a mepuMerp auaroHaseHoro cedenus AA,C,C pasen

10 cM. Kakoit HanbonbpiInii o0'beM MOXKET HMETh 3TOT MapaJiieie-
numnen?
Pewenwe. Ilycts AB: BC = 3:4 n BC = x (puc. 17). Torga

3 f9 5]
= = — 2 2 . | .2 2 —
AB . xuAC A/AB + BC lﬁx + x I X.

Tak xak 2(AC + A,A) = 10, To A,A = 5- AC = 5 — §x=

= w . Takum obpazom, nmoayuaem
5(4 — 15x%(4 -
V(x)=AB-BC-A1A=§x-x- ( 4x)m xgﬁ x)
D, A Hafinem Haubonblllee 3HaYeHHe
, ' 15x2(4 — x)
dyaruunr V(x) = npH
C 16
1 = 15x2(4
1 . F
! x > 0. Vi(x)= ol X) ==
1 16
QL--———-T:BA 15
i"" e =~ 16 x(8 — 3x). [Ipu HccaeroBaHUHN
¢ B BREISICHAETCS, 4YTO AaHHasi (QYHKIIHA
Puc. 17 V(x) npuanMaer Haubosblllee 3HaUe-
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HUE IIPH X = 7 . I9To o3HavaeT, uto apu AB = 2, BC = g nAA=

nmapajiejemunes HWMeer HaMOoAsMMN o0BeM, PpaBHEIN

2.142. @ Haligute 06 beM NpAMOyrobHO0 NapajieseInnesa,
IHaroHaJdbs KoToporo pasHa 14 ¢, nepumeTp ocHoBaHHA — 20 cm
H IIepuMeTD MeHbineit 6o0KoBoi# rpaam — 32 cM.

Pewenwve. Ilycte ABCDA,B,C, D, — nannnlif napaiesnenunes
(puc. 18), B xoropom D, B =14, AB = a, BC=b, BB = ¢, npuueM
a>b.

Tax xax D,;B? = AB? + BC? + B, B2, 10 U3 yC/OBHSA CJeLyeT:
a? + b2 + ¢2 = 196. Kpome Toro, masecTHo, uro 2(a + b) = 20
H2b+c)=32,r.e.a+b=10ub+c=16. (U3 a + b= 10 npu
a > b cnegyer, uro b < 5.)

Takum obpaszoM, 3HAYCHUSA d, b B ¢ ABJAAIOTCH PelleHUeM CHC-
TeMbl YPARBHEHUM:

a2+ bZ + 2 =196,
a+b=10,
b+ =16.

Bripasus B3 BTODPOIO M TPeTHEro YpPaBHEHHH a H ¢ dYepesd b u
MOJACTABUE B IIePBOE YPABHEHNE CUCTEMBI 9TH BEIPAKEHUA BMECTO
a ¥ ¢, nonyunm ypasHenHe 3bZ — 52b + 160 = 0, KopHAMH KOTOPO-

40
IO SBASIIOTCS Yncia 4 1 E) (me yaoraeTsopsier ycaosuo b < 5).

Hrax, b=4,a=6,c=12nV =288 cm3.

2.143. © B npsaMoyroJJb-HOM MAPAJ-
JejlelIMNee IHAIOHAJHM OOKOBBIX I'Da- D, c,
Hell, BRIXOAAINNE U3 OAHOHM BEPIIHHBI, o
paBHbI 4 1 5 1 ob6pasyrwT yroax B 60°. N N
Haiigure 00beM napaiaejenumnena. !
PeweHne. B npangnoM napaJjJsenenu- 5
nepe ABCDA B,C,D, (puc. 18) obo- :
smauum: AB =a, BC=b, B;B=c. s P
Ecrm A B=4,C B=5u/ABC, = —
=60°, To B Tpeyroapauke A;BC, 1o

o
»
]

1
!
/'/

]

\r

!

2
TeopeMe KOCHHycoB umeem: A, C] = Pre. 18
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~AB?+C,B?— 24,B-C B-cos60° =16 + 25— 2-4:5-0,5 =
= 21. A TakK KaK AICE = AC2 = g2 + b2, 10 nonyuaem

a? + b% = 21. (1)
Hanee, B NpAMOYTOJBHLIX TpeyroabHHKax AA B u C,BC no-
JIyuyaeM COOTBEeTCTBeHHO a? + ¢? = 16 u b? + ¢2 = 25, orryna n

b2 — a2 =0, 2)
M3 (1) u (2) nonxyuaem 202 = 30 = b2 = 15. Torna c? = 25 - b2 =
=10,a? =16 —c?2=6. 3vauur, V=a*bc= J6+15-10 = 30.

2.144. Hailigure 06beM NPAMOYTONBHOTO IapasielelIHNena,
AKWAroHajlb KOTOPOro paBHA 71 M COCTaBJsAeT ¢ DOKOBO#l T'DAHBIO
yroi 3, & ¢ II0CKOCTHIO OCHOBAHKSA YO (.

Pewerue. Taxk kax TpeyroasHunku BC, D, u BDD, npsamo-

yroasHble (puc. 19), ro £C,BD, =8, 2DBD, = ¢o.. Torga C,D, =
= BD,+sinf} = m+sinpB, BD = BD,-cosa =m~-cos &, DD, =
= BD, +sin ¢ = m *sin &. Janee, B npamoyromsEom A BCD Ha-
XOOHM:

BC = ./BD? - CD? = m.cos2o — sin?f3 =
Jl + cos20 1 - cos2f Jcosi’a + cos2p
=m 2 —_ = I ==

2 2
= macos{a + B) + cos(ot — B).

Tak Kaxk ZaHHBIA NapajajielenH-

D, c, nes — NPAMOYTOJBHEBIH, TO €ro
B obbem V' paseH
I
1 BC-CD+DD, =
4, i 1
! “ = mJ/cos(a + B) + cos(o — B) x
I
ol xm-sinfBm-sino =
l - a
P = m3sin o+ sin f x
I li
i
ol X Jcos(a + B) « cos(a — B).
Dal- - Bi == =JC y
AN lF Ilocne peileEdss STOH 3axavyl
/’ \% MOXKHO AaTh Ha AOM HJIH AJA Ca-
A B MOCTOATEJNHLHOTO pelleHUA B KJac-
ce Takyw 3sazauy: «B ocHosBanum
Puc. 19 HaKJOHHOI'O MapanileJelNHIena Je-

KHT TPAMOYIOABLHHEK, AUATOHAJD
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apajjieyiellUnesNa8 paBHa 71 M COCTABISET ¢ €ro OOKOBLIMH
rpaasMi yrasl 0 1 3. Haitnure o6pem mapannesnenunena, eciu
ofHa M3 ero OOKOBBIX rpaHed MOPSAMOYIOALBHHK». (9TO — Ta-
Kad JKe 3a7add, HO BMECTO MNPAMOYIOJLHOIO B3AT TAaKOH Ha-
KJAOHHBIN Iapajieaenunes], YTo ABe ero GO0KOBLIE MPaul — IpA-
MOYTONBHHKH, a [ABe ApyrHe OOKOBble I'paHN — mNapajuie’io-
IPaMMbl.)

2.162. © B nakJI0HHOM nmapajuiejenunene oCHOBaHHe — pPoMB
CO CTOPOHOH @ U oCTPBIM yriioM B 60°, GOKOBLIE TpaHH — POMOLI C
ocTphIM yrioM B 45°, Hatizure ero oosem.

PelueHue. Ilycrs B janHom napaanenenunese ABCDA B,C D,
(puc. 20) L BAD = 60°, LC,CB=/,C,CD=45°, CC M uC,K —
BBICOTHI OOKOBBIX rparHen napaaaenenunena, C,H — ero BEH-
coTa.

Tak kax 6okoBble rpanu — pombsl, To C,C = BC = q. [Ipuuem
B paBHOOEGAPEHHEIX NPAMOYIoJAbHBIX TpeyroianHukax C,CM u

a
C,CK umeem: CM =CK = 5 - Ilo TeopemMe o TpeX nepuneEINKY-

aapax HM 1 BC, HK | CD uw HM = HK (KaK NpoeKIIHH paB-
HBbIX HaKJOHHBIX). JTO 03HaUaeT, YTo Touxka H — ocHoBamHe BEI-
corsl C\H — npuragiexur OuccekTpHce yraa BCD, T. e. guaro-

"gaau AC pomba ABCD.

CM
cos 30°

B opamoyronsaom ACMH naxoamm: CH =

or-

(@J2)/2 _ a6
J3/2 3

a2 B  TIPAMOYIOJBHOM

HCICH nonywaem CH = A
= JCc,C? - CH? =
Jor-(557) -2
= a“ —|—=— = = .
5 -5

Taxum o6pasom, V = BC? x

X sin 60°-CIH=a2-§ X

3
xdﬁzd

3 2"

5 — 5245 65



2.163. B napaJnenenunesie AJAHHE TpeX pedep, HCXOAANIUX U3
OHOI BepINHHLI, PAaBHLI @, b, ¢. Pebpa ¢ 1 b R3aUMHO neprneHaN-
KyJIApHBI, & pebpo ¢ obpasyer ¢ RAKABIM U3 HHUX yroi o. Haliaure
00beM mapaJiieslenuIea.

Pewsenue. IlycTs B fannom napannenenunene ABCDA,B,C,\D,

¢ 60kOBBIM pebpom A A = ¢ npamoyronsHUK ABCD — ocHoBanue
co cropoHaMH AB = q, BC=b; LA/ AB= /A AD=q.

Takx kak pebpo A A obpasyer ¢ AB u AD paBHBEE YyIJBl, TO
ocHOBaHUe H BbICOTH A,;H napannenenunesa IPHHAIIEXKUT

OuccexkTpuce npamoro yraa BAD (cm. 2.162), 1. e. £ZBAH = 45°,
Ecmu A;K — BrIcora Gokopoii rpanu AA B, B napajiesrenune-

Ja, To B npsaMmoyroiasEoM AAAK maxonum: AK = A A-coso =
=ce*Ccos 0 TOrha B paBHOOeZpeHHOM npamoyroixsHOM AAHK:

AH = AK - ,/é = cﬁ - cos o.. Hanee, B npstMmoyronsioM AAAH

HaxoqHUM BelcoTy A, H napasienenuneaa: A, H = JAlAz -~-AH?Z =

= J;z - (cﬁcosa)z = ¢.J1 - 2cos20. = ¢./—cos20. Torma V =
=AB-BC-A H = abcJ—cos2a.

2.165. OcHoBaHMeM HAKJOHHOrO IapaJljiesIeNHIIeNd CAVIKHT
IPAMOYTOJBHHK €O CTOPOHAMH @ H b; O0KoBOe pebpo ¢ obpasyer co
CTODOHAMH OCHOBaHMA yriasl B 60°. Hailianre nmnomazns 60KoBOi
IIOBEPXHOCTH, 00'beM MapaJijiesieninesia ¥ yrojl HakjaoHa O60KOBOTO
pebpa K MJIOCKOCTH OCHOBAHHH.

Pewenwve. IlycTe B sannoM napaiaenenunene ABCDA,B,C,D,,
B OCHOB&HHH KOTOPOTIO JIEXKHUT NPSMOYronsHHK ABCD co cropo-
HaMB AB = a u BC = b, GoxoBoe pefpo B, B obpasyer ¢ BA u
BC yranr B 60°, T.e. £LB,BA = £B;BC = 60° Toraa BHCOTH
B/M (M € BA) u B,K (K € BC) 6okosbix rpaseii AA, BB u
BB,C,C napannenennnefa paBHbI, & OCHOBaHHe H ero BHICOTH
B, H upunannexnr duccekrpuce yrna ABC. Ilpu stom, B/.M =

J_B

b

-BKk="% M = £ (» mpsiwoyromsrom A B,BM), BH = =5~

2
(B mpsamoyronsaom A BHM). Nostomy B,H = ,/B,B% - BH? =




abcﬁ‘ cﬁ
2 *

Torga: V = Seox = 2@ + ) —— =(a+b)J3essinp=
BH 3 o
=BlB_ 5 = ¢ =45° rae ¢ = LB,BH.

§ 13. TpexrpaHHbIE N MHOrOrpaHHbLIC Yribl

B srom maparpade BBOAUTCA ONpeAeIeHNe MHOTOTPaHHOIO yT-
na PAA,Aq...A Kak MHOXKeCTBa BceX TOUEK NTPOCTPAHCTBA, IIpH-

Hagnexamux Jyuam PM, rpoe Touka M npobGeraeT BhINYKJBIH
MHOTI'OYTrOJbHUK A, AAq...A , a P — naHHas TOUYKA, JeKaliass BHe

MJIOCKOCTH 3TOI'0 MHOTOYTIOJBHHE&. 3aTeéM RaloTCsA ONnpenesieHHsA
BEPUIKMHE!, pebep, rpaHeit, rpaHUIbl ¥ BHYTPEHHOCTH MHOTOIPAaH-
HOTO YIJIa.

BesieacTeHe BEINYKIOCTH MHOTOYTONBHNKa A A,A,...A, MHOrO-
rpaHeEslil yron PA;A,.. A sBIAETCA BBINYKJOH (QHIypoit (BHYyT-
PEeHHAA O00JIACTh 2TOr0 yriia PacHoJIoMKeHa IO OAHY CTOPOHY OT
IIJIOCKOCTH KAXKJ0OH ero TpaBH).

HeobxopumMo nopuyepKHYTH, UTO MBI OyaeM paccMATPHMBATH
TONBKO BBINYKJLIE MHOrOrpaHEble yriabl. Ilpm aTOM y4yammecs
OOJIKHBl 3HATH, YTO CEUEHHEeM MHOIMOTPAHHOTO YIJa IJIOCKOCTRIO,
NPOXOAAINEH Yepes ero BHYTPEHHIOK TOUKY M INEpeceKrarieil sce
ero pebpa, ABJAETCSA BRINYKJIBIH MHOIOYIrONbHUK, JTO — Bad HBIH
BEIBOA, HesHaume yyaimpMmcs 3TOro HOJIOKEHNA MOMKeT IpHUBEC-
TH K CJIEAYIONIEMY «KOHCTDYKTHBHOMY NMapaZioKcy»: NpHu Hebperx-
HOM (HEaKKYpaTHOM) IOCTPDOCHHH CE€UEHHMA «BBINYKJOH» MUpaMu-
Ibl NJIOCKOCTHIO, IEpeceKalolneil Bce ee OoKoBnie pedbpa, mMoMeT
DOJNyYHUTHCS HEBHIIYKJIEIN MHOI'OYI'OJILHEK. ¥ YRHIHNACA, HE 3HAIO-
MUK TEOPEMBI O IEPECEYEHU N BEINYKI/IOTO MEOTrOIPAHHRKE U ILI0C-
KOCTH, HE B COCTOSHHMM HOHATH, UTO NPH AJITMOPHTMHYECKH IIpa-
BHJIBHOM ITOCTPOSCHHM CEUYEHHUs OH JOTIVCTHA OMINMOKY «TexXHHUe-
CKOTO0 XapaKkTepay.

TpexrpadELIil Yo OIpPEeRessIeTcs KaKk MHOIOIPaHHBIN YIroJ,
HMEIOIMHUH TpH rpaHy. (3aMeTHM, UYTO TPEXIpaHHEBIA yI'oJ BCEerga
BBRINYKJEIN.} danee aoKasbIBAIOTCS [BE TEOPEMEI O CROMCTBaAX
TPeXTPaHHOI'C yrJjia: «B TpexrpaHHOM YIVIE BeJHYHHE KAXIOr0
IVIOCKOTO YIJa MEHBIIIE CYMMBI BEJHYHMH ABYX APYIHX €ro Ijo-
CKUX VIVIOB» — HEpPABEHCTBO TpexrpaHHoro yria; «CymMma Bean-
YNH BCEX INVIOCKHMX YIVIOB BEIIVKJIOTO MHOI'OTPAHHOIO YIJIa MEHb-
nre 360° . 3aTeM NOKa3LIBAIOTCS TEOPEMa KOCHHYCOB UM TEopeMa
CHHYCOB AJI TpeXrpaHHoro yria. (B mporpamMmme no crepeoMeTprn
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ans o6111eo0pa3oBaATeILHEIX KJIACCOB TeOpPMS MHOTOTPAHHBIX yI-
JIOB IPaKTHYECKH OTCYTCTBYET, UTO, 0e3yCIOBHO, CKa3bIBAETCH HE
TOJBKO H& yPOBHE TEOpeTHYeCKHX 3HaHMH yyampuxca aTHX KJac-
COB, HO ¥ HA UX YMEHHUN PeIlATh COAEPIKATENLHLIE CTEPEOMETPH-
yecKHe 3aJauH.)

2.181. © Bce miaockHe yribl TPeXIPAHHOIO yriaa pasHbl 60°.
Haiigute: a) paccTosiEMe OT BEPIUMHEL VIVIa L0 TOUYKH, JEHAKEITeN
BHYTPH TPeXI'DAaHHOI'0 yIVia M yJAaJeHHOH OT BCeX ero rpaHed Ha
paccTodHMte @; 0) pacCTossHUE OT BEPIIWHEI yIjia O TOUKH, JIEXA-
el BHYTPH TPEeXIPaHHOro yrJa M yaaJleHHOH OT Bcex ero pedep
Ha PACCTOSHIE @} B) YI'0OJ, KOTOPLIA 00pasdyeT ¢ IVIOCKOCTHIO I'PaHH
TPpeXIpPaHHOro yIJia ayd, JAeXKaniuil BHYTpH AaHHOrO yriaa H co-
CTaBJIAIOIIHI €0 BCEMH €ro I'paHsIMH paBHbIE YIJbI; T) yroJ, KoTo-
peli ofpasyeT ¢ pedpoM MHOI'OIPaHHOIO yIJja JAyd, JIeXKalluit BHy-
TPH ARHHOI'O yIJja M COCTABJSIOIHIA CO BCceMH ero pebpamMu pas-
HbIEe yTJIBL.

PeweHne. Beibepem Ha pefpax JaHHOrO TPeXI'PAHHOIO YIJa C
BepmuHO P Toukn A, B u C rak, uro PA = PB = PC = 1. Toraa
PABC — npaBHAbLHBIE TeTpasap, OCHOBAHHEM KOTOPOTO SIBJSET-
Csi IIPABHJABHBIM TpeyroapHHK ABC.

IlycTe Touka O — HeHTp 3TOr0 OCHOBAHMA, A,, B, C; — cepe-

AHMHEL eI'o ¢cTOPOH (pHce. 21).

Puc. 21
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a) buccexkropable maockocty A, PA, B, PB u C,PC Bcex Tpex

ABYTPaHHBIX yrJjoB ¢ pedpamu PA, PB u PC nepecekamTcs 110
upaMor OF — reoMeTpHyecKOMY MECTY TOYEK, PABHOYAAJICHHEIX
OT BCeX I'paHeil ZaHHOIO TPEXTPAHHOIO VIa.

Mosx a0 gokasaTs, uTO eciy Touku L, H 1 K — 1ieHTpHI rpaHeit
coorBercTBeHHO PAB, PBC n PAC Tterpasapa PABC, To Bce de-
TeIpe oTpe3ka PO, AH, BK u CL nepreHAuMKyJIdPHEl COOTBETCT-
BYIOIIIUM I'pDaHAM, IEePECceKaloTCs B OAHOI HeKOTOpoii Touxe M,
NeJIANied KaXXAR U3 3TUX OTPEe3KOR B OTHOIIeHNH 3 : 1, cuuras
OT BEPIITHHLI TeTpaszpa. ITo o3Havaer, yto MO = MH = MK =

1
= ML = a. YaursiBada, uro MO = §PM, noayuaeM PM = 3a —

HCKOMO€ PpacCTOsiHuE,

0) Ecau touku T, @ u F — cepesHHbl OTPE3KOB COOTBETCTBCH-
Ho PA, PB u PC (puc. 21), To MOXXHO AOKa3aTh, YTO OTPE3KH
AT, B, u C,F nepecexkaloTca B Touke M u gensTcs aToit ToY-
koi nononam, Ilpu satom AT L AP, B, | BP u C,F 1 CP. Ilo-

ayuyaeM: MT =M@ =MF = qa.

/6 3 NG

Tax xax OP = JAP? — OA? = %, MP= 0P = *F ,C\F =
3 1 .2 1 2
=JC,C2-CF?= [7-7 =" n MF = 5CF = *F =a, 1

B) Tax xaxk BC 1 (A,AP), to (BCP) 1 (A,AP) (puc. 21). Ilosro-
my L(OP, (BCP)) = LA,PO. Ananoruuso, ~(OP, (ACP)) =
= £B,PO, L{(OP, (ABP)) = /C,PO. 3 paBeHCTBa IPAMOYI'OJIb-
HBIX TPEyroJabHUKOB A PO, B{PO u C,PQ cnenyer, 4TO BCe 11epe-
YUCJAeHHDbIEe YIJIEI PABHBI MeXAY coboii.

O
B npamoyroapiom A A,PO Haxoaum sin LA PO = — =

J3/6 1 1
= ,fé/’2 =3 oTKyna LA PO = arcsm3 .

r) Uz paBeHCTBa IPAMOYTONLHLIX Tpeyroasaukoe AOP, BOP,
COP gaknwuaeMm, uro LAPO = / BPO = /CPQO, npu 3ToM Haxo-

aumM: sin ZAPQ = % , OTKyna LAPQO = arcsin? .
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2.185. © Tpr mnockoctn 2x + 2y~ 2+ 9=0,3x+4y +9=0
nx-—2y+ 2z — 17 = 0 UMeT eAUHCTBEHHEYIO OOLIYIO TOYKY.

a) Haiipure a1y TOuKy. 6) Onpenenure YHUCI0 TPeXIPAHHBIX YT~
0B, 00pasoBaHHBIX NAHHEIMH IUIocKOcTAMH,. B} Haliaure ypasne-
HHUS OPAMBIX, Ha KOTOPBIX JeKaT pebpa 3TUX TPEeXTI'PAHHBIX yI-
0B, T) Onpesennre ycaoBHe, KOTOPOMY AONMKHEI YAORIETBODATH
KOODAWHATHI TOYEK, JIeXKAI[UX ¢ HAYAIO0M KOODAUHAT BHYTDHU OZ-
HOI'O M TOIO )K€ TpexrpaHHoro yraa. i) Onpepennte GHrypH, KO-
TOPEIE ABAAITCA IepecedeHMeM KaKIOM M3 ocell KOODZHMHAT K
TPEXTPA&HHOTO YIiaa, COgEPKAIero Hauaro KOOPAHHAT.

PeweHune. a) OGo3HayMM IJIOCKOCTH, 3aJ8HHbIE YPaBHEHUAMHU
2x+ 2y —z+9=0,3x+4y+9=0mux—2y + 2z - 17 =10,
COOTBETCTBEHHO yepea ¢, [3 1 ¥.

IIycts A — 0b6Iast TOYKa BCeX TPeX AAHHBIX ILIocKocTei. Ee
KOOPJAKHATH] ABJASIOTCA PellleHNeM CUCTEeMbl YPaBHEeHHH:

[ 2x + 2y~ 2+9=0,
3x+4y+9=10,
x-2y+22—-17=0

U paBHM: x = 1; y=—-3; 2= 95, 1. e. A(1; —3; 5).

0) Obosnagum: aNP=c,pNny=a,yNna=>b.

IIpu mepeceyeHHH NMIOCKOCTeR (L B [3 mosydaeTcs deTspe LBY-
rpaHHBIX YIJIa, pebpoM KarKAOro B3 KOTOPBIX SIBJISIETCH IPAMAaA C.
Tax KaxK TPH JaHHBIE IUIOCKOCTH MMEIT eJHHCTBEHHVIO OOHIVIO
TOYKY A, TO ILIOCKOCTD Y, IMIPOXoaAaa yepes A, mepecekaeT mps-
MYIO €, & CJe/0BaTelIBHO, Ka)KAyH U3 IocKkocTel ¢ 1 [, B TOUKe
A; npu 3ToM 00pasyoTca 8 TpeXTrpaHHBIX YIJIOB, pefpa KOTOPHIX
JIEMAT HA IPAMBIX ¢, @ U b,

B) CocrapuM mapamMerpuyeckHe ypaBHeHHA nmpaMol ¢ = o N 3.
B kavecTBe HAaYaBHOH, (PUKCHUPOBAHHOM TOYKHK 3TOH NMPAMOH BBI-
Oepem Touky A(l; —3; H) 1 Hali/leM KOOPAUHATHI ee HANIPABJIAIONIE-
ro BeKTOpa p(Mm; ¢; r) U3 yCIOBHUS ero NepueHARKyYIADHOCTH KasK-
AOMY B3 BEKTOPOB 1,(2; 2; —1) 1 1y(3; 4; 0) HOpMaJeil MIocKoCTeH

r_}h p=0,
{ ’_iz +p=0.
B xoopauaaTHOM BHE 3T CHCTEMa YPABHEHHUH UMeEeT CIelyK-
II[ee BhIpaskKeHHe:

o U, T. e, H3 yCIOBHUA:

{ 2m+2q-r=20,
3m + 49 =0,
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a ee pelleHHeM ABJAAOTcA: m = 4; ¢ = —3; r = 2. Toraa napamer-
pMYECKME YPABHEHUA IPAMOIL ¢ = 0. M [} umeloT BUA:

x =14 4%,
y=—-3-3t, tc R.
2 =5+ 2t,

AHaNOTHYHO IONYyYaeM YPABHEHUA:

x=1+2t, x =1+ 4¢,
y=—-3-5¢t, te Ru< y=—-3-3t, te R
z=>5—6t, z=>5— bt,

COOTBETCTBEHHO OIPAMBIX b =Y oua=F§NY.

r) ycts f(x, y, 2) = Ax + By + Cz + D. Tlnocrocrs Ax +
+ By + Cz + D = 0 genuT npocTPaHCTBO HA ABA NOJAYIPOCTPAHCT-
Ba, B TOUYKaX (X, ¥, 2) OZAHOrO U3 KOTOPHIX f(x, ¥, 2) 2 0, B ToUKax
(x, y, 2) apyroro f(x, y, 2) < 0.

Eomm fi(x, ¥y, 2)=2x+2y—2z+9, fyx, y,2)=3x + 4y + 9,
[x, y,2)=x—-2y+22-17,10,(0,0,0)=9>0, f,(0,0,0) =
=9 > 0, f40, 0, 0) = -17 < 0, T.e. 3HAUYEHHHA TPEXUWIEHOB
f1(x, y, 2), fo{x, Yy, 2) B HaUaJe KOOPAMHAT NOJOKUTEIbHDI, 4 3Ha-
ueHUe TpexuyaeHa fy(x, Y, Z) B HaUaNe KOOPDAHHAT OTPUIIATENLHO.
IToaromy B J:060H TOYKE TOrC TPEXTPAHHOIO yrja, KOTOphId obpa-
30BAH HAHHLIMM IIJIOCKOCTAMH M COJEPXKUT HAYAJO0 KOOPAWHAT,
Tpexwiensl fi(x, Y, 2), fo(x, Yy, 2) AOIHKHBI OBITE MOJIOKUTEILHEI,
a TpexuneH f,(x, y, 2) — OTpULATeNIeH, T. €. OJKHO BHINOJIHATh-
CA YCJIOBHE:

2x+2y-2z+9>0,
3x+4y+9>0, (*)
Lx—2y+22-17<0.

) Onpepgenum purypy, KOTOpas ABIAETCA IIepecedyeHUeM KO-
OPAMHATHOM OCH a0CIMCC ¥ TPEXTPAHHOTO YIJia, CORep KAallero Ha-
YaJI0 KOOPpAUHAT. [I714 3TOro pemuM cCHCTeMy YPaBHEHMMA:

[ 2x+2y-2+9=0,
! 3x +4y+ 9 =0,
{ x-2y+2z-17=0,
y=0,
2 =0,

B pe3yJbTATe Uero MOoJAy4YMM TpHM Tpoiiru uwcen: (—4,5; 0; 0),
(—3; 0; 0), (17; 0; 0). Onnakro f)(—4,5; 0; 0) = —4,5 < 0, T. e. He
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BRINIOJMHAETCH VenroBue 3x + 4y + 9 > 0. 9To o3EaYAaeT, UYTO BHYTPHU
paCcCMATPHUBAEMOrO TPEXIPAHKOIO YIVIa HA OCH abCIMCC COePHUT-
css oTpe3ok M P, KoHIIaM¥ KoToporo cay:aT Touku M(—3; 0; 0) u
P(17; 0; 0).

AHAJOTHYHO, PEIIas CUCTEMY YPABHEHUM:

2x+2y— 2+ 9 =0,
3x+4y+9=0,
< x—2y+2z-17=0,
x=0,
z =0,

"

monygaem touku L(0; —4,5; 0), K(0; —2,25; 0) u F(0; —8,5; 0),
IIPH 3TOM KOOPAHMHATHI To4YeK L u F He yAOBJETBOPAIOT YCIOBHIO
(*). IlosToMy BHYTPH pACCMATPUBAECMOTO yraa HA OCH OPAUHAT
pacnoJiosKeH Jiyd ¢ Havyajaom K(0; —2,25; 0), coaepRamuii Hayaio
KOOPJAMHAT.

Pemenuem cucTeMEl YpaBHEHWIA:

S 2x+2y-2z+9=0,
- Bx+4y +9=0,

{ x—2y+22-17=0,
x=0,

Ly=0

ABNAIOTCA Tpoku yucen (0; 0; 9), (0; 0; 0), (0; 0; 8,5), u BHyTPH
PacCMATPHBAEMOI'C0 YIJIA HA OCH ANMNJIMKAT PACHOJIOMKEH Jy4Y C
mauanom D(0; 0; 8,5), coaep:Ramuil HaYaJao KOOPAUMHAT (TOUKA
(0; 0; 9), KoTOpPLIH He YAOBJIETBOPAET YCIAOBHIO (¥)).

§ 14.1—14.2. OnpepeneHne nupaMmnibt 1 €e 3NEMEHTOB.
HexoTopble Buabl nupamMmng,

HNsznokeHue TeopeTHUECKOro MaTepuaja 5Toro maparpada as-
TOPLI COBETYIOT BECTH B hopMe JIeKIIHH-0eCeAnbl, IPUMEeHAA METOX
VEPYITHeHHBIX JUAAKTHYECKUX €IHHUIL.

B Hauane BBOAUTCA ONpefc/ieHUe TUPAMUALL U €e DJIEMEHTOB:
OCHOBaHNA, DOKOBBIX TpaHel, BeplIVHELI, pefep U BricoThl. [Iupa-
mMuny ¢ ocaosanuem ABCDE u sepmunoit P yeJioBuauck 0603Ha-
yath PABCDE. IlupamMmuaa HaznIBaeTCA 1-YroJLHOH, €CIH €e oC-
HOBAHUEM SABJAETCSH N-YTrOJbHUK, IIPH 3TOM, V M-YrOJbHON IIHpa-
Muabl uMmeerca (nn + 1) Bepimur, 2n peGep u (n + 1) rpanei.
Heob6xonumo noguepKHYTh, UTO V IUPAMHUALI HET JUATOHAJEH, HO
MOTYT OBITh JTUATOHAJU OCHOBAHUA.
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CrenyerT HANOMHHTSE YYANIHMCH, YTO MBI OyAEeM H3y4YaTh TOJb-
KO BBINYKJBIE MHOTOIDAHHHKH, IIO3TOMY OCHOBAHHAMH H3ydae-
MBIX B JajJbHeHIIeM HOHpaMuj OyAyT JMHUIOE BBINYKJIBIE MHEOTO-
VIOJNbHEUKHA,

Ha Mmopendx M pHCYHKAX-M300paKeHHAX NHUPAMHA CIEegYyeT
ITPOMJLIIOCTPUPOBATE YUAIIUMCA BCE 3JIeMeHThl nupamMuakel. Heo6-
XORUMO 0000 O0BACHHATH, YTO ABYIPAHHBIM YIJIOM n1pu pebpe nu-
paMHAbl HA3BBAIOT COAEPIKAIUA BTY NHPAMHAY ABYIDAHHBIH
yroJ, 00pa3oBaHHBIA IJIOCKOCTAMM TE€X I'PAHEH, B KOTOPEIX PacIo-
JIOMKEHO JaHHOe pebpo.

HM3yuas mupaMuikl, CTOUT OCO00 OCTAHOBUTHLCA HA TPEYTOJb-
HBbIX NHPAMHIAX — TeTpaszapax. ITo o0bACHAETCA, HAIpUMED,
TEM, UTO: BO-TIEPBRIX, TETPASAD — ITO MHOI'OTPAHHWK C HAUMEHb-
MM YHCJIOM I'paHeil; BO-BTOPRIX, JA100ad I'DAHB TETPAspa MOMKET
OBITh IPUHATA 34 €I'0 OCHOBAHWEe (HM OfHA ppyras nmipaMujpa Ta-
KHM CBOMCTBOM He 00J19/1a€eT); B-TPETBUX, JI0O0HA BEINYKJILIA MHO-
TOTPAHHUK, B TOM HUCHIe U JI00yI0 DHPpaMURY, MOKHO pasduTe HA
HEeKOTOpOoe YU CJI0 TeTpa’npoB. ([IndA aToro nocTaTouno, HaTpEMep,
B34Th JI00Yi0 TOURY P BHYTPH JAHHOI'O MHOT'OTPAHHHMKA H COEIH-
HHTB €€ OTPe3KaMH CO BCEMH €T0 BePIIMHAMA. 3aTeM MOJIyYeHHbIe
MUPAMHUAEL ¢ BEPIUNHON P, He ABJAIOIINECH TPEYIOJbHBIMA, PA3-
OUTH HA TPEYIroAbHBIE C TOH 3Ke obmieid BepmuHOA P. Takoe pas-
OMeHEVe MHOTOIDAHHWKA HA TPEYIrOJbHEIE NHPAMUABI, & €r0o Mo-
BEePXHOCTH — HA TPEYIOJBHHKH HA3BIBAIOT TPUAHIYJAAIIMEN B3TOTO
MHOTOTPAHHHUKA U YACTO MCIOAB3YVIOT [IPH HAXOXKJIEHHU 00bEeMOB
MHOTOTPAHHHKOB. )

Cnenyer paccMOTpeTh CBOHCTBA TeTpa’fpa, BCE BBICOTHI KOTO-
poro mepeceKaloTCA B OAHOM TOUKe (OPTOIEHTPUUYECKUN TeTpa-
57p), ¥ TeTPa’xpa, BCE I'PAHH KOTOPOI'0 — PABHBIE TPEYI'OJbHUKU
(paBHOTPAHHBIM TeTpasap). 3aMeTHM, YTO BCE I'DAHU PABHOT'DAH-
HOI'C TeTPa’zpa MOTYT OBITE TOJNEKO OCTROYIOJBHEIMHU TPEYTONE-
HUKAMH, PA3BEPTKON ero SABJAETCHA TAKKe OCTPOYIOJBHBIN Tpe-
yronsHUK. IIpaBUNBHBIH TeTPa’gp ABAAETCS YACTHBIM CJIVYaeM
PaBHOI'DAHHOTI'O TeTPasapa.

Heo6xopumo paccMoTperk U H300pasHTE HEKOTODPEIE YACTHEIE
BUBI IUPAMUL: a) TUpaMHuaa, Bce OOKOBBIe pebpa KoTopou ob6pa-
3YIOT paBHBIE YIJIBI C INOCKOCTHIO €€ OCHOBAHUA (BCe OOKOBEIE peld-
pa NHPaAMHALI PABHEI MeXAYy co00H); BOKPYT OCHOBAHUA TaKOH
MYPAMHABI MOMKHO ONKMCATH OKPYIKHOCTD, IIEHTPOM KOTOPOHN ABJIA-
eTCH OPTOTOHANBHAA NPOEKIINA BEPINUHEI MUPAMUARE HA 3TO OCHO-
BAHHME, B YACTHOCTH, €CJIMI B OCHOBAHHMM TAKOI'0 BHJA NUPAMUIEI
JIEKUAT NPAMOYTOIEHBIN TPEYTOJABHHUK, TO OPTOIOHAJIBHOU IIPOEK-
nHuel BEePIINHEEI TOW NUPAMH/LI HA €€ OCHOBaAHHE CIIYKUT Cepen-

73



Ha TUIIOTEeHY3bl TPEYIONBHEUKA-OCHOBAHNA; 0) nnpaMuaa, Bce ABY-
TPaHHBIE YTJIBI KOTOPOU IPH pebpax OCHOBAHUSA PABHLI MEXIY CO-
00H; OPTOroHAJHLHOHN IIPOEKI[MER BePIIMHLI TAKOU NMHPAMHARI HA
€e OCHOBAHWE ABJIACTCA IIEHTD OKPYMHHOCTH, BIUCAHHOUA B 3TO OC-
HOBAHWE; B) TUPAMUAA, POBHO OAHA OOKOBafd rpaHk KOTOPOH Tep-
NeHANKYAAPHA MJIOCKOCTH €€ OCHOBAHUSA; OPTOrOHAJBHON IIPOEK-
IIHed BepIIUHBI TAKOH NHPAMH LI HA €€ OCHOBAHUE ABJIACTCA TOY-
KA NpAMOH, NpPOXOoAANIell wUepe3 CTOPOHY MNepPHeHAUKYIAPHOMR
OOKOBOH I'paHy; I') NHPpAMHLA, ABe cocegHUe O0KOBBIE I'PAHH KOTO-
POU NePNeHAUKYJIAPHEI IIJIOCKOCTH €€ OCHOBAHHA; BEICOTOH TAKOH
IUPAMUARI ABAAETCA 0011ee 60KOBoe pebpo faHHBIX DOKOBLIX I'Da-
Hel; ) TupaMUAAa, ABe He cocefHUe ODOKOBBIE I'PAHY KOTOPOH mnep-
NeHAUKYAAPHBI IJIOCKOCTH €€ OCHOBAaHHSA, OCHOBAHHEM BBICOTBI
TAKON MAPAMU ARl ABAASTCA TOUKA MEePeCeUeHNA MPAMBIX, CORED-
JKAMIMX CTOPOHBI OCHOBAHUSA INUPAMHALI, JexXaniue B 3THUX Iep-
NeHAUKYIAPHBIX I'PaAHAX.

Yuurens caM MOMKET PACHIHPATE NePeYeHEs YACTHRIX BUAOB IH-
pamun. Tak, HanpuMep, MOXXHO PACCKA3ATh VUAIITHMCA: 4) O M-
pamuze, 60KoBoe pedpo KoTopoi o0pasyeT paBHbIE YIVIEL C IIepece-
KalMUMICA ¢ HUM ped0paMH OCHOBAHHWA; OPTOTOHAJNLHAA NMPOEK-
U BEPIIHHEI TAKOH NUPAMHUALI HA €e OCHOBAHWE TIPHUHALIEIKUAT
OuccerTrpHce yria, o0pasoBaBHOI'C 3THMH peOpaMH OCHOBAHHUA;
06) 0 mupamuzse, ABa OOKOBBIX pefpa KOTOPOH PABHEI MEMAY CO-
601i; BepIIMHA TAKOU MHPAMUAEI IPOSKTUPYETCHA HA CepeXMHHBIN
IePIeHANKYIADP OTPEe3KA, COEAMHAIONIET0 OCHOBAHN A PaBHBIX 00-
KOBBIX pelOep (9TUM OTpe3KOM MOXeT ObITb JuC0 pebGpo ocHoOBa-
HHU A, TU60 AUATOHANE OCHOBAHMA).

Cnenyer neneHanpaBjieHHO BBIpabaTEIBATE V yUaNTUXCHd IIPH-
BBIYMKY HAYMHATL H300PaKeHHA YACTHBIX BHAOB IIHPAMUAERI ¢ H30-
OpaeHuA WX ocHoBaHWM. Kcau mpu 3ToMm BCce GOKOBEIE pebpa (Bce
OOKOBbLIE I'PAHM) NHPAMH/ALI OfHHAKOBO HAKJIOHEHEI K ILIOCKOCTH
OCHOBAHHUA, TO TPEOyeTCA NOCTPOUTE H300parkeHue TIEHTPa OKPYXK-
HOCTH, COOTBETCTBEHHO OIIMCAHHON OKOJIO OCHOBAHHA (BIHCAHHOMH
WUJIM BHEBIIHCAHHON B HETO), U TOJbKO IIOCJI€ 3TOT'O U3 HOCTPOSHHOTO
IIEHTPpA IIPOBECTH NePNEeHANKYNAD K IIIOCKOCTH MHOTOYTOJBHUKA U
BRIOpATE HA 3TOM MEPIEHUKYIAPE B KAYECTBE BEPIINHEI MHPAMM-
LBl JI00YVIO TOUKY, OTJIMYHYIO OT II€HTPA MHOTOYTONBHIKA.

2.189. B ocHOBaHUM NHPAMUABI JEKHIT TPEYIOJBHUEK CO CTOPO-

HaMu 5, 6 u ./31. Bce CoKoBEIe peOpa THpaMUABLI PABHEBI MEXKAY
coboii. BercoTa mupaMEALI COCTABAAST ¢ KAKALIM 13 €€ DOKOBLIX
pebep yroa B 60°. Haiigute CoKoBOo€ pe0po MHPAMUALI.
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PeweHwe. ITycts ocHoBaHueM nupamMmuasl PABC asaseTca Tpe-

yronsauaK ABC, vy Kotoporo AB = 5, BC = 6, AC = ./31.

Tark xak Bce 60KoBEIe pefpa MUpAMUALI PABHEI MEX Ay Co0oI,
10 ocHoBaHHe (O BrIcOoTRI PO nmupaMuabl coBIaaaeT ¢ IeHTPOM OK-
PYIKHOCTH, onucaEHOM oroJo AABC, T.e. OA = 0B = OC = R,
rne R — paguyc aToil OKpY:KHOCTU. ¥ YUTBIBAA, 4uTo LOPA = 60°,

B AAQOP monyuaem: AP =

Sin60° * Haiigem R.

B AABC 1o TeopeMe KOCHMHYCOB Haxojaum: cosB =
_A82 + B(C? —ACz_ 26 + 36 ~ 31
B 2AB:+ BC N 2:5+6

AC AC AC
=5 Torpna ua SnB -~ sin6oc = 2R maxogum: BR= /5 =

2sin60°
_ 81, _ 31,43 _2431
= ?,SHa‘{HT,A_P— 3 '3 "3 -

2.194. © OcHoBaHMe NMUPAMUALI — OPABUJILHEIA TPEYIOJIb-
HUK, 4 BbICOTA NHPAMHULBI IPOXOAUT Yeped oUH U3 I[eHTPOB BHe-
BOHMCAHHON OKPVXHOCTH M PaBHA PaaUyCcy 3TOW OKPYKHOCTH.
HalizuTe BeJIMYNHEI ABYrPAaHHEIX VIAOB IIUPAMUAEI IIpH pebpax ee
OCHOBAHUA.

Pewenne. [Iyers PABC — pasHaA nupamujza, PO — ee BBICO-
ra, rage O — I€HTPp ogHOH M3 BHEBIUCAHHBEIX OKDPVKHOCTEH
A ABC (puc. 22).

Ecau toukn K, H, M — cepeauHBl CTOPOH COOTBETCTBEH-
Ho AB, BC,CAuOK | CK, OH | AH, o yraet OK P, OH P n
OMP aBAAIOTCA JUHEHAHBI- P
MH yIJIaM¥W ABYT'PAHHBIX YrI-
JIOB IIUpaMHUALI NPH pedpax
ee OCHOBAHUA.

Tark kKak Breicora PO nu-
paMHABl pasBHA  paguycy
BHEBIIUCAHHOH OKDYHKHOCTH

=-;- = /B =60°=>sin B =

=O0OH; = OM. 910 o3Haya- =:::‘f'f' =
er, yro L/OK,P=/0H P = S f;'? g

= /OMP = 45°, YuursiBas, /
ut0 /. OMP - BHEINHUHN [N
ABMP, zakaouyaeM: HC- K

1
KOMEBIE yrJibl paBHE 45°, 45°
u 135°. Puc. 22
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2.197. © QOcHoBaHMe NUpPAMHALI — paBHODEAPEHHBIH Tpe-
YTOJBHUK ¢ ocHOoBaHUeM 12 u GoKosoii croporod 10. Haiiagure BbI-
COTY NMHUPAMHBI, €CJIN BCe e DOKOBBLIE I'PaHu 00pasyioT € IJIOCKO-
CThI0 OCHOBAHUSA ABYrPaHHBIE YIIBI B 45°,

Pewenue. Ilycres ocHoBaHumem mnupamuasl PABC sasasaercs
pasHOGeapeHHBbIN A ABC, v Kotoporo AB = 12, BC = AC = 10;
K — cepeguna AB.

Taxk Kak Bce ODOKOBbIe MpaHHM NHpPAMHALL 06DA3VIOT € ILIOCKO-
CThIO OCHOBAHUHA ABYrpaHHEIe yroibl B 45°, 10 ocHOoBaHMe O BBICO-
Thl PO nmupaMuabl COBIAZAET C IEHTPOM OKPYRHOCTH, BIHCAHEOMN
B ANABC, T.e. OK = R, rne R — paguyc 5Toif OKPYKHOCTH. ¥ UH-
ThIBas, 4To LOKP = 45°, 8 A KOP umeem: OP = R, Haiinem R.

Spapc _ J16:6-6-4
P 16

B A ABC waxoaum: R =
OP = 3.
2.198. OcHOoBaHEEM NMUPAMUABI ABJIseTCA POoMO, a BBICOTA IH-

= 3. 3HauunT,

paMHZALL paBHEa 2./3 W IpOXOAMT Yepes eHTp ocHoBaHuA. Haitmu-
Te CTOPOHY OCHOBAHHS IHPAMHZAbI, €CJIH PACCTOAHUS OT I€HTpa

OCHOBAHMSA MAPAMUALL 10 GOKOBLIX pebep pasHbl 2 1 /3 .
Pewenue. Ilycrer ocHoBaHuem nupamuzsl PABCD sBnser-

csi pom6 ABCD ¢ yenrpom O; npu stom OH = /3, OH 1 BP;
OK =2, OK | CP (puc. 23).

B upsmoyroasaom A BOC: BC = JOB2 + OC?. Haiinem OB
u OC.

B mpsmoyronsiom A POH umeem: OH = /3, OP = 2./3 =

= /OPH = 30°. Torra OB =OP - tg 30°=2./3 - £ = 2,

O6o3uauuM /LOPC = (. Toraa
B npamoyronbHoM A POK 1o-

nTydaem: sinff = OK _ 2 _
OP —2J§ -
=%§=>cos[3=§ Torga OC =

=OP-tg B = 2.3 - “r I
Temepr  monyuaem: BC
= JOBZ + OCZ = J22 + (/6)? =

=./10.
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2.200. ¥ [sa OGokxoBrix pebpa
TPeyroNbsHOi NHUPaMUALl K 3IaKJIO-
UeHHAA MEMAY HMMH CTOPOHA OCHO-
BAHKA PaBHBI COOTBETCTBEHHO 6 1M,
O am u 9 nMm. Bricora nupaMHUARI
IIPOXOIUT Yepes HEHTP BINCAHHOH
B OCHOBAHHE OKPYIKHOCTH M DPABHA

3./3 nm. Haiigure HEH3BECTHBIE CTO-

POHBI OCHOBAHWUA.
Pewenne, Ilyctes AP = 6, BP =

=AB =9, PO = SJQ — BBICOTA IH-
pamuael PABC (puc. 24).
Ecnt OK = OH = OM = r, rge Puc. 24
r — paznyc OKPY/KHOCTH, BIHCAH-
Hoif B ocHoBaHne ABC mmpamupsl, o PK 1 AB, PM 1 BC,
PH 1 AC, upusrom AK =AH, BK = BM,CH = CM.
Haxogum:
2S app 2.J12:3:3-6
T 5 =4./2.
Torna AK — JAP2 - PK2=,/81 — 32 = 7, srauur, AH =7 u

BK = 2. Kpowme toro, OK = JPK2 - OP2= /32 -27 = ./5.
Ecau CM = CH = x, To nepumerp Tpeyroasauxka ABC pa-

PK =

BeH 2+(9 + x), a ero miom@anb paBHA A(x +9)ex+2+7 =
2/14x(x +9) _ J14x
2(x +9) Jx+9

T. €. 5(x + 9) = 14x, orkyaa x = 5. Torna BC =7, AC = 12.

= /14x(x + 9). Bro osuauaer, uro /5 =

IIupaMiIbl, OHA WK HECKOJBKO T'pPaHeil KOTOPLIX
NepNneHauKyJIIpHb] MJIOCKOCTH OCHOBAHNA

2.208. ¥ B ocmoBaHMH IHpaMHABl JEXUT PAaBHOOEpeHHBIN
TPEYTOAbHUK, ABE CTOPOHBI KOTOPOT'O PABHEL b, & YroJ MeXay HUMM
o. Oxra U3 OOKOBBIX TPAHEN MHPAMUALI IEPIEHANKYAAD- HA ILIOC-
KOCTH OCHOBAHHJI, & [BE Pyrie rpaRn 06pasyIoT ¢ OCHOBAHUEM /iBY-
IrpaHHBIe YIUIEl, paBEble [ 1 copep:kamie nanayno oupamugy. Ka-
KHe BHAYESHNUsI MOXKeT NPUNHUMATE BEICOTA NUPAMULLI?

Pewenwve. Ilycrs PABC — paHHadA nupaMHaa, OCHOBAHHEM KO-
TOPOH ABAAETCA paBHOCEAPEHHEIN TPeyronbENK ABC (AB = AC =
= b, LBAC = ¢t). BoamoKHBI fBa caydasd.
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Puec. 25

1) MeprieBAUK YJIAPHOMA IINOCKOCTH OCHOBAHUA NTUPAMUALI ABJIA-
eTecsd ee rpaHsb, coapepsraan ocHosanue BC tpeyroabaura ABC.

ITycts Touka H — cepepguna BC, PH — BricoTa UpaMubl U
HK 1 AC (puc. 25, a), torna PK L ACu£HKP=03.B AHKP:
PH = KH - tg . Hajigem KH.

B npamoyroasaom AAHK umeem: KH = AH - sin%t , & B IIPA-

o o
MoyrojdbHEoM N AH B Haxogum AH = AB - cosg = b cosy - Torna

KH = b*cos%*sin%t = %b-sin o. Taxkmm obpasom, PH =

=0,5+ besina-tg B.

2) IlepnieBgUKYJIAPHOUA ILJIOCKOCTY OCHOBAHUA NMHPAMMILI AB-
1seTcA ee rpaHs, copepaniaf 60K0Byio cTopoHY AC TpeyrossHu-
ka ABC (puc. 25, 6).

IIycrs Touka H — cepeguua BC, PK — BbICOTA ONHPAMUZALL,
KM 1 BC(KM |AH), KT L AB. Tornpa PM 1 BC, PT L ABu
LMKP=/TKP =§.

M3 paBeHcTBA NIPAMOYTOABHBIX TpeyrodbHUKOB MKP u TKP
cnexyer paseacrtBo KM = KT, nosromy Touka K — OCHOBAHUWE

BEICOTHI TUpAMUIbl — NIPUHALJIEKUT OuccerkTpuce yraa ABC. 9ro
oszuavaer, uto AK : KC =AB : BC.

Ecnu CK = x, to AK = b — x. Taxk rax BC = 2b°sin%, TO U3

2bsin9 2bsmEL
X 2 2
COOTHOIIIeHUA = HAXOonquM: x = — = CK.
b—x b .o
1+ 2sm§
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ITamee, B MpAMOYroasHOM TpeyroiabHuke CKM (LCKM =

noayuaem: KM = CK°cos§ = 0 - T . a
1 +2sin§ 1+2sin§

Tenepr B npamoyrosibEOM A MK P nonyyaem: PK = KM *tgpB =
_ bsino - tgf

. O
1+ 2sm§

2.210. B ocaoBagnu nupanuabl MABCD nexur pom6 ABCD
co croporoili 2 u yraom 60°. IBe OOKOBEIE I'paHHM NHPaMUABI
NePHeHAUKYVIAPHBl OCHOBAHUIO, a ee O0oJblllee OOKOBoe ped-
po obpasyer ¢ ocHoBanuem yroy 60°. Hailinure BhICOTY nIupa-
MW B,

Pewenue. Iycers £~ BAD = 60° B pombe ABCD., Torpna BD = 2,

AC = 2./3 . BoamokHEI cayuau.

1. Iee 60KOBBIE I'DAHU, NIEPIEHAHKYIAAPHLIE TIIOCKOCTH OCHO-
BaHUus#A, comepsxar pepmuey A, T.e. MA 1 (ABC) (puc. 26, a).
Torna MC — Goabinee 60KOBOe pebpo MUpaAMMALI, U B IIPAMO-

yroabHoM A ACM waxongum: MA = AC - tg 60° =2 J3+./3 =6.
2. IIBe G0KOBBIE rpaHu, NEPIEHAUKYIAPHEIE IIJIOCKOCTY OCHO-
BaHWA, coxepykar Bepuiuey D, 1.e. MD 1 (ABC) (puc. 26, 0).
Torna MC = MA = MB (Kak HaKJOHHLIE, MMEIOIUe pPaBHEIE
NMPOEKI[UN), U B npamoyroabEOM A BDM Haxogum: MD =

= BD-tg 60°=2: ./3 =2./3.

Puc, 26
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2.212. © B ocHOBaHHH TIHDA-
muasl MABCD nexuT Tpanenust
ABCD, y roropouu AB = BC =
=CD =1 u AD = 2, T'pann
MAB u MCD uepueHAUKYAAP-
HLl OCHOBAHWI), A JABYIrpaHHBIA
yroax npu pebpe AD pasen 30°.
HadguTe BBICOTY NUpaMHABI.

Pewenne. Tak kax B Tpame-
uMH ABCDAB=BC=CD=1n

Puc. 27 AD = 2, To sTa Tpaneuusa SABIHA-

eTcd PpaBHOOeAPEeHHOH ¢ yrioMm

60° mpu EHKHeM ocHOBaHWH. Ecau npu stom K = AB n CD, a

Touky H 1 P — cepeanHnl coorBeTrcTBenHo AD 1 BC, 70 TOUuKu
K, H, P nexar Ha ogHou npamoit u KH | AD (puc. 27).

Ecoin MK — nepnenauryasap K nnockocta ABC, ro (AKM) L
1 (ABC) u (DKM) 1 (ABC); BcneactBue B € (AKM) u C €
e (DKM), 6okoBrele rpapu ABM u CDM nupamuawr MABCD
NEePIEHANKYJASPHBI ILIOCKOCTH €€ OCHOBAHHA, T.e. NUpPAMHLAa
MABCD — uckomas.

Tax kak AADK — pasHocTroponEWit u KM 1 (ABC), 10
NADM — paBuHoGeapensbiii. Ilostomy MH 1| AD. Torpga
LMHK — nuHeHAHBIH YroJ ABYTPAHHOTO YIya MHPAMHALI IIPH ee
pebpe AD, 1. e. LZMHK = 30°.

B pasuocroponueM A ADK co croponoit 2 naxogum: HK = /3,
1 B npsmoyroasaom A MHK noayyaem MK = HK -tg 30° =

- PE

2.214. © OcHoBaHHEM IHPAMHAB ABAAETCS POMO C OCTPBIM
yraom . OpHa 13 OGOKOBBIX IPaHed NHUpPaMHUAB! ABISETCA PAaBHO-
CTOPOHHUM TPEYTOMLHUKOM H DEPHNEeHAUKYJIAPHA IJIOCKOCTH OC-
HOoBaHHMA. HalljuTe BeTHYKM HBI ABYIPAHHBIX YVIVIOB IPH Pedpax oc-
HOBAHWA MUPAMHU/LL,

Pewenune. IIycte PABCD — pagHasi nupamuza; pomo6 ABCD —
ee OCHOBaHUE, Npu 3TOM AB = g u £ BAD = 0; IJIOCKOCTE PABHOCTO-
POHHEr0O TPeyroNpHuKa ADP nepneHIAuKYIspHA OCHOBAHHUIO IIH-
paMHuALI, Tpu 3ToM Touka H — cepenquna ADu HP 1| AD; DM u
DF — mricorsl pomba ABCD (puc. 28). Torna B TpeyroianHuKe
MCD umeem: DM = DC+sin o = a * sin o, 3gauur, DF = g « sin o.

[Iposenem HK||DM u HL|DF. Torra HK 1 BC, HL. 1| AB u
0 TeopeMme O Tpex nepneHaukyndapax PK | BC, PL. | AB. 9to
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Puc. 28

osuavaeT, ato LPLH = ¢ u LPKH = [} — auunelinbie yrasl aBy-
TPAHHBIX YIJIOB MIUPAMUIbI COOTBETCTBEHHO NMPH pebpax AB u BC
ee ocHoBaHusA., HaligeM 3TH yIiabl.

B npasunsuom AADP (AD=a) — PH = a_%/_:_i :
HK|DM, HK = DM = HK = a *sin o;
8B AADF : HL = %DF=“512“ i

Torga moaydaeMm:

¢ =PH =aJ§ .asintx= ,,/§

ge HL 2 2 sino
PH a.3 : 3

h=gxg =~ 3 ‘ersimoe=goas Zsina’

Tak xak touxka H — cepeauna cTropoust AD pomba ABCD, To
touka H pasHoyzajsieHa oT ero ctropoH AB u CD, nostoMy IBY-

3
= Q= arctgm;

= B = arctg

3
rpaHublil yroa npu pebpe CD pagen arctgm . Y4YUuTeiBasg, 4TO

IIJIOCKOCTh PaBHOCTODOHHErO TPEyroJbHUKAa ADP nepuneHINKY-
JAPHA OCHOBAHUIO MUPAMUAbL, IPUXOAHUM K BEIBOAY: ABYIDAHHBIN
yrou npu pebpe AD pasen 90°,

2.221. B TeTpasape pedpa AB, AC u AD cOOTBETCTBEHHO PAB-
HBl 3, 4 1 5, a BCe MJAOCKHE YIJIBI IPH BepUINHe A — IIpsMEIe.
Haiizute BenuguHy ABYIpPAaHHOIO yrJja ONpU KasxkzoM pebpe nupa-
MUZIEL.

PeweHwe. Ilyers AP, AH n AK — BBICOTB NPAMOYTOJb-
HBIX TPEYIrOJLHUKOR (TpaHeH TeTpaszpa) cooTBeTcTBeHHO ABC,
ACD u ABD (puc. 29). Tak kark LCAD = LCAB = 90° T0
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AC L (ABD), orrkyaa AC 1 AK.
Torga o TeopeMe 0 TpeX NepIeHIU-
kyasapax CK 1 BD. 9To ogHauaeT,
yro LAKC = 00 — JTHHEHMHBIN YToa
ABYTPAHHOTO YIVIa OHUPaAMHALI IPH
pebpe BD.

Anasoruuyno paccysKnad, IIOJay-
yuM: LAPD = [} — nuHeliHbIN yroa
ABYTPAHHOTO yIrJja IHPaMUABLI [PU
pebpe BC; LAHB =y — auHeHHBIN
Yrojl ABYTPAHHOTO YIJia IIMPaMHIbI
npu pebpe CD.

Hawgem aTtit yras:.

AC
B npAMOyroJibHOM TpPeyroJbHHKe AKC umeem: tg o = AR

Tak Kax B NMPAMOYIOJbHOM TpeyrojdbHuke ABD umeeM: AK =
AB-AD 35 15 4 4./34

" TaB rap: Joios a0 %% ma 15

4./34

= o = arctg

15
AHaJMOrMYHO HAXOLUM!
g = AD _ AD _ AD:JABZ+AC? _
eB = 24P = TAB-AC AB-AC =
JAB? + AC?
5../32+42 25 25
== 3.4 =E:>B$arctgi—2-;
ey = AB AB _ AB:JAD®+AC? _
€Y = A T TAD-aAC AD-AC
JAD? + AC?
3.-./52+42 3./41 3./41
=T 5.4~ 20 _YTareteTyp

Isyrpannsle yriaot npu pebpax AB, AC u AD paeub 90°.

2.223. B TpeyroabHoH DUPaMHIe CKpelnuBaInecs pebpa no-
TIapHO PaBHBI MexKAy coboi. Halgure cyMMy NJOCKUX YIVIOB IPpH
BEPIINHE INPAMHUILL.

Pewenwe. Ilyctse PABC — paHHaA TpeyrojbLHaA NHpaMHIa
(TeTpasap), B koTopoit AB = CP, BC = AP, AC = BP (puc. 30).
EeimmAB=¢,BC=a,AC=b,T70CP =c¢, AP =a, BP = b. IloaTo-
MY BCe I'PAHH TeTpasjpa paBHbI MeXKay coboH (1o TpeM cTopoHAaM).
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O6osHaunm B TpeyrosbHuKe ABC: ~CAB = o, LABC = §,
ZBCA = v. Torga 5a 0OCHOBAaHVH paBeHCTBa TPeyrolbHUKOB ACP,
BPA u BPC, umetomux obmiyio epmiuny P, monyuaem: / BPC =
=, LAPC=, LZAPB =v. Tak kak o + f§ + y= 180° (B Tpeyrosib-
unke ABC), o L BPC + LAPC + ~APB = 180°, 1. e. cymMma
BCEX MJAOCKMX VIJVIOB OPH BeplnuHe P AaHHOTO TeTpasipa pPaBHA
180°.

AHANOTMYHO MOXKHO JOKAB8aTh, MTO CYMMA BCeX IJIOCKMX VIJIOB
npH JA1000i BepIINHE JAHHOTO TeTpasapa pasaa 180°.

3amevanue. Terpasap, Bce 'PaHN KOTOPOrO PaBHEI MEXKAY CO-
60i1, Ha3LIBAIOT PABHOIDAHHLIM. B paBHOTIpaHHOM TeTpal’3gpe CyM-
Ma MJIOCKUX YrJIOB OPH 1060 ero pepuilite paeHa 180°.

2.225. ¥ Ocuopaune noupamuasl MABCD — pom6 ABCD ¢
ocTpeIM yraoMm BCD, pasaniM 60°, u BnicoToil 12. Bepmuna M
paBHoOygajdeHa oT opaMbix AD, BC u ot sepmun B u C. Hafigure
IIHAHBI GOKOBLIX pebep DHPaMUABI, €CJIU ee BbICOTA paBHa 1.

Pewenne. MuOMXKECTBO BCEX TOYEK NPOCTPAHCTBA, PABHOVAA-
JIEHHLIX OT JAaHHBIX OAPAJJeJbHLIX HOPAMBIX, €CTb HJOCKOCTD,
NPOXOAAIIAA Uepe3 cepeAUHY OTpe3Ka obIiero meponeHAUKyIapa
3TUX HPAMLIX ¥ €My HepHEHJUKYJIAPHAS, & MHOMKECTBO BCEX TO-
YeK OHPOCTPAHCTBA, PABHOYJAJEHHEIX OT KOHILOB AAHHOIO OTPEe3-
Ka, €CTh OJOCKOCTL CePeJHHHLIX MePHEHIHUKYIIPOB 3TOTO OTPEe3-
Ka. JTO O3HAYAET, UYTO BepuIinHa M nNpHHAANEKHUT NPIMOI mepe-
CevYeHUA HJOCKOCTH, IEPHEHAUKYISADHON OCHOBAHMIO MHUPAMHUALI
U npoxopsmeil yepes Mmeaany DK npaBUNBbHOrO TPeyroJbHUKA
BCD, 1 nnocKoCcTH, KOTOpas HPOXOJUT Uepe3 CeEpeAuHy OTpe3Ka
DK nepuneHZUKYIAPHO €My, T. €. TOYKA () — OCHOBAHME BbICOTHI
OHUpaMHUAB — eCTh cepeauHa meanannl DK (puc. 31).
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Menuana DK npasuabHoro TtpeyroabHuka BCID sBasercs
BEICOTOH poMba ABCD, nostomy DK = 12, 3Ha4UT, CTOPOHA POM-

fa paBHa 8./3. IIpu stom OK = OD = %DKZG, CK = %BC=

= % = 4./3. Torga B mpamoyroapoM A MOK HaxozuMm

MK =./JOM?2 +0OK2=./1+ 36 = ./37. A tak xakx A MDK —

paBHOOeapeHHEI, To MD = MK = J37.
Hanee, B npaMoyroabaoM A MCK umeem:

MC = /MK2+CK2 = .J37+48 = ./85. A Tak Kak

A M BC — pasaoOGexapeunsisi, To M B = MC = J85.
Tax xak DK 1 BC, BC|AD, To AAOD — npaMoyrojbHbIH,
noatomy OAZ = OD? + AD? = 36 + 192 = 228. Torga B

npaMoyrodbHoM A AOM waxogum: AM = JOM? + QA2 =
= J1 + 228 = /229,
Taxkum odpasom, DM = JS—'T yTMC=MB = ﬁ , MA = /229,

§ 14.3. MpaswnbHas nupamuoa

C npaBuabHO# NUpPaMHAOH yualmuecs VYiKe MHOTOKPATHO
BCTPEYaJUCh B NPeIIeCTBYIOMEM Kypce cTepeoMeTpuu 10 u
11 xuaccos (ee HATJISAAHOE OITHCAHMe OBLIO ZAaHO B HalleM yIeOHHU-
Ke «'eomerpusa. 10 xkiaaccs).

B stoMm maparpade aaeTca cTporoe onpegeieHHe IPaBUIBHON
NHPaMHIBbI 1 U3YUaiOTCA ee CBOHCTBA.

Yuamuecs 10Ka3bIBAIOT, YTO B IPAaBHJILHONH NUpaMuze: Bce Oo-
KOBble pefpa paBHEI, a BCe HOKOBLIe IPAHH — DaBHbIe paBHOOET-
peHHBIe TPeyroJbLHHUKH; Bce 00KOBEIe pebpa o6pa3yioT ¢ ILJIOCKO-
CTbI0 OCHOBAHUA PABHEIE YIJIBI, a4 BCe OOKOBbIE 'DAHN — paBHbIE
IBYTPaHHbIie YIAbl. KpoMe Toro, yuamiecs MOTYT HCIOJb30BATH
cJeAyiomMe NpU3HaKy MPaBUIbHON IMPAMUABI: IMPaMHia, B 0C-
HOBAHHH KOTOPOH NMpPaBHJILHLIM MHOTOYTOJBHHK, ABJIAETCH IIPa-
BHUJILHOM, ecaH: a) Bce ee OOKOBEIE pebpa paBHbI; 0) BCce ee GOKOBHIE
pebpa 06pa3yoT ¢ NI0CKOCTbID OCHOBAHWSA PABHBIE YIJIbI; B) BCE €€
GOKOBbIE€ I'PAHH — PaBHbBIE TPEYTOJbBHEUKH.

HeobxoauMo BbIPAOATBIBATE V YUAN[UXCS IIPUBBIYKY HAYUHATH
n3006paKede MpABUJIBHOM NUPaMUIbl, KaK U N300pakeHNs HeKo-
TOPbIX YACTHLIX BUAOB MUpAMUJ, ¢ H300pakKeHNA ee OCHOBAHUA —

84



IIPABUJILHOTO MHOTOYTOJIBHUKA — U €70 MeHTpa. 3aTeM U3 TOCTPO-
€HHOro MeHTPA NPOBECTH NePIHEeHAUKYIAP K IJIOCKOCTH MHOTO-
YIOJBHUKA W BBIOPATH HA 3TOM IEPNEHAUKYIAPE B KAYECTBE BED-
IMHELI TAPAMUAALI JI00YI0 TOUKY, OTJMYHYIO OT I€HTPAa MHOIO-
yronbHUKA. COSIHHHE OTpe3KAMH MPAMLIX 3TY TOYKY CO BCEMH
BEPIIMHAMH MHOFOVIrOJIRHHUKA, NMOJYIUM M300pasKeHue MPaBLT k-
HOH MTHPAMHIHL.

2.233. © Ocuosauune npasuabsHoOro Terpasapa DABC ¢ pebpom
1 sBnaeTcA G0OKOBOM TPAHBLIO IPABUIBHOW YETHIPEXYIOJBHOM MH-
pamuasl ABCPQ. Bepmuaa D nexxut BHe nupamuasl ABCPQ.
HanguTe: a) paccrosgre MeKAY BepmingaMu D u P; 6) eauyuHy
yria Mexay npameivu BD u QC.

Pewenne. Ilycte Touka O — 1eHTpP OCHOBaHWUSA TTHUP&MHIEI
ABCP@), Touka M — 1eHTD OCHOBAHUA NPABWILHOINO TeTPA3Apa
DABC (puc. 32), Toukn H nu K — cepeannsl QP un BC cooreer-

1
ctBeHHo. Torga B npasmiasHoM Tpeyroabauke ABC: KM = - AK =:

— % . —-"'/2—:3— = -%—-3- » 4 B IPABUJILHOM TETPa’ipe DABC C pe6p0M 1 HME-
em: MD = /6

"":'3"" .
2
Tax kax OB = OC = o (kak mosIOBMHA KHATOHANH KBaapaTa

2 2
co croponoit 1) 1 OA = JAK?2 - OK?2 = (%_93) —(—é-) = %_2-,

To nupamuga OABC — npasuisHad ¢ ocHoBarueM A BC, nmoatTomy
orpe3dok OM aABlseTcA BpICOTOH 3TOH nupamMuzawsl, T.e. OM 1

Puc. 32
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1 (ABC). YuurtsiBas, uTo M — neuTp ocHoBanus ABC npasHnib-
HOTO TeTpaszipa DABC, upuxoguM K BeiBoAy: Touxu O, M u D
JexaT Ha oAHoill npaMoH, nepueaaukynapuoii (ABC). Kpome To-

2 2
ro, OM = JOK? - KM? = J(%) - (—?) = %_9 . Honyuunu:

AM MK =DM : MO =2:1= AD = 20K = 20,56 =1 u
AD|OK.
Tak xak gerTsipexyroabauk ADKH — napannenorpaMm, B Ko-

3
Topom AH = KD = AK = {":TOHD2=2(AH2+HK2)—AK2=

3 11
- 2 2_2 - ==
AH? +2HK 4+2 1

Hanee, nmockocTs AHK , B KOTOpO# PACIIOJIOMeH 3TOT IapaJ-
JejiorpaMM, tepnedaaukyiaspHa (ABC) u opamMol PQ, nosTomMy B

upsMoyroasioM A HPD waxoaum: DP2 = HD2 + HP? = % +
+ i =3=DP= 3.

Taxk KaK 9eTbIpeXyroJbHHK ADBE — nmapaiiejgorpaMM, B Ko-
TopoM AQ|BD, to £(BD, CQ) = L(AQ, CQ) = 45° (A AOQ —
paBHOOEeAPEeHEBIN NPAMOYTOJIbHDIN).

2.240. Hatigure 60K0BOEe pedpo HPaBHIALHOH TPEYTOJLHOH ITH-
paMHiAbl, BRICOTA KOTOPOM paBHA ﬁ , & BbICOTA DOKOBOW rpasw,
ontyimennas Ha 60KoBoe pebpo, — /5 .

Pewenwe. Ilyets CH = J5 u PK —
BbIcoTh! rpaau APC (puc. 33); AC = ¢;

OP = ﬁ — BBICOTA nHUpaMuaLl. Tor-
na B npasuabHOM A ABC: OK =

1 _c,ﬁ 2 #C«/ﬁ_
gBR =g s OB =3Bk~ =

B upamoyroabaom A OPK: PK =

- JOK?+ Op?= J(%)z + (ST =
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B npamoyroabHOM A QGAP: AP = JOA2 + QP2 =

- ) <o - R

3

Tak wxak S, pe = 1AC-PK = 1AP-CH, TO U3

2
1 Jel + 84 A/cz + 21
2 3

« /5 moayuaem: ¢t + 64¢2 ~ 420 = 0,

OTKyZa IpH ¢2 = it > 0) Haxogum t = 6, T.e. ¢2 = 6, 3gauur,

6 + 21

AP =
3

= 3.

2.241. [Ipyrpamublii yrog mnpu 00KoBoM pebpe IpaBUILHON
TPeyroJbHOM nupamMubl paees 120°, paccTosHHe OT LEHTPA OCHO-
BaHU#A NUPaMUAbl A0 O00KOBOro pedbpa paBHo a. HalizuTte BBICOTY
ITAPAMHUABI.

Pewenrue. Ilyets ZCHB = 120° — auHeHHBIH yroJa ABYIPanHO-
ro yria npu pedpe AM npasuabroi nupamugbl MABC (BHC) L
1 AM (puc. 34); OM — BoicoTa nupamuzael; OP L AM,OP =a =
= p(0; AM) — paccroanme oT 1eHTpa O OCHOBAHUA HIUPAMHUABL 0
pebpa AM.

H3 AK = gOA ciaeayer HK = gOP = ga. IlosToMy B npsMo-
3 3./3
yroabHOM A BHK: BK = HK - tg 60° = ha -3 = —5 @ Tor-
na BC = 2BK = gﬁa «2 = 3a./3. Buauur, AK = §£2—‘/—§ =
_3J8a-.f5 _9
-T2 —2¢

B AABC umeem: AQ = §A_K =

g ga = 3a. B npawmoyroisHOoM

AAHK: AH = JAK?-~KH? =
2 2
_ J(ga) _(ga) = 3a./2. Tenepsb

HaXoAuM BeicoTy OM: u3 moxodus
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A0 OM 3a_  _
AH " HK " 3,3

TpeyroabHuKoB AOM 1 AHK cnenyer

3aﬁ
1 -

3
=0M : Ea_, oTKyna OM =

2.246. ¥ CropoHa OCHOBAHUA NPABUNLHON TeTHIPEXYTOJbHOMN
nupaMuasl paeHa a. Boxopoe pebpo obpa3yeT ¢ BHICOTOH yroJa B
30°. IlocTpoiiTe ceueHUE MUPAMHUIEI, IPOXOAAINEE YePed BEPUINHY
ee OCHOBAHMA IEePHeHAUKYJIAPHO IPOTHBOJEXKaineMy pebpy, u
HallguTe ero IJIOINAlb.

Pewenune. IIycTs 0 — HJA0CKOCTE CeueHNA mupamMuael PABCD,
npoxoasiias yepes3 BepmHay A xeaapara ABCD uepneHgHKYy-
aapHo pebpy PC. Tak xak A APC — paBHOOeAPEeHHDIN C YIJIOM B
60° mpu ocHOBaHMK AC, TO 3TOT TPEYIOJAbLHHUK SABJAETCA DPaBHO-
cTopoHHUM. IloaToMy TOUKOM NepecedeHNA MIOCKOCTH O ¢ pebpom
PC asnaerca cepeguna E sroro pebpa (puc. 35), aorpesku ME u
KFE, 10 KOTOPEM IIOCKOCTD O epeceKaeT COOTBETCTBEHHO 'DaHH
PBC u PCD, nepneagukynapusl PC. Toraa 13 paBedcTBa NPAMO-
YTOJMBbHBIX TPeyronbEUKOR MPE u KPFE nonyuyaem PK = PM,
orkyaa caexyer KM|BD. Toraa uMCKOMBIM cedeHHeM MAaHHOH
IMIHPAMHALI ABJIACTCA YeTHIPpeXyrodbHUK AMEK, awaroHamu
KM wuw AE Koroporo BZaMHO MepPOeHAHUKYJIAPHBI, SHAYUT,

1
Samex =5 * KM - AE. Haiigem KM n AE.

Tax xak AC = a./2 u Toura E aBasercs cepeirHOMH CTOPOHEI

a2 a./6
2 .

PC npasuabHoro TpeyroabHuKa APC, to PE = —— , AE = =
p Torpa B OpsMOYTroJbHOM
AHPE (LHPE = 30°) Haxo-

PE a.f2
maM: PH = Cooegs = g
: J3 = a6 . 3mauuT, cTOPO-

2 2

na KM NIPABUIBHOTO

¢ AKPM, B Kotopom PH —

a6 43 _
3

MeguaHa, PABHA —(— ! —(o

2
n \B _ 2a3~/§.




1 1 2a.2
Takum obpasom, S..... = Ssvex = 5 KM AE = = » af

2 3
aﬁ_azﬁ
X = ==g3—-

x

2.248. ¥ Ilnomiaae 60K0BOI rpaHU MPABUJIBHOM IIECTHYTOb-
HOM nupamuiabl paBHa . Haligure miomans cedeHNs, IJIOCKOCTE
KOTOpPOTro mapajijieJbHa OOKOBOH TI'DAHHM ITHPAMHIBI M HPOXOJHUT
gepes cepelHHY €€ BhICOTHI.

Pewenune. O6osHaYNM: O ~— IIJIOCKOCTE CeYeHus; Toura 1T — ce-
peauHa BbicoTbl OP npasunsuom nupamMuael ABCDEF; rouku K,
K, n L — cepeguns oTpe3koB cooTBercTBeHHO BC, OK u EF
(puc. 36).

ITycTs MII0CKOCTH O apasutensHa rpauu PBC, Toraa P K| |PK
(P,K; = (OPK) n o), QR|BC (R = (ABC) n o), upn arom
Te PIK,K, e QR,P,e PL,

Masee, rak kKaxk QR|AD||EF, To nepeceueHUAMH IIAOCKOCTH O C

TpeyroasHUKaMu ADP n PEF cayxXar cOOTBEeTCTBEHHO OTPe3KH
A D|ADu MN|EF(T € A\D,, M € PF,N € PE, P, € MN).

P
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IIpu sTom A, D, = 0,6AD = BC, QR = 1,58BC, 3Ha4HT, CEUEHUEM
JAHHON NHpaMMAbLI IVIOCKOCTBIO (f ABJAETCA IHeCTUYTOJbHUK
QA MNDR, cocraBieHHBI M3 ABYX Tpamenui A,D,RQ u

MND,A, c o6mum oceoBaEneM A D, .

Ecnu BC=a, PK =h, 10 S, ppe = % h=@Q.
HaxoauM Sgu mnp r — nnomans cevenna QA MND, R.
Tak xaxk K K = %OI(z iKL u P K |PK, To MN = :iEF =
a 3 3 1 1 1
=7’ P.K, = ZPK_ 1l TK, = 5 PR = 3h, P, T = i QR =
3 1 1
= §a A D EAD- § *2a = a.
AD +MN
Tenepe monyuaem: Sg4 mMyp,R = 5 - P, T +
a+5 a -+ 3a
A;D; + RQ 4 2
+ = ‘KT = 1., 2k _ 2,
2 2 4 2 2 32

_ 25 1 ah = 22

=162 Q

yqamnmca HOJIE3HO 3HATH, UTO B PAAE CAYUAEB HAXOMKICHHE
IJIONIAAN CeYeHUA I[IPAaBUJIbHOM YeTHIPEeXYroJIbHOM MTHUPaMHUIBI
IJJOCKOCTLIO, KOTOPAaA NPOoBeAeHA Uepe3 CTOPOHY OCHOBAHUSA HHpa-
MHUABI U 00pa3yeT ¢ 3TUM OCHOBAHHEM YTOJ ((, MOKeT OBITh VIPO-
IIIE€HO, €CJIH BOCMOJIb30BATLCA CIeAVIOIOUM (HaKTOM.

HonyeruM, B ceueaun nupamMunbl PABCD noaydaeTcda paBHO-
begpednan Tpanenusa ADKM (Toukut A U D —— BepIUINHLI OCHOBA-
HUA OHPAMHBI), OPTOTOHAJBLHOH HpoeKilHeH KOTOPOH HA IJIOC-
KOCTh OCHOBAHHS IIUPAMUALI SIBASETCS TAKKe paBHOOeApeHHadA

Sapk M,
coso

Tax KaK AMaroHajJM OCHOBAHHA B3aMMHO HePIEeHIMKYIAPHBI, &
BepmuHEEl K| u M, nexaT Ha 3THX guaroHaaax, to ADK M, —

paBHOGeApeHHasA Tpalenusa ¢ B3aMMHO HepIeHAHKYJIAPHBIMU
OIUATOHAJIAMH, IOITOMY IJIOMALE 2TOH Tpaeniil PABHA KBAJPATY
FL2

CoOS

Tpaenua ADK M, ¢ suicotodt FL. Torga S, ppenr =

ee BBICOTBI, T. €. SAnlel = FL2. 3uauwur, Sipkm =

(cm. 2.244).
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§ 14.4. Nnoulaan HOKOBON M NOAHOA NOBEPXHOCTEN
nupamuabt

B aToM nyHKTe yueOHUKA IOaY-
YeHbl QPOPMYJIEI AJA BRIMHCJICHHAS
maonlane 00KOBOH M NOJMHOH 1O-
BepxHocTell nupaMmuaet. ITpu aTom
€CJIM BCE ABYIDAHHBIE YIVIBI NPH
pebpax oOCHOBaHMA ITHPAMHIbBI
PaBHEI §, TO ILTIOUIAAL OOKOBOH IO-
BEDPXHOCTH 3TOH NUpaMHIBI H I1JIO-
HIaJb €€ OCHOBAHKA B3aUMOCBI3Aa-

SOCH
HEL cOOTHOmeHHeM 8, . =

COS P
(tme S, — wiaoniage ee OCHOBA-

Huda). BcrecTBenno, ganuas GopMyaa OPUMEHHMA U IAA BhlUHC-
JeHHd Ia0H1aA 60KOBOH MOBEPXHOCTH NPABHJIBHON NHPAMHIbI.

2.253. © OcuoBanueM DHPAMHALI CAVKHT NapajjiegorpaMM,
YV KOTOPOT'C CTOPOHEL PABHLI 4 ¥ O, a 0AHA U3 Auarodajei 3; BbICo-
Ta THPAMUABI, PABHAA 2, TPOXOAUT Uepes TOUKY Nepecevuedus M-
arodane ocHoBauua. Halzaure naonmaar DOAHOH IOBEPXHOCTH
TUPAMUIBI.

Pewenune. Ilyecrs PABCD — pagHad nupaMyza ¢ OCHOBAHUEM
ABCD, B koropom AB = 5, BC = 4, BD = 3 (puc. 37). Torga
AABD — npsamoyroabHbii ¢ KaTeramu AD u BD, 3HA4uT, €ro
nomia Ak paBaa 6, a niouans ocHoBanusA pasHa 12. Torna BeicoTa
DH napannenorpamma ABCD pasua 2,4.

ITposesiem uepes menrp O ocHOBAHHA NUPAMHIBL €T0 BBICOTY
KM, rorma OM = 1,2, noaromy BeicoTa PM rpauu APB pasua

JOM? +OPZ = ,[1,22+22 — @. Buaunr, S, ,pp

=%AB PM—%"C')-L“-H
Hanee, rak kak BD 1 BC, to PB 1 BC. Ilostomy S, geop =
1
=%BC-BP=§-4- 4+g=2-g“5 Torga S, ., = 2(S, 45p +

+ S a pep) S = 2434 + 5) + 12 = 2(11 + ./34).

2.256. Y Tlnomanas ceueHus IPABHABHOM YeThIPEXYTOJIBHOM
NHpaMHIbl, IPOBEASHHOTO Yepe3 HeHTp OCHOBANUA NHpaMUabl IIa-
pajsiaeabuo 0OKOBOM rpani, paBHa &. Halaure naomianes 60KOBOH
IIOBEePXHOCTH MU PAMUALL.
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Pawenne. ITyeres PABCD — gannas nupamMuna, Touxka O —
1eHTp ¢e ocHoBaHua ABCD. Ecau cedeHuwe nupamMujsl napal-
AensHc rpanu PBC, a touku M u E — cepefuHbl COOTBETCTBEHHO
AB n CD, To 3T0O cedeHHe NpeacTapaseT cofon paBHOOEADEHHYIO
Tpanenuit, CAHKM OCHOBAHWEM KOTODPOIH CIYyXRUT OTpe3ok ME,
a apyrvm — orpesok FL|ME, rae rouku F u L —— cepefiuHbl pe-
Gep cooTBeTCTBeHHO AP 1 DP, npuuem MF|BP u EL|CP (ups-
Mble IlepecedeHus JABYX IlapajjedbHBIX I[J0oCKOcTell TpeTheil

TJIOCK OCTLIO HapaijebLHEI).

—
ITpu papanseabHOM TiepeHoce Ha BexTop M B Tpanenus

MELF orobpasurca Ha paBHyO eii Tpanenuio BCHK, rane K u
H — cepenunsl pebep coorBercTBeHHO BP u CP. Ecau nipu aToMm

S,=8,prp 8S=8,pepT08S=8,+Q.Cyuerom §, = i—Snme-

1 4
qaeM 8 = 1 S + @, oTkyna § = 3 Q. 910 03HAYAET, 4TO Sy, = 485 =

4 16
=4'3Q=3Q.

2.259. lIea G0xoBEIX pebpa TPeyroJLHOH IHPAMHALI DABHBI
25 em m 30 emM, a cTOPOHA OCHOBAHUA, 3aKAI0OYEHHAS MeXKIY HUMH,
pasHa 25 cM. HaliguTe aApyrue cTOPOHEBI OCHOBAHHA, €C/IH IIOManb
GOKOBOI TTOBEPXHOCTH TUpaMuAbl paBHa 840 cM? H BRICOTA IPOXO-
JIUT depes3 NeHTD BIUCAHHOA B OCHOBAHHUE OKDYKHOCTH.

Pewenne. IlycTsr B mHUpamMuge
PABC (puc. 38) AB = BP = 25,
AP = 30; Tourka () — IEHTP BOU-
canHoil B A\ ABC OKpy»XHOCTH; OT-
peskn OK, OH u OM — paauycsl
3TOI OKpyXHocTH, T.e. OK L
1 AB,OH 1 BC,OM L1 AC. 970
ozHa4daer, uro PK 1| AB, PH 1
1 BC, PM | AC.

B rpann ABP naxogum: PK

_25,48r _ 2/40-10-15-15

AB 25
= 924, Tornma AK = JAP?2 —~ PK? =

= /802 — 242 = 18 = AM, B3Ha-

Puc. 38 yur, KB=BH =25 ~-18=1.
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Ilycts CH = x. Torma Sg,, =
= %(18 + 2+ 7+ x)-24 + 300 =

= 840, otrkyna x = 10. Torna BC =
=7+10=17, AC =18 +10 = 28.

2.260. © OcHoBaHuMeM nupa-
MHABI ABJAAETCA poMO ¢ OCTPHIM
yraom B 30°. Kamxawslit AByrpaH-
HhId yToJ Opd OCHOBAHHH HHpAa-
muasr pasen 60°. Hafinure nio-
H1a0b MOJHON MOBEPXHOCTH THPA- Puc. 39
MHIBI, €CJAH BEICOTA €e paBHa /.

Pewerune. Tak xak Bce ABYTpaHHBIE YIVIEI IIPH pedpax ocHoBA-
HUA JaHHOH nupaMuabl PABCD paBHBI Mexxay coboif, To 0CHOBA-
HU€ BbICOTHl DMPAMUALI cOBOAAaeT ¢ Toukoh O nepecedyeHHs gM-
aronanein pomba ABCD (puc. 39).

[Iycts DH - Boicora pomba ABCD, /. BCD =30°uOM || DH,
roraa PM L BCu /L OMP = 60°,

B npamoyronsaoM A OMP vaxopum: OM = OP-ctg 60° =

—-}-Z-—'PM= ﬂ- - =%.TomaDH=2OM=2—h.

NER sin60°  Jay2 /3 7
B opamoyronpaom ACDH: CD = DH 2k 1 4h

sin30° _:/_g'E::/—E'
1hY' 1 _8n?
) "2

Torna S, = CD?-sin30° = (

J3 3
1 1 4k 2h  4h?
,[[aﬂee,S&PBC——ﬁBC-PM—E-:E-—E—T.Tornasﬁ{,ﬂ:
4h?  16h2 162 8h2
=4S, ppc=4" 3 - "3 » Soms = Seox T Socx = 3 + 3
= 8h2,

2.267. OcHOoBaHMEM NUPAMUIB] CAYKUT TPEYTOMBHHK, CTODO-
HbI KoToporo 29 cm, 35 cm 1 48 cM. BpicoTa MUpaMUALI TPOXOAUT
yepes3 IeHTP BIHCAHHON B €€ OCHOBAHHE OKPYVIKHOCTH U MEHbIIIe
BBICOTH DOKOBOI rpaEH Ha 3 cM. HaliguTe naomiaas monMHOH I10-
BEPXHOCTH ITHPAMHILI.

Pewenuve. IIyers B nupamuge PABC rouka O — eHTP OKPYK-
HOCTH, BUcaHHOH B ocHoBaHue AB(C; PK — Bricora rpanu PBC.
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Torna OK 1 BC, OK = R — paauyc snucanHoi B A ABC ok-
PYKHOCTH.

Hmeem: S, = Sgox T Socn- Hattmem Sg, u S .
ITosrynepumeTp p ocHoBaHMS paseH 56, sHauur, S, =
Sow _ 504

= .J/56+27+21+8 =504, nosToMy R = =9,

56

O6o3Hauum PK = x, Torma OP = x — 3. B upamoyroJs-
HOM A OPK: OK? = KP2- OP2 unu x2 — (x — 3)%2 = 92, oTryzna
x=15=PK.Torna S, ,=p-PK=56-156=840u 8§ . =504 +
+ 840 = 1344 (cm?).

2.269, JIsyrpaHHBIi yTOJ NPH CTOPDOHE OCHOBAHUA NPABUANL-
HOM TPEYIroJbHOH nupaMuibl paseH 45°. HalipuTe niomaask 1moJi-
HOH NOBEPXHOCTH NMPaMUJbI, €CJIN ee BEICOTA DABHA A.

Pewenune. ITyveTs B npaBunpHo# nupamuge MABC Ttouka O —
neHTp ocHoBaHuA ABC, Touka K — cepenura cropounl BC. Torga
ZAKM = 45° — nueelHbId yroJ ABYTPAHHOTO yIvVia NHUPaMHILI

npu pe6pe BC. Tosromy OK = OM = h, MK = h.J2 (AOMK —
paBHOOeApeHHLIA npaMoyroabHBI) u AK = 30K = 3h. Toraa

BOK

2AK BC?-./3
BC= =5 = 2h 3. 910 osHauaer, uTo S, = —;—— =
(2h./3)2./3 _ . BC-MK _
= 4 = 8h%.J3; Sgo = 3Spgem = 3° 2 a

= 3h2,./6. Torma S

=8 .+ 8., =3h2/6 +

HOaH

_ 3:2h.J3-h.J2
- 2

+3K2./3 =3./3(J/2 + 1)A2

2.270. B npaBUJIBHOM YeThl-
PEXYTOJBHOW TTHPAMHUIAE BLICOTA
paBHa A, NJAOCKUNU yroa Opu Bep-
HIuHe paBeH ¢. HalguTe nmaomais
OOKOBOH DOBEPXHOCTH NHPAMHUABI.

Pewensne. Ilyers PABCD —
JaHHasg THpaMHAa, B KOTODOH
/. BPC = oo, OP — BBICOTA, TOYKA
K — cepenwna pebpa BC (puc. 40).

Tak Kak nupaMyja IpaBUJIb-
Haf, To Sq,. = 48 ppe = 4:0,05 X
X BC+- PK = 2BC-+PK. Haiigem
Puc. 40 BC un PK.
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Oboznaunm BC = m. Torpa BK = OK = L IpAMOYTOJIb-

2
o m o
HoM A BPK umeem: PK = BK-cth =5 -ctgg. Ianee B
m a2
npaMoyroasHoM A OPK: PK2 - 0OK2=0P2, 1. e. (E - ctg §) —
. \ 2hsing
m mcoso 2
- (-é-) = h? unu —— = A2, otkyna m = ~———— . [lonyuu-
2h sin = hcoso
au: BC = B Torpa PK = L -ci;gg -2 ci;gg =
) Jeoso 2 2 Jcoso 2
. O o . O
hsmé 2hcos§ hsmé

= ———, 3HauuT, S;, = ZBC+*PK = 2

Jeosa

= 2h%tg .

Jeoso  Afcosa

§ 14.7—14.8. O6bemM nupamuapl

Ileper nokazaTeLCTBOM JEMMEI O PABHOBEJIHKOCTH ABYX Tpe-
YTOJBHBIX IUPAMUJ ¢ PABHOBENHKNMN OCHOBAHNAMU cleayeT I10-
BTOPUTH TeopeMmy 19 o mapannenbHBIX ceueHuAX nupaMmuabl. [lo-
JEe3HOH NpH peHIeHuH 3aa4, NOCBAIIEHHBIX TETPasxpy, ABNAeTCA

1
dbopmyna V,opn = 3 h+AC*BD - sin @ gna seluucaesus obbema

V icap TeTpasapa ABCD, ecnu u3BeCTHB JJINHBI ABYX €ro CKpe-

muBaomuxea pebep AC, BD, paccTosiHMe M BeJAWUYHHA yrja @
Mexgry HuMH. [aa pelileHus 3aa4 ¢ o’beMaMU TeTpas3/JpoB y4a-
ITUMCH TaKXKe MoJe3HO 3HATH CeAyIoue X ¢cBoHcTBa.

1. O6beMul TEeTpa’3/lpOB ¢ PABHLIMHM OCHOBAHUAMI OTHOCATCA
KaK [JINHB] HX BLICOT, OIIYUIEHHBIX HA 3TH OCHOBAHNSA,

2. O6peMBI TeTpas3/[poB ¢ PABHBIMH BBICOTAMH OTHOCATCA KaK
ILIOOIaAY X OCHOBAHUIH.

3. O6'beMEl TeTpasZpoB, UMEIONIUX pABHbIE TpeXrpaHHbIE YT-
JARl, OTHOCATCH KaK OpOoH3BeeHUA JJIHUH peGep, oOpasyloniux sTu
YTJBl, ITO CBOHCTBO TETPAas’/IPOB YacTo UCIOAb3YyeTCA IPH COCTaB-
JIEHUH 38184 BCTYNUTEIbHBIX 3K3aMEHOB B BY3hI.
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B

Pue. 41 Puc. 42

2.291. ¥ Haiigure 0ObeM TETpasgpa, €CiId OAHO H3 e€ro pebep

paBHO 2 J3 , 8 KaXX/oe H3 OCTAILHBIX NATH pebep paBHO 4.
Peuwexne. Ilycts PABC — Terpasap, ¥ Koroporo AB = BC =

— AC = BP = CP = 4, AP = 2./3, touka K — cepeguHa BC

(puc. 41). Torna B npaBuibHBIX TpeyroabHUKax ABC u BCP ume-

eMAK = PK = BCT"E = 2./3, snauur, A APK — TpaBHABHLIN U
BC | (APK), Buicora OP rerpasapa pacnojgoxeHa B (APK) u ee
AK.[3
ocHOBaHue O ecTb cepenHa orpe3ka AK, r.e. OP = ) =
2./3- /3
1 1 42
Takum obpasom, umeem: V. = 3 S apc*OP = 3 ——Z@ 3=

=4./3.

3amevanue,. CHauana cTpouTces TpeyroabHuK ABC, nocie de-
TO Ha NEPHEHAUKYJIApPEe K naockoctu ABC, npoBefleHHOM uepes
cepexury Meaguanbpl AK rpeyroabHnka ABC, BeiOupaeTca Beplin-
Ha P rerpasgpa.

2.293. © NIBe rpaHu TPEYyTroJAbHON NHPAMHUbl — PABHOCTOPOH-
HUE TPEYTOJBHUKHU, IJIOCKOCTH KOTODPBIX IePHeHAHKYASTIPHBI.
Hailigure 06memM nupaMHabl, €CaH JJHHA €e HaAHOOJbUIEro pebpa
paBHa 1.

Pewetwve. ITyers TpeyroapHuku A BP u ABC — npasuibHBIE CO
cropoHoil a u PH 1 (ABC), tne Touxka H — cepegusa AB (puc. 42).

TaKRaRCH=“—2—“/§,BH=g H“—“zf?’—

pebpoM Terpasapa PABC ssasierca pebpo PC, r. e. umenro PC =1,
96
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Torga B paBHOOEAPEHHOM ITPAMOYIoJabHOM TpeyronsHuke CPH ka-

terT PH paBeH —5 , Ho3TOMY cTOpoHA A B IpaBMIbHOIO TPeyro/ibHHA-

2
"2 3 3 4

ka APB pasHa 5

J3 1 1 /3 J2 /6
=g BViepy = 3Ssapc*PH=3 % 5 = 35.

6 Tere 3 3

2.303. © B ocHOBaHHMU THPaAMUAbI JAEKUT POMO CO CTODOHOM
15 cm, kaXknas GoRoBas rpaEk obpasyeT ¢ HAOCKOCTHI OCHOBAHUA
yron B 45°. Hakigure 06beM mupaMHUAbl, eCHM TJOIMIAAE €e BOKO-
BOI HoBepXxHOCTH 3 AM2.

YkazaHue. OcHoBAHHE BHICOTHI MUPAMHUZLI COBOAZAET € IEHT-
poM poMmba, mosToMy GOKOBBIE I'DAaHU IMHUDaAMHUbI IPOEKTUDPYIOT-
¢ B YeTbIpe NpPAMOYIOJABHBIX TPEYTOJbHUKA, Ha KOTOphIe POMG
pasbuBaeTcAa CBOMMH AHAroHaJIAMH. JTO O3HAadaer, 4To S

2
2

. SHAURT, S, 5o =

pomba =

=150./2 . Torna BrlcoTa poM6a

- Sﬁox. IoB, THP. - cos 45° = 300 -
150./2
paBHa 15"{_ = 10./2, Beicora nupamuzsl paBHa 5.2, a ee

o0 beM paBeH % +150./2 +5./2 = 500(cm3).

2.312. OcHoBaHUeM NTUpPAMKJBI SBIAETCA pPaBHOOEIPEHHASA
Tpanenusa, OOKOBas cTOpoHa KoTopoM paBHa 15 aMm, a Gonblree
ocHoBauue 24 am. BrlcoTa nUpaMHAbBI INPOXOCAHUT uepe3d MEeHTP
OKPVKHOCTH, BIHCAHHOW B oCHoBaHue. Halinure oObeM mHpa-
MHALI, €CIH ILTOMAaAEL e GoKoBol moBepXHocTH paBHa 300 M2,

PeweHnne., Tak Kaxk BbIcOTA
PO nupamuas! PABCD npoxo-
AUT Yepes3 IeHTP CKPYIKHOCTH,
BOIHMCAHHOW B pABHOGEIPEHHYIO
Tpanenuw ABCD, To Bee BOKO-
Bble I'paHM NHpaMUALI obOpaly-
0T ¢ IJIOCKOCTBIO €€ CCHOBAHUA
PAaBHBIE JBYFpaHHbIe YIAbI (000-
gHauuM ¢ = LOKP = LOMP =
= / OQHP); roura O — ocHOBa-
HHe BeIcoThl PO} nHpaMUabl —
ABAAETCA CEepeJJHHOH OTpe3Ka
HM, coefUHAIOUIETO cepeny- Puc. 43
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HbL OCHOBAHUM Tpamenuu, MNpyu aroM rouka O apasgercs BepIIHHOM
OpAMOTO yraa TpeyroiabHuKa AOD (puc. 43).
Ecom H, M u K — TOUKH KacaHUA BIHCAHHON B TpAMENHIO

ABCD oxpyxHocT, T0 AK = AH = 1AB = 12, aupaunr, KD =

2
=DM=15-12=3,r.e. CD =6,
B npamoyroabaom TtpeyroasHuxke AOD naxoaum: OK =

=JAK-KD = J12-3 = 6. 3uauur, Beicora MH Ttpanenun

pasHa 20K = 12, a ee mmomanbs paBHA ~-(j—-I--:!--;-----ffl—-ﬁ—;MULI =
-8 ';24 .12 = 180.

Taxk Kax OOKOBHE T'DAHU NHUPAMHILI OOpPA3yiOT pPaBHHIE IBY-
rpaHHbIe YIJBL ¢ MJIOCKOCTEIO €€ OCHOBAHMSA U NMPOEKTHPYIOTCA B
rpeyroiibHEKu AOB, BOC, COD u DOA, cocraBagioniye 3TO

130
OCHOBaHUe, T0 S . = S; . *COS @, T. €. COS ¢ = 300 ~ g 3HAUMT,
4
tg o= § .

4
Taxk kak OM = OK =6, 1o OP = OM - tg (p=6'§ = 8. Torga

0o0'hbeM NHPaMUbl DaBEH % » 180+ 8 = 480 (nm3).

2.328. ¥ B terpasnpe MABC uepe3 Touku K Ha pebpe MA
(MK : KA=3:4), T ua pebpe MB(MT = TB) u E Ha pedpe MC
(ME = 0,2MC) npoBeaeno ceueHue KTE. O6wem Terpasapa
MKTE pasen 3 m3. Haiinure o6bem narurpannuka KTEABC.

Pewenne. Obosuaunm odreMul Terpasgpos MABC, MKTE u
narurpansuka K TEABC coorsercrsenno V, V| n V,. Torna ume-

o ¥ _ MA-MB-MC _ _MA-MB-MC __ 70V _
V, ME-MT-ME 3, 1. .1 . 3 3
TS
70

5 - OTKyna V =170, guauur, V, =V -V, =70 -3 =67 (m3).
2.339. © B TpeyroabHoill yceuenHoi nupamuae ABCA,B,C,
AB=BC=AC=6,A,B,=B,C,=A,C, =2, Bepmiuna A, yznaie-
HAa OT KaxxK0i 13 Bepliwy ocnoBaHua A BC Ha paccrosume 4. Haii-
IuTe AJHHBI 60KOBLIX pefep YCeueHHOH MupaMHIEL.
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Pewerne, Tak kak NABC —
OpaBUIBHHEIKH H TO4YKa A, paBHO-
yjaaneHa oOT ero BepHIHH, TO
A,ABC — npaBHIbHAA DHPAMH-
DA, BHAYUT, BepuimHa A, npoex-
THpyeTca B HeHTp O NpaBUILHOIO
rpeyroasHurKa ABC (pume. 44).
Ecaux opu srom Touxka M — ce-

2

pegura BC, to AO = §AM =
=§-3J§=2J§,OM=J§. 5
Torpa B npamoyroisaoM A A AO Puc. 44
umeem: A,0 = JA, A% — OAZ = J42 — (2./3)? = 2.

Ecnu touka M, — cepeauna cropoHnl B,(C, npaBUIBHOrO
tpeyronpaura A,B,C,, To A,M, = .3. Dro osmauaer, uTO

A, M MO — mnapannenorpamm, a Tak Kak A0 1 (ABC), To
A M MO — npamoyroabaux, MM L (ABC) u MM = 2.
Tar kaxk B,C, = %BC, To B\M, = %BM, necau MD=B,M,,

to BD = 2. Torga B npamoyroabsom A BB,D waxogum: BB =
= ,/B;D% + BD2=2 /2. A rak kax BB,C,C — papHOGeIpeHHAsA

Tpanenud, To CC, = 2./2.
Taxwum o6pasom, 60KOBHIe peGpa JaHHOHM YCeUeHHONH NUPaMU/Ibl

paBHHI 4, 2J§, 2./2.

§ 15. NpaBuabHbIE MHOTOrpaHHMKN

HznoxKeHne Martepuasa 3Toro naparpada aBTOPHI COBETVIOT
NpoBecTH B (hopMe JIeKIIHH-0ecenbl, IPU 3TOM >KeJaTeJbHO yda-
OMCs HMeTh MOJIeJH BCeX NpaBHJIBHBLIX MHOTCIpaHHMKOB, OCO-
OeHHO MOJeJH NPABHJABHBIX OKTASAPA, MKOCasApa U XOJeKas/pa
(npaBUJIBHBIMA TeTpasap ¥ Kyd ydammeca 11 rJiacca yxe JocrTa-
TOYHO XOPOIMIO H3YYHJIN).

HaeTcAa onpeaescHHe IPABUJILHOIO MHOT'OTPAHHHUKA U 0OOCHO-
BBIBAETCH CYHIECTBOBAHUE IIATH THUIICB IPABHUALHBIX MHOIOTDAH-
HHKOB, lIpuBogarca Tabiuupl, B KOTOPHIX YKa3aHbl HEKOTODBIE
CBOHUCTBA W YHCJEHHBIE XapaKTeDUCTHKH IIPABWUJIBHBIX MHOTO-
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TPAaHHHKOB: IJIOMIAAW WX rpaHeil ¥ IIOJHBIX NOBEPXHOCTEH, 005-
eMBI KayKZOT0 U3 HUX B 3aBUCHMOCTH OT AJIMHBI pe0pa; BeJIMYnHEL
ABYTIPAHHBIX YIVIOB NTPH pefpax Kamjoro n3 HuX. PazyMeeTes, Bce
9TH TabANOLI U GOPMYAR TPUBEACHBI He AJA 3allOMUHAHAA. AB-
TOpaM NpejcTapiasercs, 4YTo MOKeT OKazaThCs MHTEDECHRIM caM
IpOHEce HAXOMKACHUSA y4alUMUCA PA3NUYHBIX BEAWYUH, XapaK-
TEPUIYIOIMUX IPABUABHBIE MHOTOTDAHHUKH,

2.350. ¥ Hoxaxmure, 4To cedeHHeM Ky0a MIOCKOCTHIO, TPOXO0-
Aamne uepes ero neHTp U NepneHAUKYAAPHON auaroHanaud xKybda,
ABJASETCA IpaBUALHBINA MIecTUYTONLHUK,. HaliquTe niaomagsb 2To-
T0O MIeCTUYTONABHUKA, ecJii pebpo kyda pasBHO 6.

Pewenue. Ilycre ABCDAB,C D, — pnaHHbIN Ky0, Touka M —
cepeguHa ero guaroHanu A,C, 00 — NJIOCKOCTh, IPOXOJAIIAA de-
pes M nepnespukynsapao A, C (puc. 45).

MoxHo norasaTe, 4To A;C L (BC,D), npu satom ML : LC =
=1:2,rne L =A,C n(BC.D).

Tax kax oo L A,C u (BC,;D) 1L A,C, o o.|| (BC;D), anauur, npa-
masgz (0D003HAYMM ee M), IO KOTOPOH IVIOCKOCTH Of NepecexKaer
(ABC), napannensHa BD, npuuem 0. nmepecekaer AC B TaKon
Trouke T, uTo TO: OC =ML : LC=1: 2. A Tak KaKk, KpOMe TOTO,
T € m, T — cepeguna OA u m|BD, To ToukaMu nepecedeHus

IJocKoceTH O ¢ pedpaMu AB n AD ky0a ABAAIOTCA HX CepeJUHBI —
COOTBETCTBEHHO TOUKH P 1 §.

D, H C,

1

1

1 o 7 4
Al ! y /%// ' /K

i

1

/ f
% _

Puc. 45
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NlankHeiilnee TOCTPOSHNE CEYeHHA MOMKHO OCYLIECTBIATH, HC-
HOJb3Ysd, HANpPUMep, Hapaireiasnocts of(BC,D), napanmens-

HOCTEL IIPOTHBOIIOJIOMKHBIX I'paHell KyDa B TeopeMy O NepecedyeHn
JBYX NapaJaesibHbIX NIOCKOCTeH TPeThel MIOCKOCTRIO.
HeiicTBRTENBHO, TaK Kak o[ (BC,;D), a Tarsxe rpans ABB A,

napajnenssa rpasu CDD,C, u Toura P — cepeaguna AB, To 1ne-
peceYenHeM NAOCKOCTH O H rpann ABBA, sBisercs OTPe3oK
PK||DC,, rae K — cepepuna pebpa BB;.

AHATOTHYHO IIepeceyenHeM IINOCKOCTH ¢ M rpasd ADD. A,
Asnserca orpesok QR|BC,, tne R — cepeauna pebpa DD,.
OcranbHble ABe BEPINUHEI CEUECHUA SABIAIOTCH cepeiuHaAMH pebep
C,D,unC,B,.

Taxum o0pasoM, HCKOMEBIM ceuenHeM Kyba sBASIeTCH ITPaBHJIb-
HBIN MmecTuyronsiuk PQRHNK, cTopoHAa KOTOPOTO PaBHA MOJO-

BHHE JaroHaJu rpauyd kyba, T. e. PK =3 J2. Toraa nmoonaas ce-

2
gi[%)_ézz'yﬁ_

yeHusd paBHa 6 ¢

3agadym nocne rnaeBbl 2. MHOrorpaHHMKN

2.389. ¥ OcHoOBaHHEM HAKJIOHHOTO NapalIelenHIIeaa CIy-
KUT pomO co cTopono 25 ¢M u Menbmeil guaronanbio 30 ey, Tu-
aroHaJIbHOe CeueHHe, IPoXodlnee yepes OoAbIIHe AHATOHANH OC-
HOBAHHWH, NePHeHAUKYJIAPHO OCHOBAHUAM, 4 MEHbINAMA THATOHATD
3aTOTO ceuenuda paBua 37 cm. HalisuTe o0beM napaaiesienuiiesa,
ecau ero DoKoBoe peGpo pasao 13 cMm.

PeweHue. Ilyctes ABCDA B,C,D, — pauuvlii napanmenenm-
nex, B xoropom AB = 25, BD = 30, BB, = 13; nnocKocTs ce-
yenua ACC.A; TepreHJHKY-
JApHA NI0CKOCTH ABCu AC, =
= 37 (puc. 46).

Haxogam S, = 2S, 55, = 4

=2./40-15-15- 10 = 600,
Tax xar (ACC)) 1 (ABC),
To Beicora C,K mnapannenenu-
nega pacnojoxena B (ACC,) u
K e AC. B pombe ABCD na-
xoaum AC2 = 44AB%2— BD?2 =
=4+625 — 900 = 1600, oTryzna Pruc. 46
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D, c, AC = 40. Torma S, 4cc,

i O, {
T } 7, = /45:5-8+32 = 240, noaToMy
1 L ;
A\>~ v ’ 28 p4cc,  2-240
AR I/ / C\K=—j& - 404 = 12.
SR W ,./
: v < \,’ Torga obbeM mapaliielenmuIena
BN W pasen S, +C,K = 600-12 =
XL Ao = 17200 (em?).
1 f) 'DH . _K" . - 17
w:f B R 2.393. Ha auarosansx AB; n
A B B(C, rpaned napanileienune-
na ABCDA,B{C{D, B3ATHI TOY-
Puc, 47

KA M m N Tak, 4TO OTpe3KH
MN n A,C napannenbasl. HafinuTe oTHOINeHWE UIME 3THX OTPe3-

KOB.
Pewenue. Tak kak BC, | AD, u AB,|DC,, To (AB;D(BC D)
(puc. 47).

Ecmm O = AC n BD, O, = A/C, n B|D, P = AO; n
NAC,Q@=0C, nAC,T0o P=(AB,D,)n AC, Q= (BC,D)n
N AC.

Tax rwax Kounsl M u N orpeska MN mexaT B napajaielibHbIX
nnockoctsax AB D, w BC, D, a npameie MN u A;C nmapaJLies-
HEBI, TO OTPe3kH M N u PQ paBHBI H NapaeJbHB. JTO O3HAYAET,
yro MN 1 A,C=PQ 1 A,C.

B mmaronanpEom ceuennd ACC,A; sameuaem: A,0,:0,C; =
= A P: PQ, AO: 0C = PQ : QC, snaunt, AP : PQ = PQ: QC,
orkyna AP = PQ = @C. Tormpa PQ:A,C = 1:3, nosromy
MN:AC=1:3.

2.398. CropoHEI OCHOBAHHII MOPABHJLHON YETHIPEXYTIOJb-
Hoii yceuenHoil mmpamuasl ABCDA B,C,D, paBEm a u b
(@ > b). ¥Yroa mexay MJIOCKOCTHLI0 OCHOBAHHS M MNIOCKOCTLIO
ABC, pasen ¢. Haiigure: a) nnomans ceuenus ABC, D, ; 6) nno-
ab CeYeHWA MUPAMHAIL] OJI0CKOCTRIO, IPOXOAAIEeHd Jepes Tod-
Ky nepecedeHUs AHAroHaNeH MAPAMHALI TAPANIeILHO eée OCHOBA-
HHAM.

PeweH#e. a) Oproronannmoil npoexnueil ceyerna ABC, D, Ha

TWIOCKOCTE HMMKHEr0 OCHOBAHMA ITMPAMHALL ABJIAETCA paBHoOe[-
pennasn tpanenuia ABH K ¢ B3aHMHO NeprieHAHKYJIAPHBIME AAAT0-
nanamu AH u BK (puc. 48), sricora PE KoTOPOH NPOXOAHT Yepes
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Puc. 48

HK +AB

TOUKY IIepecedenHrusa OJSTHX JIHaPOHaJIEﬁ H PaBHAa 3 ==

=a+b

+ b)?
5 » ATIOMAAL ThANen WK ABHK pasna (@+0)

4

. Torna nao-

(a + b)2
4dcosa
6) IIycrs O = AC N BD, O, =A,C, n B, D, @ — TouKa nepe-
ceuenua auaronanen AC, u BD,, npu stom O,Q = h, OQ = h;
KBappar A,B,C,D, — ceueHHe NUpaMHJLI, OPOXOAALIEe Uepes
TOUKY @ napasijeJibHO ee 0CHOBAHUAM; A,B, = X,
W3 nopobusa Tpeyronsaukos O,QM u OQP caenyer O, M : OP =

b
= 0,Q : OQ unu 5 22 =h ! h, oTkyga h = ghl. H3 nogobusa Tpe-

mans ceuenus ABC, D, pasra

yroasuukos D D@ u D, DB umeem D,Q : DB = 0,Q : O,0 uan

2a bh
5 “a™
% :a.\/é = h:(h + hy), oTkyRa x = ﬂ - —2 -
h+hy b
2ab 2ab
=273’ T. e. AyD, = o 3+ SHATHT, MIoMAND ceuenud A,B,C,D,
N 1l
p (a+ b)2"
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! ' ~

- ~ { ~

Puc. 49

2.402. ¥ Ha upogomxenun pebpa PK 3a Tourky K upa-
BHILHOH deTripexyronnuoi nupamuisl PKLMN c¢ BepmnHoii P
B3ATA TOYKA A TaK, 94TO paccTosHHe OT TOYKH A [0 IIJTOCKOCTH

MNP pasao 24. Haiizure anuny orpeaxa KA, ecin PL = 2./41,
MN = 16.

PeweHue. IIposenem gepes Toury A B nnockocta P KL nupsmyio
AF, mapannennayio KL. Torga AF|(M N P), u paccrosinie oT Tod-
K A 1o (M NP) paBuo paccTossHUIO OT JI000HA TOYKH npaMoil AF
a0 (MNP).

Ecnu touku C u D — cepeianl CTOPOH coOTBeTCTRenuo KL
u MN ocHoBarus unmpamupasl (puc. 49), to (DCP) nepuengu-
rkyasapua (MNP), a paccroaaue or A o (MNP) paBuo pac-
croAHEUI0 oT Touru B = (DCP) N AF po upamoun DP, 1. e, ZIH-
He neprueHauKyaipa BH, nposelleHHOr0 U3 TOYKH B K IIJICCKOC-
™ (MNP). Takum obGpasom, p(4; (MNP)) = p(B; (MNP)) =
= BH = 24,

B npamoyroasmom A PCL maxomum PC = JPL2 - CL2 =
= J4-41-64 = 10. Torna S, pp = J18<8+8+2 = 48, anaunur,

2S.ppc 2-48
D~ 10 _ 26

CE =
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Ws EC : BH = PC : BP naxogum: BP = BI;'CPC = 2‘;:50 —
= 25.
YuauTriBag, uro Tpeyroasunkir APB u K PC noxobubl, roayda-
KP+-BP 2./41:25
cp ~ 10

= 5./41. Baaunr, AK =AP-KP=5./41 - 2./41 =3./41.

em AP : KP = BP:CP, orkyvaa AP =

Fnaesa 3. Purypbl spalLleHuns

B mamnoil rmaBe mM3ydyalOTCH IIOBEDXHOCTH BpamleHHs M Teja
Bpameansi, B nameM ydeOHHKe MOBEPXHOCTH BpanfeHus obpasy-
€TCs BpalleHHueM IIOCKOH JIMHWK BOKPYT NpAMo# [, mexanied B
NIIOCKOCTH JAHHON THENH; IPaMas [ Ha3bIBAETCA OChHIO [IOBEPXHO-
cTd Bpamteansd. Teqgo Bpamesnsd obpasyeTcd IIPpH BPaIedil IIJI0-
CKOH OTPAHHYEHHON 3aMKHYTOM (PUTrypBl BOKPYT NPAMOH I, TaKXKe
Jexarneil B MIOCKOCTH 3ToU GUTYpRI; NpsaAMasi [ Ha3BIBAETCH OCHIO
aToro Texa Bpamesnd. IloBepXHOCTE BpameHd ABJIAETCA TpaHU-
1€l TeJa BPAICHNA.

Ceuenne Tena (nosepxrocmu) BpanleHHUA IIJIOCKOCTBID, Iep-
NeHANKYIAPHOHA OCH aTOoro Tena (3moit nosepxHocmiu), Has3uIBa-
ercd NepPHeHJHKYIAAPHBEIM cedeHeM AaHuHoro Tena (GaHHOU no-
8epXHOCHIL) BPAIIICHUA.

Ha koEKpeTHBIX NpHMEpPaxX, MOJEJAAX yuaniHuecsd JOJKHBI yoe-
AHTBCH, UTO NEePHeHANKYIAPHEIM CeUeHHeM Teaa (nogepxXHOCTU)
Bpamieansa MoOKeT OBITE KPYT (OKPYHCHOCMB) C IIEATPOM B TOUKe
IIepecedeHA CeKYIel IJIOCKOCTH M OCH 3TOro TeJaa (amoit no-
8epPXHOCMU) UIH TOUKA, A4 MOXET ObITh KOJBIIO, OrPAHUYEHHOE
JIBYMS KOHIICHTPHUYECKMMH OKPYKHOCTAMHM C IIEHTPOM HAa OCH
BpanieHnA.

Yuanipecs JOMKHE 3HATD, YTO OCEBBIM CeUeHHeM KaK IOBepX-
HOCTH BpAIIleHHs, TaK H TeJa BpalfeHds siBadgeTcs ¢Gurypa,
CHMMEeTPUUHAS OTHOCHTEILHO OCH JAHHON IMMOBEPXHOCTU (JAHHOTO
Teja).

§ 17.1—17.2. Onpepenedne umnmHapa BpalleHus
W ero anemeHToB. CBOWCTBA uuanBapa

IIpamoif Kpyroeoil UIKHAP ONpe/ielidercd KaK Tello, KOTOpoe
o0pasyeTcs IPH BpalleHNN NIPAMOYIOJbHIKA BOKPYT IPAMOHA, CO-
nep:amed ero cropody. Beoaarcs onpeseenns OCHOBAHUH, 00-
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Pasyonie, BbICOTHI, OCH IPSAMOro KPyroBoro IHJIHHAPA, ero 0o-
KOBO U ITOJHOI MOBepXHoCTel.

Cnenyer oO'BACHHTEL YIANIUMCH, YTO HAPAAY C NPAMBIM KPYro-
BbIM IHJIHHIPOM CYHIECTBYIOT JNIMITHYCCKHE, ITapaboIudecKui
H rHOepOoJHdYecKHd MUAnHAPsL. 00 3TOM OMH MOTYT IPDOYHTATH B
roune yuebnmura B HomomneHun «(0) MoBepXHOCTAX BTOPOI'C IIO-
pALKA».

Yuaniueca HOMKHLI 3HATH, YTO JO00€ IeprneuIuKyJIsgpHoe ce-
yenHe HUIARHIPA eCTh KPYr, a IepPneHAuKyJdapHoe ceyenue BOKo-
BOH NIOBEPXHOCTH IHIAHAPA — OKPYXXHOCTH; IEHTDPH 9THX OK-
PY>KHOCTEN H KPYroB — TOUYKH II€PEeCeUYeHHH CeKYHNIHMX IIOCKOC-
Tel H OCH IHJIHHAPA.

Ecan cekyinad rJI0CKOCTh HEPECeKaeT 0Ch MUJAHHAPA U HE nep-
NeHAUKYIAPHA €, TO B CEYSHHH MOJKET NOJYUUTLCH DILAANC HIH
€ro HEKOoTopasA 4acTh.

OcerbIM CeueHHEM NUJIAHAPA BpalleHHnA ABIACTCH IPAMOYTroJb-
HHK, CTOPOHBI KOTOPOTO PABHEI AUaMETPY OCHOBAHUA H o0pasylo-
med nmapaapa. IIpn aToM Bee oceBnhle CcedeHNA NUJAHHIPA — PAaB-
HbIe Mex Iy coboil MpAMOYTrOJALHHKHK. JIfoOoe ceuenHe muUuIuuapa
ILUIOCKOCTELIO, TAPAJLIELHOM €0 OCH, eCTh HPAMOYTOJAhHHK, BRICOTA
KOTOPOro pasHa obpasyloiei nuanuaapa. uanuap, ocesoe cedenne
KOTOPOr0 — KBaJ[PaT, HAZHIBAIOT PABHOCTOPOHHUM I{HIHHIPOM.

YToOLI MOCTPOUTE K300pasKene NUJINHAPA, JOCTATOYHO IIOCTPO-
nTh: 1) npamoyroasauk ABB A, u ero ocs O0,; 2) n1Ba paBHBIX 3J1-
JMICa, MeHTPaMH KOTOPRIX ABJIAIOTCA ToukH O H O, 1 ocaMH —
orpeskH AB u A B,. BriletHR mMTpUXaMH HEeBUAUMBIE JIHHHU,
noJIydaeM MCKoMoe H3obpakenne nuansaapa ¢ odpasyromumu AA,
u BB,.

KacaTenpnada mMIoCKOCT:E K MAJIHHAPY KACAETCH €ro IMOBEPXHO-
cTH (MUINHEIPHYECKON IOBREePXHOCTH) IO 00pasyIonieil, nprdem
KasKZad TodKa obpasylomnedl NHIHHAPA ABJAETCHA TOYKON Kaca-
HUS 3TOM IUIOCKOCTH W HaHHOrO INUJAWHApPaA. B yacTHOCTH, TOYKA
ofpasyomniel, IPHHAIIECKAIIAA OKDPYKHOCTH OCHOBAHNSA IHIA 1 -
pa, ABJIfeTcA TOYKOH KACAHHA OCHOBAHHA IWJIHHAPA W IpAMOMH,
110 KOTOPOH KacaTeJbHadA IJIOCKOCTE IIePeceKaeT IJIOCKOCTEL 3TOr0
OCHOBAHUA,

IIpun usobpaxeHHH MNpPABUJIbHBIX NPH3M, BIHHCAHHLIX B IH-
JHAAD, VUANTUMCA CJAelVeT PYKOBOJCTBOBATLCH ANTOPUTMAMH 10~
CTPOEHUH H300pakeHHM NPABUJILHBIX MHOMOYIOJILHEWKOB, BIIH-
CAHHBIX B OKPY:kHOCTh., IMEHHO AJA nocTpoeEns H300pasKeHn s
IIPAaBUJALHON IPH3MBLI, BIHCAHHON B IMJINLIP, ciaeayeT: 1) nocTpo-
UTL H300pakenne NMUINHAPA; 2) TOCTPOHTL H300pa’>keHue Inpa-
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BHJILHOT'C MHOIOYIOJIbHHUKA, BITHCAHHOI'O
B BEpXHEe OCHOBAHHNE NMHUJIHHAPA; 3) de-
pe3 BepIIHHBI IIOCTPOEHHOrG MHOI0-
YroJbHHKA ITPOBECTH 00pasyioliae IH-
JuHApa; 4) B HU>KHEM OCHOBAHHH ITH-
JHEApa TOCJeLOBATEJIbHO COEAWHHTH
IITPUXOBLEIMH JJHHUAMH KOHIB 3THX 00-
pPasywoniux; 5) BeJeAThE BUAUMEIE U HE-
BHAAMBIC JUHHAHN (O0Tpe3KH) uzobpaskae-
MbIX QHUIYD.

3.018. Bruicora uuaunaapa 2 M, pagm-
ve¢ ocnoBaauAa 7 M. B sror muaununp na-
KJIOHHO K OCH BIHCAH KBaJPAT TaK, 4YTO
BCE BEPIIHHLI €r0 HAXOAATCA HA OKPYIK-
HocTAx ocuoBaauit. Haliamre cropony
KBazpaTa.

Pewenune. Ilycrs Tourku K mw M —
euTpLl ocnoBanuil nuauuapa (puc. 50). Tax kak ABCD — kBanu-
pat, To oTpeskun AB n CD, 6yayun paBHEIMH H IapaJIeJbLHLIMH,
pPaBHOYIAJEHL] COOTBETCTBeHHO OT Touek K u M, T.e. KP =
=MH (rpe P m H — cepenuuabl coorBeTcTBenno AB u CD)
u KP|MH. 9ro osmauaer, yro AOPK = AOHM (rue O =
= KM n PH), orkyna OK = OM, OP = OH, T. e. Touka O —
IIeHTP JaHHOIC KBaJAparTa.

B npamoyroasaoMm A OMC umeem: OC = JOM? + MC2 =
= J12 4+ 72 =5./2 . Toraa AC = 20C = 1042, 3uauur, AB = 10.

§ 17.3. PasBepTka 1 Naowianb NOBEpXHOCTH LuanHapa

YdamuMes 0Je3H0 3HATh, YTO IHJAMHAPHYECKAS IIOBEPX-
HOCTb — Pa3BEPTRIBAIOIIAACA MOBEePXHOCTh. 06 9TOM OHH MOryT
NIPOYATATh B KoHIe yuyeOuuka B [lomoaumenuu «O muddepernn-
AJNbHOH IreOMeTPHUI» .

B sTom pasgene omnpelensioTcs ILION[aAN OOKOBOH H IIOJHON
IIOBEPXHOCTEH NUJIMHAPA W BLIBOAATCA GOPMYJILI HUX BLIYHCIE-
HuA: Sq,. = 2nRA, S = 2nR(R + h).

3.028. Orpesxu AB u A,B, sSBIAIOTCA IapaajeJbHbLIMH JHAa-

MeTPAMH OCHOBAHHHN IUIAHHAPA ¢ BhicoToH 6. Touxa K mexxur ma
nyre AB ocHOBaHHS 1 JeJHAT €e B OTHOIIEHHH 1 : 2, cuuTasg oT TOY-
kU A. IIpamas B, K o0OpasyeT yroa B 45° ¢ IJIOCKOCTHI0 OCHOBAHHSA

nuagaapa. Haigare: 1) naoo@aab 00KOBOH TOBEPXHOCTH IIUTHHI-

nonH
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Pue. 51 0)

pa; 2) AauHy KpaTyaumero myTd u3 Todku K B Toury B, 1no mo-
BEePXHOCTHY IUIHH/DPA; 3) PACCTOAHHE Mex Y npamoi B K u ocko0
IAJHUHADA.

Pewenwe. a) Ilycrs KK, — obpasyomaa nuauHapa (puc. 51, a),
Touku O n O, — IeHTPH ero oCHOBaHHH, Torna KK, = 00, = 6,
LKB,K, = 45° 3HauuT, B PABHODEAPEHHOM IIPAMOYTOJBHOM
A KB,B nmeem: BB, = BK =6,

Touka K peaut nyry AB B oTHouieHun 1 : 2, cudTad OT TOUKH
A, nmoatomy £ KAB = 60° sHauuTr, B upamoyroaruHom AAKRB

BK
nmeem: AB = Sin60° 4./3 . Torya paguyc oCHOBAHUS LIUIHHL-

pa paBeH 2J§ , 4 ILJIOI{aAb DOKOBOH IIOBEPXHOCTH IIAJIHHIAPA PaB-

Ha 2r+2./3 6 = 24n./3.
0) PazBepTKa IMOMOBHHBI OOKOBON MOBEPXHOCTH IHIKHIPA, OT-
paHH4YeHHOH obpasyrmomumn AA; m BB,, mnpeicraBjader coboil

npAMOYTroabHHK (pHC. 51, 6) (pasBepTKa yMeHLIIeHa). CTOPOHEBI
9TOTO IPAMOYTOJIbHHUKA PABHGI 6 u 21+ /3, IpH sTOM ANHHA OT-

peska KB pasHa (2n-2./3):3 = 4R3J§ , 4 OJIAHA KpaT4daliiero

myTH oT Toukd K 10 ToukH B, 110 IOBepXHOCTH LUNHHIPA PABHA
IanHe oTpeska KB, Ha NOJYUYeHHOH pasBepTKe, T.€. paBHA

1672 2
JKB*+ B,B? = |/ +36 = £ /1217 + 81.
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B) Ecan Touka L — cepeamma BK (cm. puc. 51, a), To 1avaa oT-
pesrka OL paBua paccrosiamnio oT Touku O jno mnockocru K BB, Ko-

Topas COAepXUT Npamyio KB, n napanneabua npamoi OO0, ana-
quT, paccrofnne Memay Opameimu KB; u OO, passo 0,50B =

=0,5-2./3 =./3.

§ 17.5. O6veM unnuHapa

Popmyaa BuunciaeHnA obbema nuauHApa B yueOHHKe BbIBO-
JHTCA Ha ocHoBanuy npnamniuna Kapansepn.

Ecan muaneap, iMeIni BeICOTY 2 1 paauyc ocHoBaHudA R, u
IIPAMOYTOJBHEIN apaJljiesielluiles ¢ BEICoTod i, peOpamu ocHOBa-
nuA R u R pacnonoXHUTh TaK, YTOOBI KX OCHOBAHNSA HAXOIHIKCH HA
JBYX NapajaelbHBIX IIIOCKOCTAX, PACCTOAHIE MEXAY KOTOPBIMIN
paBHO /2, TO 3TH UJIHHAD H lapaJjieselnlle]] «0OKa3bIBAIOTCS B yC-
JOBUAX NpuHapuna Kapanbepus: mobast NII0CKOCTh, NapajlaelbHas
JAHHBIM IIJIOCKOCTAM 1 II€peceKaroNas IWINEAD, lIepeceKaeT TaK-
JKe [IPAMOYTOJILHBIN Napaieseliuiiesn, IpHYemM ILTOINaAn CeueHH i,
o0pazoBaHubIX NpU IIepeceYeHH KaKJI0r0 H3 3THX Teja C JIo0oi
H3 NPOBEJeHHbIX ILIOCKOCTeld, orHocATea Kak n-RZ2: R2 = n: 1.

Toraa u g1 00'BeMOB 9THX T CHOpaBEMIHBO: V 1 Vmpa_II =7n:1

umu V,, (R*-h)=n:1,otkynaV , =n-R*:h.

Yuamumcsa MN0Ae3H0 3HATH, YTO: 4) €CJH IHJINHAP BbICOTEHI /2
nepeceysb IJIOCKOCTBIO, IAPDAJIENAbHONH ero ocH, TO OH palzodbercs
Ha aBa Tejaa. O0remM KasKJ0TOo H3 5THX TeJ MOXKeT ObITh BhIUICIeH
no popmyne V=S &, rae S, — II0Ia]b COOTBETCTBYIOLIE-
To cerMenTa, o6pasoBaBIIIEeTroCsA B OCHOBAXMNHK ITHINIAPA;

0) mobas MJIOCKOCThL, MPOBEAeHHAS 4Yepe3 cepelnHY OCH IH-
JUHIpA, pasOHBaeT 3TOT INWJIHHIP HA IBAa PABHOBEIMKHX Te-
na, o0beM KaMJoro H3 KOTOPBLIX MOMKET OBITL BHYHCIEH IO

dbopmye
1
V= Erc'Rz'-(a + b),

rae a u b — AJMHBE 0TPe3K0B, HA KOTOPLIe o0pa3yiomas uIng /-
pa JeIUTCA CeKYIIer IIJIOCKOCThIO.

3.040. Oxomo nNpaBHIBHOH YeTHIPEXYTOABHONH IIHPAMUBI,
Kasxxg0e pebpo KOTOPOH paBHO @, ONKCAH IUJIHHAD TakK, YTO BCE
BEPIIWHBI IHPAMAJAEI HAXOJAATCA HA OKPYHHOCTAX OCHOBAHUH IH-
anaapa. Haigure o0pemM u niomaab 00KOBOH NOBEPXHOCTH IIH-
JaUHApA.
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D PeweHne. IIyvcTe Bepmnua P gaHHON
‘ nupamuibl PABCD Jje:XKHT HA OKPYIK-
HOCTK HUXKHETr0 OCHOBAHHS ONUCAHHOTO
OKO0JIO 9TOM ITHpaMUILl IMJIKHIPA, IEeHT-
paMHi OCHOBAHMI KOTOPOIC CIAYKAT TOY-
ku O u O, (puc. 52).

; 1/ v Tar rax Kamxpoe peOpo DHPAMHALI
at ! PaBHO @, TO B npaBHILHOM A ABP Haxo-

' \
/ AN aﬁ

Af,-":’"f' =~ muMm: PH = 5 s BHAUUT, OH =
‘(!___.;_J._.J._:‘;\

~ i .= 7

\\j\f ,cf’f // p 1 (_’].J_ 2 a»\/é

0O —- = = — N©
@ 3PH , OP = SPH 3 -
A Torga pagmyc R OCHOBAHHSA IHJIHHIPA

aﬁ

Puc. 52 paeH OP, T.e,. R=

Ecau Toukn H u M — cepefUHBI ITPOTHRONOJIOMHEIX CTOPOH
cooTBeTcTBeHHO AB u CD kBazpata ABCD (ocHOBAaHMA NaHHOH
oupaMugni), To MH = a, opuueM cepeaunna K orpesxka HM sas-
JAseTcs cepefrHOM BEICOTEI OO, muanagpa. A TaK Kak NJIOCKOCTh

MPH npeprnieHIUKYJIAPHA IJIOCKOCTH OCHOBAHHA IAJIKHADA H
NpoxXoAuT Yyepes nedtp O ero ocHoBaHud, To BbicoTa OO, NHUINHI-

pa JIEXKHT B 3ToM njaocKocTi, u 00, = 20K. Haxongum OK.

B npamoyroabaom A HOK umeem OK = JHK?2 - OH? =

/ag a2 a6 aJ_ a,\/g
=47 18 T T IMosromy OO, 3 - Torpa

ILTOINALL OOKOBOM MOREPXHOCTH IUWAWHApPA paBHa 21 R+« 00, =

.a 3_a£:2na2ﬁ
3 3 3
aﬁz.aﬁ_na3ﬁ
) % -

= 21 , a ero obvem pased 7m* RZ-00, =

§ 18.1—-18.5. Onpepgenenne KoHyca 1 ero 3/ileMeHTOB.
CeveHna koHyca. KacaTteibHas NAOCKOCTb K KOHYCY.
UsobpaxeHue kOHyca. PasgepTka v Miowaas
NOBEPXHOCTU KOHYCA

B nannoM naparpadge KOHYC onpefeadercd KaK Tejlo, KoTopoe
o0pasyeTcd IMpH BpaI[eHUH NPAMOYTOJIbHOIC TPEyroJbHHKA BO-
Kpyr npsaMoM, coxep:xailed ero karter. OTpesoK ocH BpalleHNHA,
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3aKJIOUEHHLIH BHYTPHM KOHYCA, HA3LIBAETCA OCLI0 KOHyca. BBo-
ASATCA onpejeseHHs BePIIMHLI, OCHOBAHKA, BBLICOTH 1 00pa3yio-
meil KoHyca, paguyca ocHOBAHMA KOHyca (Kopoue, paAmnyca KOHY-
ca).

Kak u B ciydyae ¢ THIHHAPOM, MOKHO PACCMATPHBATE KOHYC B
0oJjiee IMUPOKOM NOHHMAHHIM, KOrjJa B OCHOBAHHMM KOHYCA MOJKET
ObITH, HAIPHMED, SJJIHIC (9NIHOTHYECKHI KOHYyC), napadoia (nma-
pabonmueckwit konyc). Ham npegcTonT M3y4aTh TOABKO OPAMON
KpyroBoii KoHyc (KoHyC BpaleHHA), HO3TOMY CJAOBA <«IPAMOii
KPYToBO¥is MH OyZeM 0NyCKATh.

IloBepxHOCTH, NOJAYUEHHAS IPH BPallleHuH 'HIIOTEHY3bI, HA3bI-
BaeTcA OOKOBO¥ MOBEpPXHOCTRIO KOHYCA, a ee Iaomajabk — ILAO-
a0 00K0oBOIl MoBepXHOCTH KoHyca., O0beaHeHne OOKOBOMH DO-
BEPXHOCTH KOHYCA H €ro OCHOBAHHS HASBIBAETCSA NOJHOH INOBEPX-
HOCTHIO KOHyca, 4 ee IJOINAAL HA3BIBAETCA MJONIAABI0 NOJMHOMH
NOBePXHOCTH KOHYCA HJH, Kopoue, IMJIOMIAAbI0 NOBEPXHOCTH KO-
HyCAa.

Ecau BOKPYT AaHHOM NDPAMOE BPANIATH NEPECEKAIOIVIO ee IpA-
MYIO0, TO IPU 3TOM BpalleHUH 00pasyeTCcsa IMOBEPXHOCTL, KOTODYIO
HA3BLIBAIOT KPYroBOH KOHHYECKON IIOBEPXHOCTHIO HJAKM KOHHYE-

) x?  y? z?
CKOiif MOBEePXHOCTHIO BpallleHHsA, ¥ paBHeHHE ey + bE oE 0 3a-
aeT KOHMYECKYI0 IOBEPXHOCThH BPAINeHUA ¢ 0chbio Bpalnenus Oz,
M3 aToro ypapHeHHA cJAegyeT, UYTO KOHHYECKAs NOBEPXHOCTh fAB-
JIAeTCA IOBePXHOCTHLIO Broporo nopaxka. (Ilogpobnee o koHmue-
CKOl MOBEPXHOCTH MOKHO IPOYHTATE B KOHIIE HaIllero yueOHUKA,
B llonmonHeHHAX «0 IOBEPXHOCTAX BTOPOI'O MOPAAKA».)

Yuamueca A0a3KHBI 3HATb, YTO BCE OCEBLIE CEUEHHA KOHYCA —
paBHBIE paBHOOEApPEeHHBIE TPEYIOALHHUKM; YIroJ MPH BEDIIMHE J10-
60oro u3 THX TPeyroJibHHKOB HA3LIBAIOT YIJIOM IIPH BePIIHHE OCE-
BOT0 CEUYEHHA KOHYyca; KOHYC, B OCEBOM CEYeHHH KOTODOro IIpa-
BHJBLHLIM TpeyroJbHHMEK, HA3BIBAETCA PABHOCTOPOHHHM; e€CJH
CeKyInas IJIOCKOCTh MPOXOAHT Yepe3 BepPUIMHY KOHYCA H Iepece-
KaeT KOHYC, HO He IPOXOAMT Uepe3 ero och, TO B ceUeHHH KOHyCa
TAKKE MNOJAYYAeTCA PABHOOEAPEHHBLIN TPEYroJAbHHK; eCJH CeKy-
Iaf IMJIOCKOCT: He MPOXOAUT Yepe3 BepIINHy KoHyca, He TIapa-
NeJbHA IIJIOCKOCTH er'o OCHOBAHMA H He IePeceKaeT OCHOBAHME, TO
ceueHmeM OOKOBOI IIOBEPXHOCTH KOHYCA TAKO NJI0CKOCTHLIO ABA-
eTCA BJIHIIC,

YuampuMcA KJAACCOB ¢ YIIyOJIeHHBIM U NPOGHABHBIM H3YYeHH-
eM MaTeMATHKH HeoOXOoAHMMO TaKKe PasdbiACHHMTb, 4TO CeUEHHEeM
KOHUYECKOU NnO8epXHOCMU NJAOCKOCTHIO MOMET ObITh JAHOO OK-
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PYMXHOCTE (CEKYINas HNIOCKOCThL HNEPOHEHAMKYIAPHA OCH KOHUUE-
CKO#if IOBEPXHOCTH BPAILNESHNA X He IPOXOAHT YEpes €e BepPIIuHy),
aunfo snyiune (ceKyinaa NJOCKOCTh He NePOeHANKYJIAPHA OCH KO-
HU4eCKOl NMOBEPXHOCTH U IepeceKaeT Bee ee ofpasyooine), gudo
napa6oJia (cexyniasa nJIoCKOCTh NapainebHa TOJbBKO OAHOM obpa-
3yIolell KOHNYeCKOol HOBEPXHOCTH), Anb0 rumepdosia (ceryriasa
ILUIOCKOCTE HapaJilelbHa OCH KOEHYECKOH NoBepXHOCTH ), Aubo na-
pa TNepeceKAoUXcs MPAMBIX (CeKyinasd ILIOCKOCTE HPOXOAKT
yepes BeprmInHy KOHWUYecKo# moBepxHOCTH). IlosToMy HeBBIPOK-
JAeHHbIe KPUBHIE BTOPOr0 MOPAAKA — OKPYIXHOCTh, SJIJIHOC, Iapa-
foay B runepbosy HA3BIBAIOT KOHHUECKHMH CEUEeHHAMM MM KO-
POTKO — KOHHKAMH. (IloapobHee 0 KOHHUECKNX CEUSHHUAX MOMKHD
NPOYNTATH B KOHIIEe Hamiero yuyeOHHKA, B [dononHeHusx «0 mo-
BEPXHOCTAX BTOPOI'o NOPAIKa».)

Kax ¥ B cayuae ¢ qHAHHAPOM, Yepes KaXKAVIO TOURY O0OKOBOMH
NOBePXHOCTH KOHYCA MO HO NPOBECTH JHIIL OJHY IJIOCKOCTh, Ka-
caTeJbHYIO K AAHHOMY KOHyCY B 9TOM TOYKe; KacareJbHas HJOC-
KOCTH K KOHyCY KacaeTcs 3TOro KoHyca 1o ofpasyiomiei.

Ona nzobparkeHNsI KOHYCa AOCTATOYHO NoCTpouTh: 1) annunc,
n300pakaoniuil OKPY;KHOCTL OCHOBAHUA KoHyca; 2) nentp O aro-
ro aanunca; 3) orpesok OP, nepneHANKYIAPHEIN IJI0CKOCTH OC-
HOBAHMSA 1 N300pakalonnil BbICOTY KOHYyca; 4) KacaTeabHBIEe Ops-
mble PA 1 PB u3 ToukH P K sanuncy (A ¥ B — TOUKH KacaHHA;
KacatedbHble PA 1 PEB npoBoJsT ¢ IOMOIIBIO JIHHeHKN Ha Taa3s).
IIpu sToM Heob6xoauMoO OOPATUTE OcODOE BHHMAHHE yYAIMXCA HA
CJIeIVIOMHH BasXHBIA (GaKT: oTrpesok AB, coeguHAOMHE TOUKH
KacaEndA obpasyiomnx PA u PB K aaumnncy, HE B KOeM ciydae He
ABJIAETCA HUAMETPOM B3JJIHIICA, T. . OTPe30K AB He COAepPKHT
nentpa O sanunca. CaegopaTteapso, A ABP — He oceBoe ceueHHue
KoHyca. OceBbIM ke ceueHueM KoHyca ABaserca N ACP, rae or-
pesoxk AC npoxoautT uepes meHTp O sanunca (Ipu 3ToM 06pasyio-
maa PC He ABjgeTCH KACATEJIbHOM K 3AJKRIOCY).

IIna JAOoCTHKEHHS HaArJaasgHOCTH H300pakeHus HEBHIUMYVIO
YACTh 3JIJIHIICA H300PaXKalOT IITPUXAMH.

IloBepxHOCTE KOHYCA COCTOHT H3 ero OOKOBOH HDOBEPXHOCTH H
OCHOBAaHUA. BOKOBYIO MOBEPXHOCTh KOHYCA, pa3pe3aB OO OGHOH H3
00pasy0ImHX, MOKHO pa3BepHYTh Ha ILIOCKOCTH. Torza pasBepT-
Ka NOBEPXHOCTH KOHYCA COCTOMT K3, a) KPYroBOIo CEKTOpAa, paam-
yc KOTOpOro paBeH ofOpasyiomeii [ KoHyca, a AJHHA ZYTH CEKTOpa
paBHA AANHe OKPYXHOCTH OCHOBAHKUA KOHyca; 0) Kpyra, paguyc
KoToporo paBeH paanycy R ocHoBaHmsa xouyca. IloaTomy 3a mio-
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maab 60KOBOM TOBEPXHOCTH KOHYCA IIPH-
HUMAIOT ITUIOIAAL €€ DPa3BepPTKH U BbI-
ynucaaioT o hopmyne Sg = nRi.

Yroa cekropa pasBeprku GOKOBO#H mo-
BEPXHOCTHA KOHYCA HA3BIBAIOT YIJIOM Pas3-
BEPTKH KOHyCA; UYHCJEHHAA BeJUUHHA
2TOr0 yIJIa paBHA OTHOIIEHHIO IJHHBI
OKPYKHOCTH OCHOBAHHNSA KOHYCA K €ro 0b-
pazyiomeil (paauycy cexropa pas3BeprT-
2nR

7

Caenyer ofAzaTesibHO A0KA3aTh CJHEH-
CTBHE O Jpyrom crnocobe BBIYMCIEHUSA
OOKOBOI ITOBEPXHOCTH KoHYyca (mocue
TeopeMmbl 26). I9To craegcrBue Oyiaer muc-
II0JIB30BATHLCA IPH BBIBOLE (GOPMYJ BBI-
UYHCJCHHA ILIOIAAed uacreidl IMOBepXHO-
CTH TIapa.

KH): O =

Puc. 53

3.053. Paguyc ocHOBaHNA KOHYCA paBeH R, a obpasywolnas Ha-
KJIOHeHa K IJIOCKOCTH OCHOBAHHA WO YIJVIOM (. Hepes BEpIIUHY
KOHyCa TPOBeAeHA IIJIOCKOCT MOZ YIVIOM @ K ero BeicoTe. Haiignure
ILIOILAADL TTONYUEHHOTO CeUeH A,

Pewenve. B ceuennu KoHyca OoJydyaeTcsa paBHOOeZpeHHBIN
A PAB (puc. 53). Ecsu rouxa C — cepennuaa xopabl AB ocHOBa-

1
HHA KOHYCA, TO S A pag = §AB * PC. Haiigem gmuasl AB u PC.

B npamoyronsaom A POB umeem: BP = OB _ R ,
cosc cos O,

OP=0B-+tg o = R-tg o. Tornpa B mpamoyronsHom A POC

~ OPF  Rtgoa _ Rsina
nosxyuaem: CP = coSQ = cos = osc- cos ¢ Hanee, B
R2

npamoyronsaom A PBC maxoxum: BC? = BP? — PC? = i
Rz(l +cos2¢ 1-cos 20&)

__R?-sin*a :Rz(cosoc— sin2o) _ 2 2 _

cosZq » cosZo cos?q * cos? cos?q + cos? @
2 . _
_ Rfcos(e + o) cos( ~ ¢) , 3wauur, AB = 2BC =

cosZa + cos?@

_ 2R.Jeos(p + o) - cos(p — 0)
B COS (L * COS(P

. Taxkum obpazom, mOoIyHaeM:
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1 1 2R.Jcos(p + ) cos(o — )

Sapag = AB-PC = 5 COSCL * COS(P %
o Rsino_ R2sina/cos(@ + o) * cos(p — o)
COSOL* COS cosZot * cos?o '

§ 18.6—18.10. CeoncTBa NapannenbHbIX CEYEHMA KOHYCA.
BnwvcaHHbie B KOHYC 1 ONUCaHHLIE
OKONO KOHyCca nupamnibl. YCe4YeHHbI KOHYC.
MNoBEPXHOCTL YCEYEHHOrO KOHYCa.
OBvem KOHYCA 1 YCEYEHHOIO KOHYCa

IIpu pacecmorpennu Borpoca o6 m3o0paskeHuW HUPAMHA, BIiu-
CAHHBIX B KOHYC U OHUCAHHEIX OKO0JIO Hero, 1ieJjiecoodpa3Ho HoBTO-
PHTB BOIIPOC O IIOCTPOEHUH (B HapajJeJabHOH HPOeKIIuK) n3o0pa-
JKEHHI HOPABHJBLHBIX MHOIOYIOJBHHKOB, BIHUCAHHBIX B OKDPYMH-
HOCTH ¥ OIHCAHHBIX OKOJIO Hee.

Heobxoxumo BeIpadorars v yyalguxcsi HaBHIKH HAUXHATE U30-
OpaskeHMe NpaBuAbHON MHPaMHALI, BINCAHHON B JAHHBII KOHYC,
¢ M300pAKeHHA OCHOBAHHSA IHPAMHAbI — INPABHUABHOIO MHOID-
YTOJABHWKA, BIHCAHHOIO B OCHOBAHME 3TOro KOHyca. [lanee coegn-
HAIOT OTPE3IKAMH IDAMBIX BEPIIMHY KOHYCA € BEPIIHHAMH IIO-
CTPOEHHOI'O MHOIOYTOJbHHKA H BBIIEJASIOT BHANMEIE M HEBUAH-
MbIe (IITPUXAMH) JTUHHK H300paxKaeMbIxX Guryp.

IIpu uayueHnu Bonpoca 0 BEIBOZe (DOPMYJIBI ANSA ILJOLNAIH IO-
BEPXHOCTH YCEUEHHOT'0 KOHYCA HYMHO JOKA3ATh CJeAcTBHE (mocae
Tepopembl 28); 00KOBAsA HOBEPXHOCTh YCEUEHHOTD KOHYyCca PaBHA IPo-
H3BEJeHUI0 €r0 BHICOTHI HA JNHHY OKDYKHOCTH, PaAUyC KOTOPOH
paBeH CepeANHHOMY HNEPHNEHANKYIADY, HNPOBeACHHOMY N3 TOUKH
oCcH KOHycAa K ero obpasyiometi. ITo cineacTBue OyAeT HCII0JIbL30BATh-
¢S IIpu BeIBoge (bopMybI BEIUMCASHUSA Naomany ctepsl.

Popmysa BbIYHUCAIEHNA 00beMa KOHyca ¢ BBICOTOH A W pagu-
ycoM OCHOBAHWA R BBIBOAHTCHA B VueOHMKe HA OCHOBAHWM IIPHH-
nuna KaBanbepu, AJjig 4ero sror KOHYC U HPABUJBHYIO YETHIPEX-
YTOJBHYIO IHPAMHAY, BEICOTA KOTOPOMH A ¥ CTOPOHA OCHOBaHNA R,
pacHoJIaralT Tak, YToObl HX OCHOBAHHA HAXOAHJINCH HA OZHOIH M
TOH K€ IIJIOCKOCTH (f, BEPIINHLI — TAKMKE B 0AHOM M TOMH 2Ke r1a0c-
KOCTH [, napajjaeabHoH MIOCKOCTH O M YAaJNeHHOM or Hee Ha pac-
croaane A. Torga xaMaasA NJOCKOCTh, NapajjeabHas aaHHBIM
IIJIOCKOCTAM M IIepeCeKAInad KOHYC, IIePeCceKAeT TAKKe HUPAMEH-
Iy, IPpHYeM OTHOIIEeHNEe MIOHaAel ceueHHR oboux ten aioboit 13
9THX HJIOCKOCTEI MOCTOAHHO U paBHO Tt : 1.

HelicTBNTENbHO, IIOIALY ceueHnii, 00pa3soBaHHBIX IIPH Hepece-
YeHHH 0DOUX TeJ ¢ 100K N3 IPOBEAEHHBIX OJOCKOCTEH, OTHOCATCA
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K IIJIOIIAJAM OCHOBAHHIT DTUX TeJI KAK KBAJAPATHl PACCTOAHUN CEKY-
XX IJOCKOCTEH OT BepIIHH. A TaK KaK CeKyIilue IJIOCKOCTH HUpAa-

S ced. KOH
MIIBL I KOHYCaA paBHOYIAJIeHBbI OT KX BEpDIIIHH, TO g"‘_ =
OCH, KOH
Scett. nup Sceq. ROH SOCH. KOH TR?
= ——— , Torpa S =3 = —% = n: 1. 9ro o3Haua-
SDCH. aup cev. NHp OCH. TIHD R

er, 9To AA1A 00'beMoB 9THX Tes BbulonHsAercA: Vi otV =7 1 nin

1 1
Vo (§R2-kj =n:1,orxkyna V.. = =n-R2+h.

K KOH 3

1

PopMyna Vi, o =37 1" (R? + r- R + r?) BoruncjeHusi 00hb-

eMa YCEeUeHHOro KoHyca MosKeT ObITH BEIBeJleHAa, €CJIU yCedeHHbIe
KOHYC M HNHUPAMHIAY PACHONOMHTH B COOTBETCTBHH C YCJOBUAMU
npuninna Kasansepn.

Yuammumces oJIe3H0 J0KAa3aTh, HCHOAb3Y HpUHI KN KaBalbepu,
uT0 00'BFeM KayKJI0T0O H3 TeJl, HA KOTophle KOHYC pa3dduBaered ero ce-
YEHHEM IIJIOCKOCTBIO, IIPOXOAAINEN Yeped BepIHHY, MOKeT OBITh

rge h — BeICOTA KOoHYyCa,

1
BBIYHCJIEH 110 hopmyse V = 3" heS

SCEPM — [JIOIIALEb COOTBETCTBYIOIIIECIO CEIrMEeHTA OCHOBAHKA KOHYCA.

Creayer o0OBACHHTH YYAIOHMCHA H HA KOHKPETHBIX HpHMepax
HOKA34aTh, YTO IPH PEeIleHNY MHOTI'UX 3a7a4, B KOTOPBIX JaH IIpa-
BUJILHLI MHOTOTPAHHIK, BIMCAHHLIM B KOHYC, HE BCerjga Hy3¥HO
n300paXkaTh KOHYC M MHOTOTPAHHUK, 4 LOCTATOYHO H300pas3snuTh
ceueHpe 3TuX (QUI'Yp HJIOCKOCTHIO, IpOXoAANel depes3 OCh KOHY-
ca. IIpyuyeM MJAOCKOCTH OCEBOr0o ceueHHsA KOHyca OviBaerT YAOOHO
IIPOBECTN Uepe3 AWATOHANL OCHOBAHUA MHOTOIpaHHHMKA. B TakoMm
cJiydae pelllecHUe JaHHOU CTEPeOMEeTPHYECKOH 3aA8a4ll CBOIHUTCH K
peieHHIo 3a1aYy IJIAHUMEeTPHICCKOM.

IHogoOHOro poja cedyeHHA HNOJIE3HO HCIIONB30BATH TAKMKE IIPH
peilleHu M pasIHdHbIX 33744 HA yceueHHBIH KoHYC (cM. 3.079), Ha
KOMOMHANMIO MUJUNHAPA ¥ MHOTOTPAHHHKA, KOHYCA U MUJIMHIPA
(cm. 3.098).

3.079. B yceueHHOM KOHYCe HNpOBeAEHBI AUATOHAJIM BCEX OCe-
BbIX cedeHHni. [InaroHan Kamgoro oceBoro Ce4eHuA B3anMHO Iep-
HeHANKYAAPHBI, paBHLI d U AeJAT APYT Apyra B otHomeHnu 1 @ 3.
Hatigure: a) 00bem yceuensoro KoHyca; 6) IIomaas DOBEPXHOCTH,
0o0pa3oBaHHON BCEMH AHWATOHAAAMM; B) ILJIOINA]L CEYECHUS yCedeH-
HOr0 KOHYCA [JOCKOCTBIO, 1apaijeJIbHOM ero OCHOBAHHAM I JeJ1f-
et 60KOBYI0 HOBEPXHOCTS HA JBE YACTH PABHOII [1JIOMALH.
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P PeweHune. Ilyers paBHOOeApeHHaA
A rpanenua ABMH ¢ B3anMHO HmepieH-
s AUKYAAPHEIMH auaroHanamMy AM u
’ \ BH aBnsercs OceBBIM CeUeHHEM JaH-
B M HOI'0 YCEeUeHHOI'0 KOHyCca, IIPDHYEeM
BK: KH=MK :AK=1:3,Troe K =

'S AM ~ BH (puc. 54).
7 E a) Ecau touxkn O u C — 1meHTpsl co-
OTBeTCTBEHHO HHUMKHEr0 I BePXHero oc-
HOBAHUYN YCEYeHHOI'0 KOHyca, IIPHYeM

1 3
A 0 H KM = 4 d, KH = Zd, TO B paBHObe-
Puc. 54 PEeHHBIX NPAMOVIOJABHBIX TPEYTOJBHI-
| kax CKM u OKH umeeM coOOTBerT-
KM _dJ2 KH 3d.J2

crBernHo CK = CM = unO0OK = OH =

2 8 7z 8

Taxum o6pazom, paaguyenl R 1 r HHXKHEro 1 BepXHero OCHOBAHH i

3dJ2 _ dJ2
g 7 3 -

SAHHOI'O KOHYCA PABHEBEI COOTBETCTBEHITO! R=

1

Torpa Haxomum obbeM Vi, op = 3T~ OC-(R* + R+r + r?) =

2
— - (CK + OKYR? + R+7 + r?) = %n-%‘@- ((3—‘%@)

o =

L 3dJ2 dJ2  (df2 N _ 1 dJ2 26d? _13nd3./2

8 8 (8))“3"2 64 192 °
0) IloBepxHOCTH, 00pA30BAHHAA BCEMH JHANOHAJIAMHI OCEBBIX

CeueHUH yCceueHHOI'o KoHyca, COCTOUT U3 OOKOBBIX HOBepXHOCTeH

o 3d./2

ABYX KOHYCOB, PaANychl OCHOBAHHH KOTODBIX pPaBHE R = 8
d.J2 3

Hr= - a ux obpasymoiiue HMeloT JJIHHB COOTBETCTBEHHO i d

H Ed H03TOMY aTa IMHNOBePXHOCTH HMeeT IJIoInalb, PABHVIO

3d.J2 3 dJ2 1, 5nd?)/2
AT S B A T

B} llocTpoum AaHHBIN ycedeHHBIN KOHYC A0 MOJHOTO KOHYyCA C
BepminHOi P, IlycTh X — romaZs JAHHOrO B YCJIOBHH 3a444H Ce-
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YeHUS YCeueHHOro KoHyca (Ha puc. 94 orpe3ox TFE paseH pua-
METPY 3TOro CeUeHus ).
Ecnm yepes S; n S, 0603HAYUTE INOIAAH COOTBETCTBEHHO

BEPXHEro M HIDUKHEIo OCHOBAHHH JNAHHOIO YCEUEHHOr'o KOHYyCAa,
S — nnomaa O0KOBBIX TMOBEPXHOCTEH KAMKAOr0 U3 BHOBL IIOJY-
YeHHBIX YCEUEHHBIX KOHYCOB, (} — maomagk 60K0oROHA TOBEPXHO-
CTU KOHYCA, JOMOJIHAIONIEr0 JAHHBI N yCeUueHHBIH KOHYC A0 TOJIHO-
ro KOHycCa ¢ BepruuHod P, To U3 TogoOHsA Nap KOHYCOB ¢ BePIIIH-

5 p S1__@ S:_@+2S S1t 5
HOlt P mmeem: — “5+0'x © S+Q,0T1:~cy,ua o =
__Q ,Q+25 _, St S, mR24r?)
“5+ 0 S+Q—,3HaqHT,x_ 5 = 5 =

9a2 a2

“( 32 32) 5rd?
= 5 = 35 - TaxmMm 00pa3om, HCKOMAA OJOHIAAE Ce-

B2

YeHHUA PABHA

32

3.091. Tpeyroasuuk co cropouamu 13 ¢m, 37 cm u 40 cm Bpa-
IAeTCA BOKPYT IPAMOM, OIPOXOAAINCIH Uepe3d BepIIUAY OONbIOIETO
yrJja napajieabHo bonablaed croporHe. Haligure o0wem B nnomansb
IIOBEPXHOCTH TeJIa BPaIeHUA.

PeweHue. IlycTs TynmoyronesHBIN Tpe- a
yronmeank ABC, B roropom AB = 13,
AC= 37, BC = 40, Bpamjaerc BORPYT
IPAMON @, IPOXOFAIIEeH uepeld BEePIOIHHY
A napannensHo cropone BC (puc. 55); S
ToukH O u O; — IEHTDPBI OKPYHHOCTEHN, '
KOTODBIE ONMHUCHIBAWOT Bepminak C u B
TIPH 5TOM BPAIICHUH,

IIpn BpameHUm OPAMOYIOJBHHKA
OCBO, Boxpyr npsamMoii a ofpasyerca

NMUIUHAD, pagnyc R ocHOBaHUA KOTOPOTO
25 4Bc  2.45-5-8-32 4

BC 40 I ¥
= 12, a Ipu BpameHNHU TIPAMOYTOIBHBIX
TpeyroibHUKOB AOC 1. AQ,B BOKDyT TOMH

e IPpAMON 00pa3yIoTcs gBa KOHycA ¢ 0b-
pasywomuma AB = 13 n AC = 37, Pagu-
yCBHI OCHOBAHUI 5THX KOHYCOB PaBHBI 12. Puc. 55

i

paBen: R =




Taxum o0pA30M, €CHIH U3 PACCMOTPEHHOro IIUJIWHAPA YAAJIUTE 00a
KOHYca, TO HOJYYHM Tejo, o0pasoBaHHOE BPAINEHHEM TPeyrolb-
Huka ABC BoOKpyr npsMo# a. 3HAYKT, AJA HAXOEACHIHA 06beMa
3TOT0 TeJa AOCTATOYHO U3 o0beMa UJIWHAPa BEIIECTh CYMMY 00'B-
€MOB VIIOMAHYTBIX KOHYCOB.

Haxoaum:
1
VTe.ua BpAIn = me - (V] Kon + Vz KOH) = R'Rz'BC_ E(K'sz
2
x AOQ, + - R%2+AO) = g‘.ﬂ:'Rz « BC = g 122+ 40 = 3840x (cm®).

IloBepxHOCTE e IOJYUYEeHHOI'0 TeJla COCTOUT i3 OOKOBBIX HO-
BEPXHOCTEHU YIOMAHYTHX IHJIHHAPA U KOHYCOB. 3HAYNT, III0IAAD

IIOBEPXHOCTH DTOTO Tesia paBHa: Sg . 0+ Sgore 1 4on T Saox. 2 xon =

~9x-R*BC +n+R*AB + n+R-AC = n+R(2BC + AB + AC) =
— 127(80 + 13 + 37) = 1560 & (cm2).

3.098. Huanaap paguyca 20 cM 1 KoHYyC paguyca 24 cM uMe-
0T PABHOBeJHKNE OOKOBbIe IOBEDXHOCTH, PABHLIE BbICOTHI K Pac-
II0JIOYKEHB] TaK, YT0 BRICOTA HUJIMHADPA, OIPOXOoAAmas Ho ero ocH,
coBraziaer ¢ BbicoToM KoHyca. Haligure o6peM u naomagb G0Ko-
BOM IIOBEPXHOCTH YCEUEHHOI'0 KOHYCA, KOTOPBIM OTCEeKaeTCA OT
KOHYCA IJIOCKOCTHIO, IIPOXOAANEN Uepe3 IMNHUIO IlepecedeHus Go-
KOBBIX IIOBEPXHOCTEH NUJAHHAPA M KOHYCA.

PeweHne. Ha pucyHke 56 n3o0paskeHo oceBoe ceyeHHne KOMOH-
HauV{ DHJINHIPA U KOHYyCa, IMEIuX ob1Iyio BRICOTY, IIPU 3TOM
orpe3ok CM m3obpaxaeT AMaMeTpP BEPXHEro OCHOBAHUSA yCcedeH-
HOI'0 KOHYCA, OTCEKAEMOT'0 OT JAHHOT'0 KOHYCA IIJIOCKOCTBIO, IIPO-
XopAmed 4Yepe3 OKPYXKHOCTH IHepecedeHMs DOKOBBIX IOBEDXHO-
CTell JaHHBIX HUJAHHAPA 1 KOHYCA.

O6osuaunm: A = OP — BrIcoTa HuauHapa, I = BP — 006-
pasymoniasg AaHHOTO KOHyca, X =

E P H = KM — BHICOTA IIOJYUYE€HHOI'O yCe-
YeHHOI'0 KOHYCA.

B npsamoyroasaom A BOP ume-
eM: [2 — h2 = 242,

Tax xak Sﬁm{. mua S Gox. wou® FO

40mh = 24nl, nostomy h = gl. Tor-

C

M
O \ 2 _ 9 2
aa 1° — ﬁl = 24%, orryaa [ = 30,
AT O K B
gHaunuT, A2 =2 — 242 =302 — 242 =
Puc. 56 =324 = h = 18.
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Hanee, BK = OB - OK =24 — 20 = 4. Teneps u3 nogodus rpe-

opP OB 18 24
yroasHHKOB BOP u BKM umeem: M — BR P T < 7>
orKyza x = 3, 3uaumut, M B = 5.

Torga:
1
Vyeewwon = 5% KM - (0, M2+ O,M - OB +OB?) = 3 +3+(202+

+ 20+ 24 + 242) = 14567 (cM3);
Stox. yoos =T+ (O1M + OB)+ BM =1+ (20 + 24) - 5 = 2207 (cM?).

§ 19.1-19.2. OnpeneneHue wapa, chepbl n nx 3nemMeHTOos.
N30bpaxerne coepnl

Marepuanom o céepe ¥ 1mIape, 0 BOMCAHHBLIX B HMX M OOUCAH-
HBIX OKOJIO HHX MHOI'OrPAHHHKAX, NMAMHAPAX M KOHycaxX Npak-
THYECKH 3aBepriaeTcsa H3YYEHHe IOKOJBHOro Kypca 3JeMeHTap-
HOI reomerpuE B 11 xnacce,

Yuaupecss noJKHBL 3HATH, YTO €CJIM ceueHHe cdepbl guaMer-
PaNIBHONH NJIOCKOCTHI0 M300pakeHO B BHAE 3JLJIMICA, TO KOHIIBI
nuaMerpa chepbl, NEPHeHAHKYIAPHOrO 3TOH MINOCKOCTH, HAXO-
nAaTed He Ha OKpyxHOCTH (abpice), m3o0paskalomeit chepy, a BHy-
TPH KPyra 3TOH OKPYKHOCTH, IPHYEM IOJOKEHHEe KOHIIOB 3TOr0
IUAMETpAa 3aBHCHT OT (JOpPMBI 3JLIHICA.

CrnepyeT o0OBLACHHTL VUAIMMCH, YTO OPH pPellleHHH 3adad Ha
chepy BO MHOTHUX CJIy4YafaX HeT HeoOxoaumMocTu n3obpaskaTh coe-
pPY; VAO0DHO MONIL30BATHCA AHAMETPAJBHEIM cedeHHeM cdepsl
IJIOCKOCTHIO, coBnagawomei ¢ jgucrom Oymaru (C IIOCKOCTBIO
KJIaccHOMH mocku). B rakom cayuae peureHue 3agadm co chepoii 1
ILTOCKOCThIO, ciepoil ¥ BOHCAHHBEIM B Hee (OINHMCAHHEIM OKOJIO Hee)
MHOT'OI'PAHHHKOM, ctepoit u gpyroi ¢purypoii RpameHus CBOIUT-
CA K pPEemeHHI0 NIAaHHMETPHYECKOH 3aJaYH ¢ OKPY/KHOCTBIO H
OpAMOI, OKPYXHOCTBID M BIOMCAHHBIM B Hee (ONHCAHHBIM OKOJIO
Hee) MHOTOYIOJIBHHKOM, OKPY/KHOCTBIO M ParRHOOeapEeHHBIM Tpe-
VTONBHUKOM (CeuyeHHeM KOHYCa), OKPYKHOCTBIO H HOPAMOYIOJb-
HHUKOM (ceyeHHeM [HJIMHAPA) MNHU ABYMA OKPVsKHOCTAMU (ceude-
HueMm 1ByX cdep). UHorpa nocrarodHo u300pa3uThs JTHIIB IEHTD
cpepbl, BOKMCAHHOH B JAHHBIHI MHOrOrpaHHHK HJIH OINHCAHHOH
OKONO AAHHOr0O MHOr'OrpaHHHKA, ¥Ualnuecs JOMAHBI HAVUHTHCSA
BHJAETh BO B3AHMHOM PAaCHOJOMeHHM chepbl M NNOCKOCTH (ZBYX
IJIOCKOCTEH, ABYTPAHHOIO VIJia) AHAJIOTHI) B3aMMHOI'0 pacmosno-
XKEeHHA OKPYAKHOCTH H NPAMOI (IBYX HapauleNbHbIX NPAMBIX,
TIJIOCKOTO yIJja).
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3.105. HaiiguTe MHOMECTBO 1IEeHTPOB BCEX KPVIOB paauyca r,
ABJFIONUXCSH CeUueHUAMI gaHHOro apa paguyea R.

YkazaHne. IlenTp aw060ro Kpyra, fABAAIOLIEroCHA CeYEeHHEM
OJaHHOI'O IIapa, HPUHAAJEKHUT IIPAMOI, HpoXoasimei uepes
OEeHTP 5STOro Inapa OepPOeHfHKYIAPHO ILJIOCKOCTH CedYeHHA.
SHAYuT, INEHTP Kpyra-ceudeHHs, HMEIOIEero paguyc r, yaajaeH

OT HEeHTPAa HAHHOTO INapa Ha pacCTOsAHHe, paBHoe «R2Z-—r2,.
Torga MHOMKECTBO IEHTPOB BCeX TAKHX KPVIroB IIPeACTABJISAET

coboit cdepy pagumyca /R2—r? ¢ meHTPOM B HEHTDE JAHHOTO
1Iapa.

§ 19.3. YpasHenune chepsi

ITpexx e uweM NPUCTYHATE K PEUIeHUIO 3a449U KOOPAMHATHEIM
MEeTO0M {MeTOoAOM aHANHTHYEeCKOH reoMeTPHH), viainquica A0J-
JKeH PellInThb 9Ty 3aJauy KOHCTPYVKTHBHO, leOMeTpPHYEecKH, T. €.
JOJIKEeH HaVIATBCS COCTABJIAThL FeOMETPHYECKHI aJITOPUTM €€ pe-
IIeHuA.

Iipux peineEnn KoopaMHATHBIM METOAOM 3a1a4d Ha B3aMMHOe
pacronoxeHue chepbl u IpAMO¥M, cdepbl B MJIOCKOCTH MOXXKHO
o0'hICHATH yuamuMcs Ha WHTYUTHBHOM OCHOBE HAJHM4YWE AHAJO-
'y PacHOJIOMEHHA KacaTelbHOH IPAMON K OKPYKHOCTH M Kaca-
TeJLHOH HJAOCKOCTH K cdhepe, HMEHHO: [HJI0CKOCTD, KacaTeJAbHasa K
chepe, neprneHmUKyAApPHA pasuycy, HPOBEeJeHHOMY B TOURY HX
KacaHud (00 sToM peur noiigeT 4yTh Ho3gHee, B T. 30). (IT0 006B-
fiCHeHNE OHIAThH sKe MOXKHO CIHEJATh ¢ IOMOINBI AUAMETPATIBHOrO
ceueHua cdepbl.) Torga gas cocrasjaeHums ypasHeHus Kaca-
TEJLHOHR IIJIOCKOCTH B KAYeCTBEe BEKTOPA €e HOPMAJH MOXXHO IIPH-
HSTh BEKTOD, O pegeaseMbll [[eHTPOM c(epbl 1 TOUKON KAaCAHUA
(cm. 3.126).

Jli06an npamMasn, geskalnas B KacaTeJbHOH IIJIOCKOCTH K cdepe
H [IPOXOAAINAA ueped TOUKY MX KacaHus, Ha3bplBaeTcA KacarTelb-
Hol1 npsaMoi k ciepe; paguyce cdepbl, IPOBeJeHHEBIN B TOYKY Kaca-
HUA, NeprHeHguUKyAApeH KacaTeJbHoll npamoi. [Ipmuem econ
npaMas a Kacaetrcd chepsl B TouKe M, To 9Ta npaMas KacaeTcs B
Touke M Tol oKpyxRHOCTH OOJBIIOro Kpyra, KoTopas sBJIAeTCS
ceueHreM cdepbl 1 JHaMeTpanbHOM HIOCKOCTH, IIPOXOAANIEN Ue-
pes npAMYyIo @.

Crnpasegnuso 1 odparHoe: ecJii IpAMAaA a KacaeTcs OKPYrKHOC-
Ti 00JBIIIOro Kpyra ctepsl B TouKe M, TO 9Ta HpAMAaA KacaeTcAa B
rouxe M camoii ctepsl.
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3.118. HalinuTe KOOpAHHATHI IIEHTPAa H pagHyc cdepbl, oOon-
CaHHOH OKO0JI0 TeTpasiipa, BePHIHHE KOTOPOTO UMEIOT KOODAUHA-
o1 (0; 0; 0), (8; 0; 0), (0; —2; 0), (0; 0; —6).

PeweHue. ITerrpom ctheprr, onucawHONH OKOJIO TeTpasapa, fAB-
AAeTCA TOUKA TepPeCedeHUA MJIOCKOCTeH CePeUHHBIX TIepreHi-
KyJfpoB Tpex Aw00biX pebep TeTpasipa, He JexXaniux B OXHOH
IIJAOCKOCTH.

Ilycts o, B, ¥ — HJAOCKOCTH CepPEeAUHHBIX NEPHNEHINKYIADOB
pebep cooTeercTBeHHO AB, BC, AP rerpasgpa PABC; K, H,
M saBasAOTCA cepeUHAMU COOTBETCTBEHHO 3THX pefep, mpudem
A(0; 0; 0), B(8; 0; 0), C(0; —2; 0), P(0; 0; —6).

— — —

Haxomum: AB(8; 0; 0), CB(8; 2; 0) u PA(0; 0; 6) — BekTO-
pPHl, NEPNeHAUKYJAAPHLIe COOTBETCTBEHHO IJAOCKOCTAM O, B u 7v;
K(4; 0; 0), H(4; —1; 0), M(0; 0; —3).

Torza ypaBHeHHS nJOCKOCTeH o, 3 1 Y TakoBH: x ~ 4 = 0, 4x +
+y—-15=0,2+3=0.

Pemmasa cucreMy YypaBHeHHIT:

x—4=0,
dx +y—-15=0,
1z+3=0,

nmojayuaeM KoopgHHEATHI (4; —1; —3) mckoMoro meHTpa S cde-
pet. Torma paauyc B = SA ato¥ chepbl paBeH /16+14+9 =
= J26.

3.123. Hanumure ypaBHEeHWE IJAOCKOCTH, B KOTOPOH Jexar
Bee o0mue Touku chep (x — 12 + (g + 22+ (2 + 5P =9u (x — 4)2+
+(y + 6)° + (2 + 5)? = 16.

PeweHue, Tak kak paccroarue mexay nmeHrpamu A(l; —2; —5)

u B(4: —6; —5) chep pasuo /32 + (—4)2 + 02 =5, T. . MEHbIIe
cyMMEI 3 + 4 = 7 pafuycoB JaHHEIX chep, TO 3TH cihepsl NepeceKra-
0TCH.

IIycrs Tourka C NMPpUHAANEKUT NEepeceueHHUIo JaHHLIX cdep.
Torga AC = 3, BC = 4, AB = 5, 3Ha4YuT, TpeyrodbHuK ABC —
OpAMOYTONbLHEIN ¢ mpameM yraom ACB. Bricora CK »atoro

9

TPEYTOJABHIUKA AeJUT ero THNoTeHy3y AB Ha oTpesku AK = 5 H

BK = % , 3HauuT, AK : KB = 9: 16, u Trouka K umeer Koopau-

HaTbI.
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9

S LT b R B .
X = 1+i =5 Y= 1+ﬂ =—55»2="5,1.e.
16 16
52 86
K (%, 35 —5) .
ILn1oCKOCTE, B KOTOPOI /IesKaT Bce ofIIie TOUKM JAaHHBLIX chep,

52 86
IIpoXoauT uepes Touky K (2 55 955 —5) , IEPIEHIHK VISIPHO BEKTO-

py AB (3; —4; 0), u umeer ypasHenne 3 (x - %) - 4 (y + gg) =

0, nmu 8x — 4y —20=0.
3.126. HanummTe ypaBHEHHE IJJOCKOCTH, Kacawomeicsa cge-
pel X2 + 2x + y? + 2y + 22 — 42 = 0 B Hauage KOOPAUHAT.

PeweHue. Micxoanoe yparuHeHuHe cepsl NPUBOJUTCA K BUAY
(x+ 1)+ (y+ 1)+ (2 — 2)2 = 6, u3 KOTOPOrO CJELYET, UYTO TOUKA
A(-1; —1; 2) — menTp 27T0# Cchephl.

Tak Kak IMJOCKOCThL KacaeTcs chepsl B Hayaje KOOPAHHAT, TO
oHa TpoxoauTt uyepes Touky O(0; 0; 0) nepneHAUKyIAPHO BEKTODY

—
OA(—-1; -1; 2). 3HauuT, ee ypaBHEeHnEe MMeeT BUA x + iy — 22 = 0

3.129. Hanumure ypasaeHue chepbl ¢ nearpom (1; 1; 2), xa-
cawmeiica cpepnr x2 + y2 + 22 = 24,
PewieHue. Ypasrerue x2 + y2 + 22 = 24 sazaer chepy paguyca

R=2.6 c meaTpom O(0; 0; 0). PaccrossHue Mexny meHTpamMu
ATOH chepbl H KacawIieiics ee cepbl paBHO Jé . SHAUNT, pagnyc
Kacaionieiica chepsl MoxKeT OBITH paBeH 2.6 ~ J6 = J6, unu

2./6 + /6 =3./6 . [Iosromy ypaBHEHUA 2TUX CheD TAKOBEL:
(x - 1Y2+(y-12+(z-2)°=6
W
(x—1)2+(y—1)2+ (2 - 2)¢=54.

3.137. Onpenenvre B3aUMHOE PACTIOJIOKEHUE IIPAMOR
x=1-3t,
y=2+2t, te R
2=4+t,
i cpepnl x2 + y? + z2 = 25.
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Petllenne. IIpamas moker mepecekars ciepy B ABYX pazyind-
HBIX TOUKaX, KacaThCcd chephl HIN He HMETH ¢ HeH obImux TOUeK.
B KoopAHHATHOM BH7e CKA3aHHOE O3HAYAET: CHCTEMAa YpaBHEHHH,
cocTaBJeHHas M3 YPaBHEHHUU NpaAMOH u c@epbi, UMeeT COOTBET-
CTBEHHO /BA PA3ANYHBIX DellleHUdA, OJHO DeIIeHne UJIH ABJIAEeTCSA
HeCOBMEeCTHMOH.

TakuM 00paszom pemiaeM CUCTEMY YPaBHeHHH:

J x% 4+ y2+ 22 = 25,

x=1-3t,
y=2+2t,
2=4+t,

IloscTaBMB B TepBOe ypaBHeHHe BMecTO X, I M 2 UX BBIDAKEHUHA
uyepes ¢, noayuaeM ypasHenne (1 — 3£)2 + (2 + 212+ (4 + £)% = 25,

2
KOPHAMH KOTODOro ABAAIOTCH ¢, = —1; £, = 7 JTO O3HaAUYaeT, 4To
1 4 2
npAMas epeceraet ¢pepy B ABYX TOUKAX & 2:{. ; 4 - H (4; 0;3).

3ameuarue. Tak Kak B 3ajaue TpedyeTcA ONpeleJUTh JHIIB
B3aHMMHOe pacioJiocKeHre npamMoi 1 cheprl, TO 3Ty 38189y MO HO
pemuTs nHave, Hy:KHO HaHTH TOUKY NepecedeHUs JaHHOH Ips-
MOH H IIAOCKOCTH, ITPOXOASIIEH uepe3 neHTp AaHHoH chepsl nep-
IIeHAHUKYAAPHO 3ToH npamoil. [ coctaBaeHHs ypaBHEHUSA 3TOH
NJOCKOCTH MOXXHO NNPHHATH HANTPABJAAKNIHNA BEKTOD JAHHON ITPA-
MOH B KadyeCTBe BEKTOPa HOpMAJH K njockocTu. [asee, pernus
CHCTeMy U3 YpaBHeHHH HJOCKOCTH M AAHHOH NPAMOI, HaXOAAT
TOUKY UX NNEPECEUCHHUS B paCCTOAHIE MeXKAY 9TOM TOUKOH H IIeHT-
poM cteprl. CpaBHeHHEe 3TOT0 PACCTOAHMA C pajuyCcoM JaHHOU
cthephl IPUBOAUT K HYKXHOMY OTBeTY.

3.142. V3 nauana KOOpAWHAT NIPOBE/IEHB] BCEBO3MOMKHBIE IIPA-
Mble, Kacalomuecs chepsl (x — 4)2 + (y — 3)2 + (2 - 12)2 = 144.
Haiigure ypaBHeHHe NAOCKOCTH, KOTOPOH NPUHANJIEKAT BCe TOU-
KU KACAHUA.

Pewenue. Ilycte M(x; y; 2) — TOUYKa RacaHWA NPAMOMH, Npo-
XOAANIEA UYepe3 HAUAJIO KOOpAKHAT, U cpepH paguyca 12 ¢ meHT-
pom A(4; 3; 12). Halinem ypaBHeHWe, KOTOPOMY YAOBAETBOPSIOT
KOOPAHUHATEL TOYKH M.

Taxk Kak KacaTeabHas K cdepe NpAMAaAa NepNeHAUKYIASpHA
PAINyCy, TIPOBEIEHHOMY B TOUKY KaCcaHHA, TO TPEYrONAbHHK
OAM — npaMOyroAabHbll ¢ runorenys3oit OA. Toraga OM?2 = x2 +
+y?+22=0A%2-AM?*=169 - 144 = 25.
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U3 vyenosusa OM 1 AM caepyer OM - AM - 0, T.e.
x(x —4)+ y(y — 3) + 2(z — 12) = 0. Ilocie npeobpasoBaHui, ¢ yue-
Tom paseHcTBa X2 + y? + 22 = 25, nonyuaem ucKoMoOe ypaBHEHHE
naockoctu 4x + 3y + 122 — 25 = 0, KoTOpOMY YAOBJAETBODAIOT KO-
OpAUHATHI J1060I TOUKH Kacanusd npsaMoit OM u chepsi.

3.143. Haijinure ypaBHeHUA BceX cdep ¢ HeHTPOM B Hadaje Ko-
OPAHHAT, KACAWINXCA NPAMON

x =3 - 2¢,
y=1+t¢t teR
z2=0,

Pewenne. Paguyce chepsr, Kacaromelica ganHoH npaMol ¢ Ha-
NpaBAAIHMM BeKTopoM p(—2; 1; 0), paBeH paccTOSHUIO OT HEHTPA
O(0; 0; 0) ctheprr 1o sToit npamoii. IloaToMmy HaAX0AUMM TOURY Hepe-
CeUEeHHUS JAHHOM NpAMOM M IjocKocTH 2X — y = 0, npoxXoaamen
Yepes HEHTp LIapa DepneHAUKYAAPHO 3Tol npamMoil. KoopauHaTh:
(1; 2; 5) 3T0Oi TOUKH ABIAIOTCA PELlIeHHEM CHCTEMbi YDABHeHUHA:

Jx=3—2t,
y=1+1¢,
1 z=2>5,
2x —y =0.

Torna paguyc cheps paBeH J12 4+ 22452 = /30, a cipepa,
ABMSIOMIASCS eJUHCTBEHHOH, VAOBJIETBODPAIOIIENH YCJAOBHIO 3aja-
4y, ©MeeT ypasrerue x2 + y? + 22 = 30.

& 19.4—19.5. lNepeceyeHne tiapa u cepbl C NIOCKOCTLIO.
[MnockocTk, KacatenbHas K cepe v wapy

IIpesne uemM OpHCTYNATHL K pEILleHHIO 3allad, B KOTOPHIX pac-
cMaTpuBawTcAa cdepa ¥ BOUCAHHBIE B HEee MHOIMOTDAHHUKH (Onu-
CaHHbIE OKOJIO Hee MHOTOIDAHHUKH), NMPeJBAPHUTeNAbLHO CleayeT
peLiaTh 3a7auH Ha cepy U IIockocTsb, chepy u ABe (TpHr) naoc-
KocTH, cpepy H ABYIDAHHBIA (TpeXI'DAHHBIN) yroJj, nepecerao-
muecs chepy ¥ MHOI'OI'PAHHHK (Ky0, IPH3MY, THPAMUAY).

Cdrepa 1 IOCKOCTR

Ilepen mayueHHEM BOIIPOCA O B3AMMHOM PacHOJOXKEHHHN c(hepsl
(mrapa) ¥ DAOCKOCTH MOeJaeco00pasHO NOBTOPHTb ¢ YYALIMMMHCSH
BOMPOC O B3AMMHOM PACHONOMEHHH OKDYKHOCTH U NPAMOH, Je-
FKAIMMH B OJHOM njaocKocTu. Caeayer o6paTHTh BHUMAHNE y4da-
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MKUXCA HA AHAJOTUK HW3YUYeHUA 3TUX ABYX TEeM IVIAHUMETPHH U
CTepEeOMEeTPUH.

Yuamueca AONAKHEL 3HATE, UTO:

1) ecaun paccrosuue d oT ueHTpa Hiapa (cdepsl) A0 TaHHOH
IJOCKOCTH MeHBHIe paguyca R miapa (cepsl), To nepecedyeHH-
em mapa (cdepsl) ¢ MAOCKOCTRIO ABAAETCS KPYT (OKPYAHOCTS).
IHentpom 2aToro Kpyra (3To¥ OKpPYIKHOCTH) ABAAETCH OCHOBA-
HU€e NepHeHARKYIAApPA, NPOBEACHHOTO W3 neHTpa mapa (cdepst)
Ha JaHHYIO [LIOCKOCTb, KJIKU caM neHTp mapa (chepsbt), €CA Ia0C-
KOCTh MPOXOAUT ueped 3TOT neHTp. Paguyc r ceueHuda paBeH r =

- JRE= &

2) ecyiu paccTOAHUeE OT IeHTpa mapa (cdepsr) 10 NaHHON NJIoC-
KOCTH PABHO paguycy mapa (cthepbl), TO NIAOCKOCTbh UMeeT ¢ Ia-
poM {cepoif) TOABKO OZHY OOIIIVIO TOUKY;

3) ecsim paccTofgHHue OT 1eHTpa mapa (cdepst) 10 JaEHOH nJaoc-
KocTHd Donplne paguyca mapa (ctepsl), TO NJIOCKOCTL HE HMEET C
mapoM (chepoi) OGITIKX TOUCK.

YyamuMmces moJe3Ho 3HaTh, 4TO AJad mapa (cdepbl) BbINOJIHS-
IOTCS CHAeIVIONINe MeTPHUECKHe COOTHOINeHU A;

— nuameTp mapa (cepst), AeASIIHA ero Xopay HNonoaam, nep-
NeHANKYJASPEeH 3TOH Xopie;

— OTPe3KU BCeX KacaTeJbHBIX NMPAMbBIX, MPOBEAEHHLIX K IIapy
U3 O HOHM PACIIOJOKeHHOM BHe MIapa TOUKU, PABHbBI MEXJLY CODOH
(oHH 00pa3yIoT NOBEPXHOCTL KOHYCA ¢ BePIIHHOH B JaHHOH TOUYKe,
a TOUYKH KACAHMUS 3THX HPSAMBIX — OKPYXKHOCTH OCHOBAHHSA 3TOT0
KOHYCAa);

-— DPOH3BEIeHHE AJHH OTPE3KOB XOp/ IIapa, IPOXOAAIIUX Ye-
pe3 OAHY H TY e BHYTPEHHIOW TOUKY HIapa, €CTh BEJINUYMHE I1O0-
crosuHas (pasHaa R? — a2, rape R — pajuyc mapa, @ — paccTos-
HHe OT EeHTPA Iapa A0 JAHHOH TOYKHN);

— ecJu U3 O HOWH U TOW e TOUKU BHE IIapa NPOBEeHbl K HEMY
CeKyIasa B KacaTeJbHas, TO IPOU3BeJeHNE NJIHHB 0TPe3Ka BCEeU
CEeKYIIell Ha AJHHY OTpe3Ka ee BHeHNIHeH YacTH PAaBHO KBaApaTy
AJAUHBI OTPe3Ka KacaTenbHoi (u pasuo a? — R2, rae R — pajuyce
miapa, @ — PaccTosSHHe OT I[eHTPa lIapa J0 AaHHOH TOYKH).

Ipu permreHnu 38744 Ha B3aUMHOEe pacnojioxerue cpepsl (ma-
pa) ¥ NJOCKOCTH YL0OHO PACCMOTPETE CeUeHYE JaHHBIX ILTOCKOCTH
u chepsl (Imapa) Toil AuaMeTpaIsLHON MAOCKOCTLIO chephl (1mapa),
KOTOpasd HepueHAUKYAAPHA JaHHOH NJIOCKOCTH. Torjaa B ceueHUu
TTIONYYaeTCsl OKPYMKHOCTL (KPyT) W NpAMasi, MO3TOMY pPeEINIeHHe
JAHHOH 3a/laUM CBOAUTCA K PEHICHHIO MAaHNMeTPUUECKOH 3ajaun
Ha B3AUMHOE PACNOJOMKEeH!UE OKPYKHOCTH (Kpyra) u IpsaMoi.

125



3.154. llap paanyca 3 KacaeTcd CTOPOH PABHOCTOPOHHEID
TpeyroabHIKa B Toukax A, B u C. Onpepenure njiHHy KpaTdai-
IIero IIYTHU IO MOBEPXHOCTH HIapa oT TOUKU A 10 TOUukH B, ecau
NJVHA CTOPOHBI JAHHOI'O TPeyTroJAbHUKA paBHAa 6.

Pewienne. KpaTuafimmuM [IyTeM IO MOBEPXHOCTH Cepsl MeXay
ee TouKaMi A 1 B ABNAeTCs HAUMEHbINad U3 IBYX AYID ¢ KOHIIAMH
A 1 B Toll OKpYKHOCTH, M0 KOTOPOH JuaMeTpajbHas IIJI0OCKOCTS,
npoxoasmas depes A u B, nepecekaer cthepy — HOBEPXHOCTb
TAaHHOTU'O HIapa.

Tax KaKk naHHLIHA TPEYIOAbHUK SBIAETCA IIPaBUJIbHBIM, TO OK-
PYFKHOCTE, IO KOTOPOI IIJIOCKOCTDL JAHHOI'O TPEYTIONBHUKA I1epece-
xaer cepy, BIIHCAHA B 3TOT TPEVIOAbHUK, IPH 3TOM OTpe3ok AB
paBeH I0JIOBUHE CTOPOHBI JaHHOI'O TpeyroJbHHKA, T.e. AB = 3.
Torga Tpeyroasauk OAB (O — 1neHTp mapa) ABJAAETCA HDABWIb-
HbIM CO CTOPOHOH, paBHOH pagHycCy cepbl, U HAUMEHBIIAA U3
ABYX nyr AB GoJbIoH OKPYAHOCTH, IO KOTOPOH MIIOCKOCTE OAB
mepeceKaeT cepy, cogepxur 60°. ITo ozHaYAET, UTO AJMHA Ha-
HuMeHbHIeH AyTH AB paBHa é « 2«3 = T.

3.163. Ciepa nmpoxoAUT uepes TPH BePIMUHBI poMla €O CTOPO-
HO#t 6 1 yriom 60°. Haitmure paccToarue oT HeHTpa cepsul 10 YeT-
BEPTOM BepHINHLI pomba, eciiu paguyc cthepsl paseH 10.

Pewenne. Ilycrs ABCD — nauusii pom0d, B KoTopom L BAD =
= 60°, Touka O — 1eHTp JAaHHOH cdepsl. BoaMoXHB gBa Cay-
uasd.

1) Chepa npoxonur uepes sepmubsl A, B u D. Torga cedenuzem
3TOI cdepn ILIOCKOCTHI0 poMOa ABJIAETCA OKPYHOCThL, OITHCAH-

O O

Puc. 57
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Has OKOJIO NPABUJABHOrO TpeyronbHuka ABD, auauur, neHTp O,
STOH OKDPYXHOCTHU COBINANAET ¢ IIeHTPOHUAOM TpeyrolabHHKa ABD

(puc. 57, a), nosromy O, A = S o, 0,C=20,A=4.03.

J3

Yuursisad, uro OO0, 1 (ABD), HaxonumM:

B npamMoyroasHoM A OAO, 0,0? = OA2 - 0,A2 =100 ~ 12 =
= 88; |

B HpaMoyroasHoM A OCO,; OC? = 0,0% + O,C? = 88 + 48 =

= 186, oTtkyna OC = 2./34 — paccTosgHHe OT reHTpa chepksl 10
TouKkyu C — ueTBepTOi#l BepmnuHsl pomba ABCD,

2) Ciepa npoxogur uepesd BepmuEE A, B u C pombda. Torzma
ceueHHEM 3TOH cdepbl NJOCKOCTBIO poMOa HABJIAETCA OKDPYXK-
HOCTb, OHHCAHHas OKOJIO paBHOOeApPeHHOro TpeyroiabHuka ABC
(LABC = 120°), 3nauur, ueHTp (O 5TOH OKPYXHOCTH COBIAJA-
eT ¢ BepmuHOH D pomba (puc. 57, 6); nmpu arom OD 1 (ABC),
cIegoBATEAbHO, B mpaMoyroabHOM A OBD maxoaum: OD =

= JOB2 - BD? = /102 — 62 = 8 — pacCcTosiHKe OT [EeHTPa cheps
JIO TOUKH [J) — yeTBepPTOHN BepHIHHBI poMba ABCD,

3.165. Ha nmosepxHOCTH mapa AuaMeTpoM 25 ¢M JaHbl TOUKA
A ¥ OKpPYIXHOCTb, BCE€ TOUKH KOTOPOH yAaJdeHBl OT TOUuKH A (mo
npamoil turnu) Ha 15 cM. Haiigure paauyc aTofl OKpyXHOCTH.

Peulenne. Ilycte @ — panHasa OKpy:XHOCTh Ha chepudyeCKoi
MOBEPXHOCTH AAHHOTO mHiapa ¢ neaTpoM (. Bee oTpe3km AAWHBI
15, coenmHAONIE TOYKY A ¢ TOUKAMH OKPYRHOCTH (O, 00pasyioT
00KO0BYIO NOBEPXHOCTh KOHYCA C BEPITHHOM A U OKPYKHOCTBIO OC-
HoBaHusa M. Jck 3TOT0 KOHyCA HPpOXOoAUT deped neHTp O chepsl u
repeceKkaeT ee MMOBEPXHOCTh B HEKOTOPOH TouKe B.

IIpoxoasamee uepes 0Ch KOHYCA AHaMeTpalibHOoe ceueHue che-
PEL B KOMOWHAIHK C CeYeHHEM KOoHyCa npejacrasiseT CoO0H OK-
PYXKHOCTL C 1uaMeTpoM AB 1 BIHCAHHBIA B Hee papHOOe I peHHbIA
TpeyroabEUEKE ACK; xopaa CK chephl NeprneHANKYISIPHA €6 AUA-
MeTpy AB, feJHUTCA BTUM AHAMETPOM NomoaaM B Touke H u pasHa
IHEaMeTpy OCHOBAHUA KoHyCa, T. e. HC — paauyc oCHOBAHHUA KO-
Hyca.

B mpsamoyroabaom TpeyronsEuke ABC (L ACB = 90°) unmeen:
AB+*AH = AC? unu 25-AH = 225, orkyga AH = 9. Teneps B
IpAMOYTOJbLHOM TpeyroabHuke AHC (LAHC = 90°) nonyuaem:

CH = .JAC? - AH? = ,[/152 - 92 = 12 (cm).
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Cdepa m nBe mapajuiiesibHbie MIOCKOCTH

Hpu pemeHHH 3amad Ha B3aHMHO€ pacHOJOXXeHHe cihepbl U
ABYVX HapaJ/jjelbHbIX HJOCKOCTEe JOCTATOUHO pPacCMOTPETH cede-
HHEe NAaHHLIX ILTOCKOocTed M cepbl ToH aHaMeTPaANbHON HJI0CKO-
CcThIO chepbl, KOTOPadA HNepHeHAHKYJAADHA 3THM ILIocKocTAM. Tor-
14 B CeUeHHH ITOJyUaeTCA OKPYAKHOCTDh I JBe TapajiaelbHble IIpfA-
MEIE, IO3TOMY PeHieHHe JaHHOH 3aJadd CBOAHTCA K pPelleHHIO
ILIAHKMETPUUYEeCKOi 3aauil Ha B3aMMHOE PachoJOXeHHe OKPYXK-
HOCTH H ABYX MapaJ/ie/bHbIX IIPAMbIX.

3.174. KoHnH auamerpa chephbl JeXXaT Ha ABYX Hapatielb-
HbIX 1JI0cKocTAX. [IpAMasn, cogepaalas 3ToT gHUaMmeTp, o6pasyer
¢ Kax o us mnockocreil yrou 60°. Halgure paguyce cdepsl i pac-
CTOSIHHE MeXAV IVIOCKOCTAMHE, eCJH pajHyc OKPYXHOCTH epece-
ueHUS chepsl ¢ OHOHE M3 HUX paBeH 3.

Pewenne. Ilyere KoHIBI A B B guamerpa AB gaHHOU cie-
pPHL JIeXKAT B I[IapajjeJbHBIX INIOCKOCTAX COOTBETCTBEHHO

Ecnu cdepy, a TakKe ILIOCKOCTH O H [3 mepecedb ILIOCKOC-
ThIO, IIPOXOAAIIeH ueped auaMeTp AB HepneHAHKYJASPHO 3TUM
IMIOCKOCTSIM, TO B CeUEHHH MMOJAVUYHM OKPYAKHOCTb, MMEIOIYIO
mmnameTp AB, a TakKe npaAMmbie AK u BC, KoTOpbIe nmapaJJiesb-
Hbl MeKIy coboil m obpasyior yrasl B 60° ¢ amamerpom AB
(puc. 58). IIpu srom anmEBl 0Tpe3koB AK n BC paBHB MeXay
co00¥ 1 paBHBI AEAMETPAM OKPYXHOCTEeH IepecedeHHA ILJIOCKOC-
Te#t o 1 B ¢ gaHHOMH chepoii.

B upamoyronpHOM TpeyronbHHKE

ABC, B xoropom LABC = 60°u BC =

A =6, HaxoauM: AB = 12, orkyaa pa-

auyc chepsl pasen 6; AC =

60°
K =AB-sin60°=12-'é§=6J§—pac-

CTOHHE MEX Y ILIOCKOCTAMU O H B

3.180. IBe mapaJie/bHble IJI0CKOCTH
repeceKkaior nuametp cheprt AB B TOU-
60° Kax C u K, nejamux ero B OTHOHIEHHH

AC:CK : KB =1:2:3. Haligure or-

B HOIIeHHe PajHyCcoOB ceueHUH (MeHbIIe-

r'o K 0oJbIIEMY), ecJHU IIpAMasi, cojep-

Dy, 58 JKanolas AaHHBIA auameTp, ofOpasyer ¢
HC.

HJIOCKOCTAMN YI'OJI 0.
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PeweHnue. HUs COOTHOIIIeHS

T
AC:CK:KB = 1:2:3 cneagyer, uro
Touka K sBAsSieTCS UEHTPOM JAHHOM  ,, H

cthepsl. Ilyers guamerp TL chepsl nep- T oo C
MeHAUKYIAAPEH CeKYIUM MJI0CKOCT M. o
Ha pucyake 59 usobparkeHo ceue- p K

Hue c@epsl ILIOCKOCTHIO, HPOXOIANIEH

yepes auamerpel AB u TL, mpu sTom

PAgHYyChl MeHbLIero u Ooablilero ce- B

yeHui#t cgepsl paBHBI COOTBETCTBEH- I3

B0 HM w PK = R, rge R — paauyc

quepbl. Puc. 59
U3 CK:KB=2:3uBK = R ciue-

nyer, uro CK = §R° Torna HK = gR sina, MH =

_ LI
~ /JMK? - HK? = JRZ - ngsinza _ BJ9 348”1 % mosromy

MH R.J9 - 4sinfo _ /9 - 4sin®a
PK 3R a 3 ‘

Cdepa ¥ aByrpaHHBIH YroJ.
Coepa ¥ aBe TLIOCKOCTH

Cihepa HasbpIBaeTCA BIHUCAHHON B JBYIPAHHBIN YIoJa, eCAU OHA
KacaeTcs ero rpaHeii. lleHTp BIIMCaHHON B ABYTPAHHBLINA yroa coe-
pPbI JIEKUT Ha OUCCEeKTOPHON HAOCKOCTH 3TOT0 ABYIPaHHOTO yIJa.
IIpu aTom ans paauyca r cepbl, BINCAHHON B ABYTPAHHBIA yToJ
BEJIUYUHBL Ot, 1 PACCTOSHUSA Ml OT UeHTpa ciheprl 10 pedpa aBY-

(47

TPAHHOTO yIJia clipaBeAjauBa hopMynar = m* sin§ . Iroi hopmy-

JIOW YACTO ITOAL3VIOTCS PN pelieHH 3aJad.

1Ipu pelneHun 3ajauu Ha KOMOuHAD MO Chephbl B ABYT'DAHHOIO
yria (chepnl U ABYX HepeCceRaIOMNXCS ILIOCKOCTeH) JOCTATOUHO
paccMOTpeTh CeUYeHHue ABYIPAaHHOTO yraa U cdepsl (ABYX 1mioc-
KocTedl B cdepbl) TOH IHMaMETPAABHOM ILIOCKOCTBHIO c(epsl, KO-
TOpas IMepHeHAUKYyAApHA pedpy ABYrpaHHOoTro yraa (mpaMoiH
InepeceuyeHH s JAHHBIX IocKocTe), Torna B CedeHHH MOAyUaeTCsT
OKPYXKHOCTE W IIIOCKHH yroJ (OKPYAKHOCTHL U JBe IIepeceKalo-
Inuecs OpAMbie), O3TOMY peliieHue NAaHHOW 3aJauu CBOJAHUTCA K
pelieHNI0 ILNTaHHMEeTPUUIECKOH 3aJayyl HA KOMOHMHAIMIO OKDYXK-
HOCTH H ILJIOCKOTO Vrua (OKPYXXHOCTH H JBYX HepeceKalonuxcs
ITPAMEIX).
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3.186. Chepa pasuyca r kacaercs
IBYX B3AUMHO IIePIIeHIUKYJISAPHBIX
maockocreil. Haligure paauyc Ha-
uMeHblled  cepnl, Kacawmeica
ATUX ABYX IIJOCKOCTEH U AaHHOH ce-
PHI.

Pewlenue. IlycTs TOouka A — neATp
nagHON Cgepbl paxzuyca r, Kacaio-
melca IBYX B3aHUMHO IIepHeHIUKY-

AAPHBIX ILJIOCKOCTeH, Touka B —
B / IeHTp HauMeHbIneH cdepbl, Kacaio-
M melca aTHX ABYX HAOCKocTeid U gaH-
Puc. 60 HOA cgeprl, C — TOUKaA KacaHUA
sTuX chep. Ilenrprt A u B npunanie-

KaT OUCCeKTOPY JAHHOTO ABYIPAHHOTO yIja.

Ha pucyake 60 uzobpaxxeHo ceueHHe paccMaTpUBAeMbIX chep
W ABYIPAHHOTO Yria HJI0CKOCTLIO, MPOXoAaniell uepea nNeHTphl A U
B nepneHguryaapHo pedbpy AByrpanHoro yrJia (M — To4dKa nepe-
CeueHUs 9Toro pedpa U MIOCKOCTU CeUeHHA).

Eemn x — anamea ncxkomoro paauyca (BC = x), To mMeem:

AM = rJ2, BM = x./2. Torta AM - BM = AC + CB um
rﬁ—xﬁ =r+x,0TRy,zxax(ﬁ +1)=r(,/§ -1)= x=

2 -1
=%_—1r=r(3—2ﬁ).

3.195. B mape paauyca 13 cMm nposefleHbl ABA B3AUMHO Hep-
HMeHIUKYIAAPHBIX ceueHHUsI Ha paccTosasauu 4 cm u 12 cM oT neHTpa
urapa. Hatiamre nnmay ux obuieil Xopasl.

Pelienue. Ilycte Touku O, A 1 B — meHTpbI COOTBETCTBEHHO
chepsl U JAHHBIX ee CeYeHMH, IpaAMast ¢ — JHHHUA HepecedeHH
NJAOCKOCTeN cedeHNil, M — TouKa llepeceyeHUdA NMpPAMOH ¢ U Qu-
aMeTpajiibHOH ITJI0CKOCTH, HePHeHAUKYASPHOH sToi npsamoii. Tor-
na B npamMoyroasauke OAMB maxoaum: OM?2 = OA2 + OB?% =
= 160.

Ecau PK — o6mias xopaa cedeHuii, To M — cepellHA 3ToH Xop-
abl, npuuyem OP = 13, 3aauuT, B npaMmoyroapHoMm /A OM P nosiy4aa-

em: MP=.JOP2 - OM?2 = 8, cienosaresnbro, PK = 2MP = 6,

3.203. Isa npaBUAbHBEIX TPEYTOABHUKA JeXKAT B PA3THUHBIX
IIJAOCKOCTAX M uMeioT obmyio cropoHy. HokamxuTe, uTO BCE Bep-
IIMHBI 3TUX TPEYTOJLHUKOB JIEXKAT Ha ofHoU chepe.
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Pewenne. I1vets ABC 1 PBC — aBa NIpaBUJIbHBIX TPeyroJbHU-
Ka, He JeMKANIMX B OHOM maockocTH. 1LleHTpBI Beex cdep, IPoXoasi-
KX yepes pepiinHbl A ABC, npuHaanexaT OpaMoN m, KoTopasd
IPOXOLAT HePe3 MEeHTPOHT, 3TOT0 TPEeYTOJLHAKA TIePIeHANKYIAPHO
ero IJIOCKOCTH, a HeHTPh! BCeX ¢dep, TPOXOAANIHX Yepe3 RePLINHEI
A PBC, npHHAAJIEKAT IPAMOM 12, KOTOpad MPOXOANAT Yepesd HeHT-
POHJI STOrO TPEYroJbHHKA NePIeHINKyJIAPHO ero rmiockoet. Ilpn
9TOM IIPAMBIE M 1 7l IepeceKaioTCA B HeKOTopou Touke M (aTh mmps-
MblIe JIe:KAT B ILJIOCKOCTH CEPeJHHHBIX TEePIEeHIHKYIAPOB OTPe3Ka
BC u He mapaJieJbHBI), KOTOPaA OKa3bIBAETCA PABHOYLAJIEHHOH OT
BCEX BEPIINH JAaHHBIX TPEYTOJbHHMKOB. 3HA4YHT, M — neHTp cde-
PBl, TPOXOJSINEH Yepes3 Bce BepLINHbI 9THX TPEeYroJbHHUKORB.

Cdepa ¥ TpyM MONapHO NEePNEeHIUKYAAPHEIE IIOCKOCTH

Cidepa HasplBaeTcd BIMCAHHOM B MHOTOrpaHHBIN Yroj, ecif
OHAa KacaeTcA Bcex rpaHeli MHororpanHoro yraa. Ecau cdepa pa-
IHyca r BIIACAHAa B TPEXIPAHHLINA YI0JI, BCe IIJIOCKHE YIVIBI KOTOPO-
ro IpsAMbBIE, TO AJAA PACCTOSHAS M OT HeHTpa cdepbl Ao pebdpa

TPEXrpaHHOTO yrJjia CIIpaBeJJadBO: N = r/2, a nnna paccrostana d
OT IIeHTpa 3TOH cdephbl 40 BEPLIHHLI TPEXIPAHHOrO yIJia BBINIOJAHA-

ercd: d = rﬁ .

IOTH COOTHOIINEHHS YaCcTO HCIOJB3VIOT IIPH PeIIeHHH 3ajad,
B KOTOPBIX PAaCCMaTPHBAIOTCA T€ HJAH HHBIE KOMOHHAIHH chepbl
¢ Ky0OOM 1 IIPAMOYTOJBHBIM IIaPajlIeJelnuIe oM.

3.207. Cohepa paamyca r KacaeTcA KaxKI0H U3 TPeX IOIIAapHO
IepNeHANKYIAPHBIX naockocTeil. Haliaure panmyc cdeprnl, Ka-
carolieiicst aTHX TpexX IIOCKOCTel H JaHHOM chephl.

PeweHnue. [Iycte A — 00mjasa To4YKa Tpex AaHHBIX ILJIOCKOCTEH,
Touka B —neuTtp chepsl @ paguyca r, O u B — cooTBeTCTBEeHHO
HeHTP U paguyc ¢epsbl ®;, Kacawueidca 3TuX Tpex MIOCKOCTeH H
cepsl @,

BoamoxxkHEBI B2 caydasn, 1) Chepa @, pacnonoxeHa Mexay che-
poii ® 1 Touroi A; 2) chepa ® pacrnoso:xeHa Mexay chepoit y u
TOUKO A.

Cnyuait 1. Ilyers C — Touxa xKacaumsa chep. Torga: AO =

=RJ3,AB=r./3, OC=R, BC = r. Tak xax OB = 0OC + BC =
—AB-OA,t0rJ/3 - RJ3 =r+ Rum R(J3 + 1) =nrJ3 - 1),

—_— 2_ .
J3+1 (2 - 43)

oTKyga R =
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Cnyuaiu 2. Ilyets K — Touka KacaHuA coep. Torga: AO =
= R.J/3,AB=r./3,0K=R,BK =r.Tak xak OB=0OK + BK =
=0A-AB,10Rf3 -rJ3 =r+ Rum R(J3 - 1)=r(J3 + 1),
r(J3 + 1)

J3-1

Ilepecexkarompuecs chepa u Kyd

oTKyaa R = =r2+ J/3).

3.216. Hatigute pazuyc cdepsl, Kacarmmeica pcex pebep Kyda
c peGpoM a. OnpegennTte paccTOAHME OT IEHTPa 3T0LH cdephl A0
rpaHH, pebpa H BepIIHHLI Ky0a.

PeweHne. Tak Kak Bce rpaHH Ky0a — pamHBIe KBAAPATHI, TO
BITMCAHHBIE B HUX OKDPY/KHOCTH, 110 KOTOPBIM I'PaHM Ky0a mepece-
KalT chepy, PaBHbI; PaJUyChl 3THX OKpYy:KHOcTen pasHbl 0,54.
3HauyHT, HeHTp O chepsl yaaleH OT KKI0H rpadd Kybda Ha pac-
croanue, pasHoe 0,5a, or Kamgoro n3 pebep Kyba — Ha paccTos-

a2 a? a.?

HHe, PaBHOE [~ + 2 - g9 20T KaXJa0d H3 BepLIMH Kyba —

16+ -5
Ha paccToAHNe, paBHOE 5!l T|—= =—.

2) "\ [z 2

3.217. Illap paagmyca R Kacaercd Bcex pebep xKyda. Haligmre
paguyc liapa, Kacalomerocsa AaHHOTO MIapa H IJOCKOCTell Tpex
rpanei ky0a, HMMeOIuX 00VIO BEPIINHY.

Pewenue. Ilycrp Touxa O — neHTp Kyba, COBIANAIOIHH C
IIeHTPOM JAaHHOro Hiapa pagHuyca R, rouka B — 1eHTp uiapa pa-
AAyca r, Kacalomerocs AAaHHOro mapa B Touke C M IJIOCKOCTeH
Tpex rpaHeii Kyba, umelommEx odmyo pepinay A (B € OA).

Tax xax paamyc R mapa paseH paccToaanio oT O 10 ped-

2 2 5
pa @ xkyba, TO H3 }% + % = % = R (cm. 3.216) mmonyuaem

R.J2
a=R.J2. Torpa paccroanue or O A0 rpaHM Ky0a paBHO éj_ ,

3 2
a AMArOHANH rpaHM papHa 2R, sHauHT, OA = A/(I%j + R? =
_RJ6
2 -
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Yunrusast, uto BA = r.Jf3, BC = ru OA = OC + CB + BA,

B—‘;_,I/_—6=R+r+r,\/§,0'rfcy,uar=m=

2(J3+ 1)

HMeeM:

_R(3y2- /6-2/3+2)
i .

3.218. Illap paaguyca R IpoOXOAHT 4Yepe3 BCce BEPIIMHBI DAHH
Kyb0a B KacaeTcs ero mpoTHBOTONOKHON rpanu. Halinmre pebpo
xyba.

Pewenne. IIycrs pedbpo Kyda paBHO @, IMIap KacaeTesl HHMKHETO
OCHOBAaHHA Ky0a B TOUKe P M IPOXOAHT Uepe3 BCe RePINHHELI BepX-
Hero ocHOBaHMA A,B,C,D,; O — TouKa nepeceueHHs aHaMeTpa

PM ¢ »roii rpampio. Torza B IpAMOYIroJbHOM TpPEYIrOJIBHHKE

2
PC,M nmeem: PM = 2R, OP = a, OC, = % , H H3 COOTHOINE-

2

4
HIA OC? = OP « OM nonydyaem % =a(2R — a), oTkyna a = 3 R.

Iepecexalomueca cepa M NpH3IMa

3.222. Cipepa racaeTed Beex pebep npasuabHoi 100-yronbHoit
npusmbl. Hatinure nauHLI pebep MPHU3MBI, €CAH CyMMa JJIHH BCeX
peGep npusmu pasua 300,

PeuweHne. Tak xax GOKOBbIe rpaHM MPHU3MbL — KRBAIpaTh (B IpA-
MOYTOJbHHK HeJb3A BIMCATh OKPYAHOCTD), TO Bce 300 pebep mpus-
MEI PABHBI MEXAY cODOM, II03TOMY AJHHA KaKAOro 13 HuX paBHa 1.

Ilepecekalompeca cdepa U IPABHIBHBIH TETpasnp

3.224. Bucora DH npasuasHoro terpasgpa ABCD apnsercs
anameTpom chepui. Hahaure nnuHy AMHEMHA OepecedyeHHS chephl
IMMOBEPXHOCTHIO TETPASAPAa, €CJIN BRICOTa TeTpasapa 6.

Pewenne. Tak xak BbicoTa J2H npaBnabHOro Terpasapa ABCD
apasaerca auamerpom cdepsl (H -— LDeHTpoua NIpaBHILHOrO
A ABC), To chepa kacaerca rpanu ABC B Touxke H.

Bricora DH npasuabeoro terpasapa ABCD npHHaAIeXHAT 61c-
CeKTOPHBIM IJIOCKOCTAM JIBYIDAHHLIX YIrIIOB ITPH GOKOBLIX pebpax
3TOro TeTpasiapa, CJAeHOBaTeNbHO, meHTp O naHHOH cepsl PaBHO-
yAAJEH OT BCeX TpeX ero 00KOBBIX I'paHei. JTO O3HAYaeT, UTO B IIe-
pecedeHnn cdepbl ¢ MIAOCKOCTAMH 3THX IpaHel IIONYyYAIOTCA paB-
HbIe OKPY’KHOCTH, NIPH 3TOM TOUKa IJ ABjsieTcA oOIIel naA Bcex
TpeX OKPYKHOCTEH, 8 OKPYKHOCTH KayIbIX ABYX COCeqHMX OOKO-
BBIX PpaHe! mepeceKaloTesd Ha o0inem pedpe 3THX rpaHeit.
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Haiingem anumy JUHHHK Tepece-
yenna rpagu DBC (TpeyroarHuia
DBC) co chepoii.

Ecin F — cepeguna BC (puc. 61)

. _ HE
H LHDF = (¢, To sing = 7D =
-l-AF -I—FD
Bl S R
“Zp - FD ~ 3° aK Kak

(AFD) 1 (BCD), to uertp O, oK-
PY:KHOCTH IlepeceueHHA cdepsl U

rpaapn DBC upuHanJe:XHT Meaua-
He DF, npu stom OO, 1 (BCD),

Puc. 61 saaunr, OO0, 1 DF. (Ecan Touka

K — ueurpoung rpamu DBC, Tto
AK 1 (BCD),K € DF u OO, |AK.) Torga B IpAMOYTOJLHOM Tpe-

2J§ 2./5

yroasauxe QO D gaxogum: O D =0D - cos0. =3+ —— =

AJIHHAa paguyca OKPYKHOCTH TiepecedeHHd TocKocTr rpanu DBC
H chepsbl.
Tak rkak / BDC = 60°, To nepeceuerinem rpaan DBC u ciepbl

ABJAETCH TPeThA YACTH OKPYIKHOCTH pazuyca 2.2, T. e. ayra

2n-2./2  4./2

9TOH OKPYKHOCTH, HMEIONIAA AJHUHY 3 = g3~ T Toraa nn-

HNUA IepecedeHUd cdepbt M OOKOBON TOBEePXHOCTH TeTpasipa
npeacraBiaAeT coboil o6LeIlMHEHHE TPeX TaKUX AYyT M HMeeT [JH-

4./2
HY, PABHYIO -3[-1r-3=4ﬁ * 7.

Ilepecerkalonuecsa cdepa 1 nHpaMHIa

3.232. CropoHa OCHOBaHHA INPAaBHUJAbHOH 4YeThIPEeXyIroOJbHOMN
mapamansl M ABCD pasua 6, a 6okoBoe pebpo — 5. Hangure pa-
anyc ceprl, MpoxXoaAnei uepes epmtuasl M, A 1 B, ecJH 1IeHTD
chephb! TekuT Ha naockoct MCD.

Pewenwne. Ilepeceuennem chepsbl B I0CKOCTH Tpani MAB asB-
ASAeTCA OKPYNKHOCTh, OINHCAHHASA OKOJO pPaBHOOEAPEeHHOrO
AN MAB; nentp K OKPY:KHOCTH JeXXHUT Ha Meamane MP atoro
TpeyronapHuka (puc. 62). Ecin LAMB = ¢ 1 rr — pajHyc 310t OK-

PVKHOCTH, TO ¥ = . Haiimem sin ¢.

2s8in¢Q
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B npamoyroasHom /A BMP
umeem: MP= /MB2 - PB2 =

= J25 -9 =4,

HUenonbaysa GopmMyasl mao-
IaAA TPpeyroJibHUKa, I0Jy-

: ABMP
HaeM sihQ = AM-BM
6-4 24
= 55 = 35 Torga r =
. 2024 25
TV 95 - 8 ° Punc. 62

Tar xax (MPE) L (ABM), ro npamas, NMPOXoAdinad depes
neurp H chepusl m 1neHTp K OKPYXKHOCTH TepecedyeHHA 3ITOH
cdepnl maocKocTeio ABM, nexur B (MPE), upuuem H € ME,
HK | MPun HM = R, rge R — paanyc cdepnl. Haitgem R.

B npamoyronsaom A M PO umeem: OM = JMP2-0P2 =
= ﬁ Eecan £PME = o, Tfo B AMPE wHaxogum: sing =

_PE-OM 6:.J7 3J7
- pM? 16 8

, TOFZIa COS O = Tenepb B IPAMO-

1
3-
K —_

MK 25 1
cos QL 8 "8

yroabHOM A MKH monyuaem: HM = = 235.

TaxnMm obpazom, B = 25.

§ 19.6. BnucaHHbie 1 oNucaHKbie Wwapst v chepbl

Ilepen msyueEmnem Bompoca o cdepe (iape), BIIHCAHHOMK (BIIH-
CAHHOM) B MHOTOI'PAHHMK H ONHCAHHON (ONHCAHHOM) OKOJIO MHO-
rorpalHHHKA, CJAeIYeT IIOBTOPHUTH BOIPOC 00 OKPYKHOCTH {Kpyre),
BITACAHHOM (BITHCAHHOM) B MHOTOYTOJIBHUK B OIIHCAHHON {OIIMCAH-
HOM) OK0JIO MHOI'OYTOJBHHKE.

Yuamuecsa JOJKHBI 3HATH, 4YTO AJAA TOT0, YTOOH! O0KOJO MHOI'O-
rpaHHHKA MOMHO Oblj0 onucars cepy (wap), HeoOXoAUMO, YTO-
ORI OKOJIO JI000H ero rpaHH MOKHO OBIJIO OMHCATH OKPYXXHOCTH
(xpyr). Ilpm a3TOM meHTp onmmMcaHHOH cepbl (OIHCaHHOIO MIapa)
MOKeT JIeKaTh KaK BHYTPH MHOTOIDAHHMWKA, TAK ¥ BHe ero AIK Ha
ero IOBepPXHOCTH (BO3MOMKHO, Ha pedpe MHOrorpaHHHKa), U IPo-
eKTHDYETCS B IeHTP OITACAHHOM 0KOJO JII000H I'PaHM OKPYKHOCTH
(ommucanHOTrO Kpyra). Kpome Toro, mepneHaHKyAAD, Oy E€HHLIN
M3 HeHTPa ONHCAaHHON 0KOJI0 MHOTOrpaHHUKa ¢depsl (0NMHCaHHOro
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uiapa) Ha pebpo MHOTOrpaHHHKE, JeJUT 9T0 pefpo Kak xopay che-
pHI (L1apa), IOIIoJdaM.

HMuave rosopAa, He 0K0JIO JIO0Orc MHOrOrpaHHHKa& MOMKHO OIIH-
catk chepy. Hanpumep, oxono no6G0H NpaBANLHON MHPAMHAALI
AJTHA J1I000r0 Terpasapa chepy oncaTh MOXXHO, HO OKOJIO 4-yrojb-
HOU IMHUpaMubl, B OCHOBAHUU KOTOPOH JEXKHT poM0b, He SABISIO-
IMHACA KBajparom, chepy omHucaTk Heab3dda (OKOJI0 poM0a HeJb3A
onmucarb OKPYsKHOCTE). Bojiee Toro, HeJbasa onucaThk chepy OKOJIO
JA00H HakaoHHoH UpH3Mbl. Ho oxono awbon mupaMugbl, Bee
pebpa KOTOpPOH OJHHAKOBO HAKJOHEHBI K OCHOBAHHIO, Bcerja
MOJKHO OIIHCATE cepy; ee LeHTD JeXKHT Ha Jjyde, cojep:xalleM
BLICOTY IHPAMHIbI. AHAJIOTNYHAA KAPTHHA HAaOn0gaeTcst OTHOCH-
TeJbHO HIapa, OXIMCAHHOTO 0KOJIO MHOIOrpaHHHKA.

Yuamumes moJe3HO 3HATH, YTO BRICOTA /2 MAPAMUALI, PAAHYC
R chepsl, ONMCAHHON OKOJO 3TOM UMpamuibl, u pagmyc R,

OKPYsKHOCTH, OITACAHHON OKOJI0 OCHOBAHHA MAPAMHbI, CBA3AHBI

cooTHomeHnem: (R — A)? + Ri{p = R2,

Ilap u cgepa, oONUCcaHHBIE OKOJNO Kyla
M BNHCAHHBIE B HEro

IIpu pemienun 3azad Ha DIap M chepy, oHCAHHBIE OKOJIO KyDa
H BIINCaHHBIE B Eero, yJ00HO HCIOJB30BATE YiKe H3BeCTHBIe (haK-
THI: €CJIH chepa paauyca r BIMCAHA B TPEXI'PAHHBIN YI0JI, BCe ILIO-
CKHe YrJbl KOTOPOrc OpPAMBIE, TO AJA PACCTOAHHA 71 OT OEHTpa
chepsl 10 peGpa TPeXIpPaHHOTO yIja cIpaBeAduBo: m = r.J/2, a
A7 PACCTOAHHA d OT LIEHTpA 9TOH chephl 70 BepIIHHLL TPeXTPaH-

HOrO yriia BhINOJHAeTCA: d = /3.

3.242. B xky6 ABCDA,B,C,D, c pe6poM a TIoMellleHbl JBa Ka-

cawIIUXCcA APYr Apyra mapa. OQuH M3 HUX KAcaeTcAa TPex rpaHei
Ky0a, MMeIouX o0IIyIo BepMInHyY A, a Ipyroi — TpeX rpaneii Ky-
0a, nmeromux o6y sepmiuny C,. Haliaure paguycw mapos, ec-
JIA OHH OTHOCATCA Kak 2 . 3.

PeweHune. Illyere K — uenTp nepporo (MeHbIlero) mmapa, M —
IIEHTP BTOporo mapa, I — Touyka mX B3amMHOro KacaHHA. Ecam
pagjHyc MeHbIero uiapa paseH R, To pagHyc Ooabllero nrapa

pased 1,5R. Torga AK = R./3, KH = R, HM = 1,5R, MC, =
= 1,5R,\/§ . Tak rak AK + KH + HM + MC, = AC,, To R./3 +
+ R+ 1,5R+1,5R./3 = a./3 nmu 2,5R(J/3 + 1)=a./3, orryna
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__af3 _a3B-1) _a@B-.3)
2,5(/3+ 1) 5 5

3a(3-.J/3)
10 .

, BHAYUT, paguyc

Sosplmiero mapa paBeH

3.249. B moaywmap snucald Ky0 Tak, YT0 YeThipe BepILIMHEI €ro
HIGKHEro OCHOBAHHA JIe:KAT Ha OCHOBAHHMHU NoaylIapa, a Apyrue
yeThipPe BepINMHBI — Ha cdepudeckoil mosBepxHocrH. Haligure

o6seM Kyba, eC/H PaJHyC OCHOBAHHUSA IIOAyINAapa PaBeH /6 .
Pewenve. Ilyere B monymap ¢ nearpom O BowucaH Kyd

ABCDA, B,C,D, ¢ pebpom a. CeuenneM xOMOMHAN UM HIapa U Ky-

0a AnaroRalbHO II0CKOCThI0 ACC, ABNAETCHA MONYKPYT pagnayca

OC, = /6 u BOHCAaHEBIH B HEro IPAMOYTOJLHHUK ¢ OCHOBAHHEM
AC = a./2 wu sricoToit CC, = a. Torga B IpAMOYroJIbLHOM Tpe-

yronsauke OCC, monysaem: OC> = OC? + CC; nnu (./6)? =

2
a2
= (T‘j_) + a?, oTkyzna a = 2, 3Ha4wuT, 00BeM KybHa paBeH 8.

Cdepa, onucanaan 0KO0JI0 NPH3MBI H BNHCAHHAA B HeE

Pemmasa sagaunm Ba chepy, OMHCAHHYIO OKOJO MPH3MEL M BIU-
CAHHYIO B IIPH3MYy, ydalnpuecs AOJKHBI 3Harh, 4TO: HEAL3A OIH-
cate cepy OKONO A00M HAKAOHHOM IIPHU3MBI; HEHTP cepsl,
OIIACAHHOM OKOJIO IPAMOM IPU3MBbI, IPHEAAJIEKUT OTPE3KY C KOH-
IaMH B IEHTPaX OKPYKHOCTEH, OMMHCAEHBIX OKOJIO €¢ OCHOBaKHIi;
1neHTpoMm cdepbl, BIUCAHHOM B NPH3MYy, CAY:KHWAT cepearHa OT-
pes3ka, COeJHHSAINEro HeHTPH OKPYXXHOCTEeM, BIIHCAHHBIX B €€
OCHOBaHWA, a JguaMeTp 5Toi coepb! paBeH OGOKOBOMY pedpy
npHA3Mbl. Kpome TOoro, ana HaxoaeHUsA paguyca cdepsl, BIUCaH-
HOU B NIpPH3MYy, yA00HO HUCMIOIL30BATE TOT (PAKT, YTO PAfUYC DTOH
cdepbl paBeH pajiAycy OKPY;KHOCTH, BITHCAHHONW B OCHOBaHHE
IIPH3MBEI.

3.255. OcHosarnem npsamoit npuamsl ABCDA,B,C, D, ABna-
eTca paBHobenpenHad rtpamenna ABCD, v koropot AB=CD n
ocTpeiid yron pased 30°, Haiaure pagnyc BOUCAaHHOrO B IIPU3MY
mapa, ecliH cyMMa Beex pebep nmpusmebl pasHa 40.

PelueHue. Beicota IpH3MbI paBHA AUaMeTpy tiapa, KOTODBI pa-
BeH amamerpy MK OKpy:KHOCTH, BIUCAHHOH B Tpanenuio ABCD
(puc. 63). Haipnem anuny orpesrka MK,
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BKC

s )
300
A HM D
Puc. 63
a a
Iyere AB = a, torga AH = J_ , MK = BH = 50 TAe

BH 1 AD. Ecnn npu atom BC = x, 10 n3 yeaosna 2AB = 2(BC +

a./3

+ AH) (OKpV:KHOCTh BIIMCAHA B TpAICIHIO) HINX & = X + 5

HaXxouUM X = @ — % = M. Torga BC = m,
AD=2AH+BC=2-“f +“(2;J§) =a(2-£J§).

BoxoBoe pebpo 1pu3mMbl paBHO gHaMeTpy c¢(epsl, KOTOPBIA pa-
BeH M K, 1103TOMYy CyMMa AJiMH Bcex pebep Npu3Mel pasHa 448 +

+2BC + 24D + AMK = 4a + 2- “"(2 /3) 2-“—(—‘?-—;-'-@ +
—f—-’l-{—?‘I = 10a. Ho yecaosuw 10a = 40, orkyga a = 4, 3HaYwurT,
MK = g = 2, a paanyc chepsl paBeH M?K = 1.

3.258. Ocnosannem npuambel ABCDA B ,C,D, cnyXuT KBaj-
patr ABCD co cropoHoit a; Touka M — cepenuHa peGpa A;D;
O — To4dKa 1epecedeHWA gHaroHajerd ocHoBanua ABCD;
MO = h — Bpicora npuambl. HaiiguTe pagnyc chepsbl, Ipoxoada-
mei depes Touku A, B, C, D, A, D

Pewtenue. IlyeTs Tourka K — cepeanna AD (puc. 64), Toraa no
TeopeMe O Tpex nepneHgukyaapax MK | AD, 3pauuT, rpaHb
ADDA, — npAMOYronbHUK.

Tax kax ABCD — xBajapar, 10 ueatp P cdepsl, npoxogAmnieit
Jepe3 BCe BepIUHMHBI 9TOro KBajapara, JexXHuT Ha npamonn OM,
a Tak Kak 9Ta ctepa IPOXOAHT elnje U Yepe3 Bce BepIUHMHBI NpH-
moyronbHHKa ADD A, To uentp P NpuHagiesKAT NpAMOH, Ipo-
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xoAstmest depesd Tourky H =
=AD, n DA, nepneRguky-
AAPHO TUIOCKOCTH 3TOr0 rIpsA-
moyroapHnra, WMz (OMK) L
1 (ADD,) cnenayer: ueHtp P
cepnl ABAAETCA TOYKOM nepe-
CeUeHHSA CepeJMHHOro IepreH-
JHAKysipa orpeaxa KM, nexa-
mero B (OMK), n npamon
OM. 9ro ozrauaer, uro PD —
HCKOMBIH paauyc cdepsl, mpo-
xXoaAmeit yuepes ToMKH A, B, C,
D, A,, D,. Haitpem gniuny PD.

B mpamoyronsHOoOM A MOK: Puc. 64
MK = JOK?2+OM?2 =
2 Ja? + 4h? 1 JaZ + 4h2
= (&) + p2=22 , mogromy HM = s KM = a .
2 2 2 4
W3 nogobua npaMoyroabHbIX TpeyroabHUKOB OKM u HPM
Caeayer:
oM KM py - KM-HM
HM =~ PM> TR = OM =
Ja? + 4h? Ja2 + 4h?
' 4 2 1 4p2
S - _ 2 'ghh . Torma OP = OM — PM =
24+ 4h%2 4h?- 4l
=h — E__‘é‘,ﬁ__,, = **Hé—}}-—q- , 1 B mpaMoyroasHom A POD nony-
2 _ 4242 2
yaem: PD = JOP?+OD? = J(é%g—@-) + (#)

J16h4 + 24a2h2 + at )
= 27 -— UCKOMBIN paguyc cepsbl.

3.259. Ocnopanmem npuamel ABCDA, B,C,D, cny3xur xsaj-
par ABCD co cropoHoi g; Touxka M — cepegmrea pebpa
A,D;; O — TOYKa mepecedeHHA JUATOHANEeH OCHOBAHUA
ABCD; MO = h — Bricora npuaMbl. HahiauTte paguyc cde-
pBl, IpoxomAamen depes TouxkH A, B, C, D u Kacaomelca npa-
moit A, D,.
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Pewenwne. Ilyers Touxa K —
cepeguna AD (puc. 65), Torna
II0 TeopeMe O TpeX IepIeHHu-
Kynapax MK 1| AD, zHauuT,
rpaib ADDA, — npamo-
YrONBHUK.

Tax kak ABCD — kBagpar,
T0 HedaTp P cdepbi, Ipoxoan-
IIeH uepe3 BCe BEPHIHHBI 3TOTO
KBajipaTa, JeXHT Ha IpAMON
OM. Kpowme Toro, cthepa mepe-
cexaer rpanb ADD A, no oK-
PYHHOCTH, KOTOPAaA IIPOXOJHT
yepes BepuinHbl A, D 1 KacaeT-
ca cToponsl A,D,, 3HaUUT, 3Ta

OKPYHOCTb OIIMCAaHA OKOJ0 PpaBHOOeJAPeHHOr0 TPeyroJbHHKAa
AMD; neurpom ee aBiasieTca Touxka H mepeceuenuss MK u cepe-
JVHHOrO Neplersgukynspa EH orpeaxka M D. Torga uesTp cdepsl,
npoxoasame yepes Touku A, B, C, D u xacarouieica npamoi A, D,
ecTb Touka P mepeceuenna nmpamoit OM u npamoii, npoxogairei
yepes Touky H nepneHgukynapso rpann ADD A, (oGe npambie ne-
EaT B ogHOM mmockKocTH OMK, mepneHANKYISPHON TNOCKOCTH
rpasu ADD. A, 1 He IapalnelbHbI). ITO 03HAYAET, YTO OTPE3OK

PD pasen paauycy «HawmeH» cdepsl. Haiinem anuny PD,
B npamoyronsaoM A MOK naxogum: MK = JOK2 + OM?2 —

(‘a)z L2 o HaP T 4n?

had = - Taxk xaKk ADD A, — NpAMOYrois-

Puc. 65

2 2
HUK, T0 A MDK — npamoyronbabif, B kKotopom MD =
2 2 2 2 2
- JMK? + KD? =Ju+ al _ J2(a+ 20 Toraa
4 4 2
2 2
ME = %MD: J2(a 4+ 2h%)
N3 mnozobma mnpAMOYIoOJbHBIX TpeyronapHuxos KMD u
KM MD EM-MD
EMH cnegyer: EM - MO °Tevaa MH = M =
J2(a? + 2h2) J2(a? + 2h2)
4 2 a2+ 2h2 I . 6
= = . lanee u3 mogodus
Ja2 + 4h? 2 a2+ 4h?
2
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oM _
HM ™~
a®+2h?  Ja®+ 4h?

HM-KM  2.Ja®+ 4h? 2
- h

NPAMOYTOJbHLIX TPeyroasBUKoE OK M n H PM nonydaem:

oTkyaa PM =

PM’ OM
a2+ 2h2 a’®+ 2h2 2h2 — g2
=T.Tor,r|;aOP~—OM-PM—h— Y = Y

Teneps B npamoyrojitioM TpeyroibEuKe OQPD naxogum: PD =

-oreom - [P (] - S -

a? + 2h2 .
= T4  — VCKOMBIH paguyc cthepsl.

3.281. lIpamaa npusMa onucaHa OKOJO 1Iapa paguyca 4 cM.
IlepumeTp ocHoBaHMA OpusMbl paBeH 42 cm. Hadgure obbem u
HJIOIa/Ib HOBEPXHOCTH IIPM3MBbI.

Pewenne. Ceuennem KOMOWMBanmuu JaHHBIX OIapa W IIPUSMBI
IIJIOCKOCTHIO, HPOXOAAIIEH Uepes MeHTP mapa NepHeHAUK YIAAPHO
boKkoBoMY pedpy, ABIAETCA PABHBHIM OCHOBAHUIO MHOTOYTONBHUK 1
BIMCAHHAA B HEr'o OKPYKHOCTE paguyca R = 4. [Inomazs S sToro

1

1
MHOTOYTOJbHUKA PABHA 5 P-R-= 3" 42+4 = 84, rge P — nepu-

METP MHOroyroJibHMKa. Taxk Kay map BOMcaH B IPU3MY, TO €€ BhI-
coTa h papHA guameTpy mapa: A = 8.Torjga 06weM HPHUBMEI pABEH
S-h=84:8=672(cm3).

Ilnomany DOKOBOM HOBEPXHOCTH NpH3MH papHa 42+8 = 336,
3HAYHUT, IUVIOHIaAL €€ HOJHOH IOBEPXHOCTH paBHa 336 + 168 =
= 504 (cm?),

3.282. B map paguyca R Boucana NPaBUJIbLHASA YeTLIPEXYTONb-
Hasa npusma. Paguyc, N1poBefeHHLIR K OJHOM M3 BePIIXH OCHOBA-
HuA Opusmsl, o0pasyeT ¢ nI0CKoCcTEI0 O0KOROI rpaHn yroa B 30°.
Haiaure 06neM IpPHU3MEI.

Pewenne. Ilycre ABCDA,BC{D, — BnucaHHad B JaHHBI}
niap ¢ meHTpoM K npaBwibHaA Dpusma. JTO o3HadaeT, uTto K €
€ BD,, BD, = 2R u B upamoyroasaom A BC, D, (£C,BD, = 30°)

1

umeem: C,D, = 5 BD, = R, BC, = BD, +cos 30° = R./3. Toraa B

npamoyronsiom A BC,C naxogum C,C = JCle - BC2 =R.J/2,
3HAUMT, 06beM npusMb pased BC2+C,C = R2+R.\f2 = R3./2.
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Hlap ¥ npaBHJBHBIA TETPAIAP
(BIIHCAHHBIM M ONIMCAHHBIN)

IIpu pemenuum 3agay Ha map (cdepy), ONUCAHHLIN OKOJIO Ipa-
BWJIBHOTO TETPa3pa WIW BIHCAHHLEIN B HETO, VUAINVMCA HOJE3HO
3HATH, YTO: €CJIH BCe ILIOCKHE YIJIBl TPEXTPAHHOIO YIia PaBHEI IO
60°, To paccTogHVe OT BepIIWHBI VIJia A0 LEHTPa BOMCAHHOTO B
3TOT YIoJl Iapa paanyca r paBHO 37, a PACCTOSHKE OT I[eHTPA 9TO0-

ro orapa go pedpa TeTpaszpa PABHO rﬁ . 9TH COOTHOIIIEHU S YACTO
HCIONB3YIOT IIPDY PEellleHUN 33744, B KOTOPLIX PacCMATPUBAIOTCH
T€ WIH HHbIe KoMOuHamuu mapos (cgep) ¢ IpaBUJIbHLIMH TETPa-
3APaMH.

Tak KakK, ¢ OAHOHU CTOPOHBI, JH00aA BEPIINHA IPABHILHOIO TET-
pasjApa NPOEKTUPYETCH B IIEHTP OKPYyAHOCTH, OHHMCAHHON OKOJIO
ee IPOTHBOHOJOMHOU IpaHM, ¢ APYrod CTOPOHLI, IpAMAS, NPO-
BeJleHHaA uyepes 1meHTp J1000ro ceueHus cdepbl NepleH UK yIAp-
HO IITOCKOCTH 93TOr'0 CeYeHUs!, OPOXOANUT uepe3 peHTp AaHHoH
cepsl, TO MEeHTP cdephli, ONUCAHHON OKOJIO HPaBUJIbHOTO TETPadL-
pa, OpUHAAJIEKHUT INI000M €ro BEICOTE, T. €. BCe BBICOTHI HPABUIb-
HOI'O TeTpasjpa NPOXOAAT Uepesd IeHTP ONMCAHHON OKOJIO Hero
cepsr.

AHa/JJOrMyHO BC€ BBHICOTH IIPABHJILHOTO TETpasfipa NIPOXOAAT
yepes3 meHTP BOUCAaHHOM B Hero cepPbl M AeJIATCH 9TUM [IEeHTPOM B
OTHOMNIEHWH 3 ;: 1, cuuTas or BepIIMHBI TETPAdAPA.

3.286. B npaBuibHLIN TEeTpasdap ¢ pebpom a BimcaHa cdepa.
Hailizure: a) paguyc chepsr; 0) paccTrogaHus OoT meurpa cdepsl Ko
BePIINHELI, rPaly ¥ pebpa rerpasgpa.

Pewenune. Ilyers B npasunsisiit rerpasap PABC srucata coe-

pa ¢ meHrpom K u pagunycom R. Ecam toura O — 11€HTp I'PaHu
2 2
ABC, M — cepeguna BC, To QA = §AM = 3 -a—%@ = .‘.1;.?";/._3’
2
OP = JAP2 - OA2 = Jaz —~ (%@’) = “—f :

Taxk Kaxk BCe YeThipe OTPe3Ka, COeAUHAIONINE BePUIMHBI
OPaBWIbHOI'C TETPasApa ¢ NEHTPOUZAMU €ro HPOTHBONOJIOMHEBIX
rpaHeil, paBHbI, NePHEHAHKYJIAPHBI COOTBETCTRYIOIMUM TI'PDaHAM,
nepeceKaloTess B OZHOU TOUKE U JesATCs el B oTHomeHu#u 3 : 1,
CUUTAA OT BEPHIWHBI, TO 3Ta TOYKA ABIAAeTcA neaTpoM K cdepsl,

1 1 a6 _

BIMCAHHOH B JaHHBINA TeTpadjgp. 3Hauur, R = 1 OP = 13
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= 19 - Torga KO =

ur terpasapa (miaockocth ABC mepneHAMKYyASApHA Ppaguycy
OK cdepsl, npoBeeHHOMY B TOUKY (O KacaHWA cdepbl H I'DAHR

ABC).
Hanee, AK = PK = gOP = 2 . af = af — paccTosHUE OT

neutpa K ciepnl A0 BepIIUHBL A TeTpasapa.
Paccrosnme or nenrpa K coepn: go pebpa AP pasoo mium-
He meguanbl KH (H € AP) pasuobeapennoro NAAPK (AK =

— paccroanue ot neurpa K jgo rpa-

a6 a6
12

= KP), 3HaunT, DTO pacCCTOSHHE PABHO JAK? -AH? =

B -

2

Cdepa, onmcarHad 0K0OJI0 NHPAMHIGI
H BOIHCAHHAS B Hee

Tax ®Kaw, ¢ ogHOM CTOPOHBI, BEICOTA HPABHJILHON IHPaMMALI
OPOXOJUT Uepes [[eHTP OKPY3KHOCTH, ONUCAHHON OKOJIO €€ OCHOBA-
HUSfA, C APYroydl CTOpPOHLI, OPAMAas, NIPOBEREHHAA yepesd IIeHTD JI-
0oro ceyeHuda chepsl HepPHeHIUKYJIAPHO HJOCKOCTH TOTO cede-
HHsI, TPOXOANUT Uepe3 eHTp AAaHHOM cfepbl, TO 1eHTP cdephl,
ONUCANHOoi OKoJOo JI00H HpaBUJILHON ODUPaMHIbl, TPUHALIEHKNT
BBICOTE 3TONH HHPAMHJLIL.

IleaTp cdepbl NPAHAZIEHHT TAKMe BhICOTE HHPaAMHUJLI, €CIH
Bce ee DoKoRBLIe pefpa o6pasyloT PaBHLIE VIVIBI € HIOCKOCTLI) OCHO-
BaHnsd (Bce GoKoBbie pefpa NUpamMubl PaBHbI MeXAy coboil); B ua-
CTHOCTH, €CJIH B OCHOBAHUHM TAKOH HNHPAMHABI JEXKHT HPAMO-
YTOJBHBIA TPEYTOJIBHHK, TO OCHOBAHMEM BLICOTLI NHPAMHUIEI CAY-
KHUT cepefHHa I'HIOOTEHY3bl TPEYroJLHAKA-CCHOBAHHA, H IEHTP
cepbl IPHHALJIEKUT 3TOH BBICOTE.

IIpu penreHny 3azad HA KOMOHHAITHIO NUPAMHILI X BOHCAH-
HO B Hee cdepnl paguyca r yI00HO HOJNR30BATRCA COOTHOIIEHHEM:
r=m- sin% , THe M — paccToAHue OT 1eHTpa chepbl Ko pedpa
MHOTOI'PAHHOIO yrJia, (. — BeJANYRHA ABYTPAHHOIO yIJja OPH 9TOM
pelpe.

Kpome Toro, yuaigumcest noJe3H0 NOMHHUTE, UTO €CJU Bce ILIOo-
CKMe YIJkl TPeyroJbHOoN nUpaMUuabl paBuel 0o 60°, To paccroanne
OT BEPUIMHEL YIJVIa OO MEHTPA BIHCAHHOK B 9TOT YIoJl ciephl paju-
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yca r PaBHO 373 ecJIM Bee HJIOCKUE YIJIBI TPeYyroJdbLHOH HHUPaMUbI
npsMbIe, TO PACCTOAHUE OT BePIIMHLI YIJIa /0 IeHTPa BIIMCAHHOM

B 3TOT yroJ ceprl pajguyca r paBHO ra3.

ITH COOTHONIEHUA YACTO HCHOJNB3YIOT IPH DEeIleHNH 3arad, B
KOTOPBIX PACCMATPHBAIOTCA Te€ HJM HHble KOMOMHaiumu chep ¢
NpaBHJILHEBIMH HHDAMHIAMH.

Pemnras sagauy Ha chepy, BITHCAHHYIO B UPABUJILHYIO YeThHLIPEX -
yroJALHYIO HUpaMuy, He o0A3aTeIbHO H300PaXaTh 9TH HUPaMULY
U chepy, a LOCTATOYHC PACCMOTpPEThH CeueHHMEe NTaHHOM KoMOMHA-
(UM TeJl IJIOCKOCTBI0 OCeBOro ceueHUus NHPAMHALI, B Pe3YJIbTATE
peineHHe JaHHOM CTEePEOMETPHYECKOH 3a[a4YH CBOAHUTCA K perie-
HHIO 3afa4H IVIaHUMETPHAYECKOH,

3.302. Ilearp mapa, BOHCAHHOrO B HOPABHJBHYIO YeThIpPeX-
YroJLHYI0 NMPAaMHAY, AEJUT €€ BLHICOTY B OTHONIEHHH 9 ! 3, CUH-
Tasg OT BepmauHbI, Haliagure BeJHUHHEY ABYrpaHHOrO yrJya HpH 0o-
KOBOM pedOpe NMpaMH/bI,

Pewenne. Ilycrs Touka O — nesTp mapa, BIHCAHHOIO B npa-
BUJILHVIO YeTHIpeXyrodabuyio nupamuay PABCD, rouka K — ce-
peguna BC (puc. 66); (BLD) L CP, r.e. LBLD — nuHeHHH
yroJ ZByrpaHHoro yria npu peope CP.

Tax xak (PHK) 1| (BCP) u map racaercs rpasu BCP B neKo-
Topolt Touke M, To paguyc OM mapa JeRuT B mockoct™d PHK
npuueMm M € PK uOM 1| PK. Ha#igem ZBLD = q.

IIvers OH = OM = R — paamyc njaHHOro niapa, sfauur, QP =

5

3
=3 R, PH = 3 R; Torja B npaMoyrojisHoM TpeyroisHuke OPM

2
raxonuy: PM = JOPZ — OME — J(gR) _R? = %R.

M3 nogobus TpeyroJbEUKOB

OPM u KPH caepyer: % =
=g—lg = };—g, oTkyaa KP =
_opepn _ 3R

PM %R
-2r.
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Torga B npsMoyroJisaom TpeyroibHuke PK H nonyuaem: HK =
100 64

= JPK? - PH? = —5 R?- 5 R = 2R, suaunr, AB = 4R n
HC = 2R./2 . Tlosromy B psiMoyrossHoM Tpeyroibunke CPK Ha-
xoxum: PC = JK P2+ KC? = -M%Rz +4R2 = 2R§/3_4 .

Ianee B npamoyrojbHOoM Ttpeyrojibuuke CPH Haxogum:

8
HL = PH-CH _ §R.2RJ§ = 8RJ1T B pasuobegpen
PC 9R./31 17 4
3
noMm tpeyrojgpunke BCP umeem BL 1 PC, noosromy: BL =
10
_Be-pk _ BE jemfmm o evrom
PC 2R./34 17 y
3
o .o
HOM TpeyroJibuuke HBL, rge L/ HLB = 5 » HOJdydaeM: sing =
8R.J17

_BH _ 2R/2 _ T o HL _ 17 _ 2J2

BL  10R./34 5 2  BL 10R./34 5 7

17 17
man 25 cos - g AT 2B _ 458

3HAYHT, Sin O sing * cosj 5 5 o5 OTEYAa

4./34

o = aresin
25

3.303. llenrp mapa, OonMCAHHOI'O OKOJIO IPABHUJILHOHM YeThl-
PEXYIOJbHOH NHPaMHZLI, XeJHUT ee BLICOTY B OTHOLIEHHH D : 3,
CUHTAA OT BepIIHHLI. HalifnTe BeINUMHY yIJia HAKJI0HA OOKOBOTO
pebpa DHUpaMugbl K IJIOCKOCTH €e OCHOBaHHI.

PeweHne. Tlyerh Touka O — 1eHTD Iapa, ONHCAHHOTIO OKOJIO
IIPABHJIBHOM yeThipexyroabHol nupamugst PABCD, H — Touka
iepecevennda graronanet ocuopanusg ABCD (puc. 67).

Tax Kak njaockocrb APC nepneHAUKYJISAPHA IIJIOCKOCTH OC-
HOBaHHA OUpaMHuabLl, o L HCP = 0. — yroj HaxJoHa O60KOBOTO
pebpa PC nupaMigbl K DIOCKOCTH €€ OCHOBAHHUSA.
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B
Puc. 67 Puc. 68

Eean OP = R — pagmyc JanHoro mapa, To OH = gR n PH =

5 R, uppuem OP = OC = R. Toraa B UpAMOYTOJEHOM TPEYIOJb-

2
nuke HOC gaxognm: HC = A/OC2 - QH?= JRz — (gR) = ~45-R,

o

H

7 B OpAMOYTOJLHOM Tpeyroibunke HCP nonyuaem tg o = CH —

°R

5
=7 " 2, orkyaa o = arctg 2.

"5*R

3.323. Bricora npaBuJIbHOM HuUPAMHALI pABHA .2, a pajuyc
BOMCAHHOM! B €€ OCHOBaHHWE OKPYIKHOCTH pasen r. Haligure pagu-
yC BOUCQHHOK B 9Ty HupamMuay chepsl.

PeweHnue. Ilycrs Touka O — uenrp chepbl, BHUCAHHON B npa-
ruaLHYI0 nupamuay PARBRC, H — peurpoup ocuosaupsa ABC,
Trouxka K — cepeanua BC (puc. 68). Torma HK =r.

Tax wax (APK) 1 (BCP) u cdepa racaerca rpaum BCP
B HeKoTopoit Touke M, to pagnye R = OM cdepnl JdexuT B
naocxkocrn APK, npunuem M € PK n OM |1 PK. Kpome Toro,
OM=0H=R, HK=MK-=r, PH = h, OP = h — r. Haiinem
OM. '

B mpamoyroabHoM TpeyroanHnke HPK wHaxogum: PK =

= JPH? + KH? = ./h? + r2,
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M
13 mogobus TpeyronsHukoB OPM w KPH cneapyer: (;—H =

_pM aOM___MP-KH=r(A/h2+r2-—r)
PH ' OTRYA PH R '

3.328. /IBe coceanre rpaHy TPEYroJbHON OUPAMUIB — IIPH-
MOYI'OJIbHBIE TPEYTOJBHHKY ¢ o0mreit runorenysoit ¢. Hauaure pa-
OUYC ONHUCAHHON OKOJO 3TON NUPAMAALI c(hepol.

Pewenue. Ilyers PABC — nupamupa, rpaau APC u BPC xo-
TOPOH — HOPAMOYIOJBLHEIE TPEYTOJLHUKHU ¢ obIiei runorenysoit
PC u npameiMu yraamMmu CAP u CBP cooTBeTcTBEHHO.

Cdoepa, onucanuas okoJio nupamuiel PABC, nepecekaeTr IIoc-
KocTh APC 10 OKPY)KHOCTH, OHWCAHHONH OKOJIO TPEyrOILHHMKA
APC; neHTpPOM 3TOM OKPYKHOCTH ABJAsercs Touka K — cepeanna
runorenyssl PC. AHajornuHo nepecedueHueM cdepnl ¢ NIOCKO-
creio BPC aBnsercst OKPYXKHOCTD, AN KoTopoit orpe3ok PC rTak-
e SABISETCHA AnaMeTpoM. ITO O3HauaeT, uTo Touka K aBisercs
neHTpoM chepbl, OUHCAHHOH okoJo nupamuibl PABC u umer-
el paavyc, PaBHLIM 1OJIOBMHE runoreHysslt CP, 7. e. paBHBIM
0,5c.

Cihepa ¥ uuIHEAD

ITepen pemenueM 3azayd Ha KoMOuHAnmMIo chepsl M MUIUHADA
clejyeT HOBTOPHTL IUIaHMMETPUYECKHUH MaTepruaj 0 KOMOHHAIN-
AX OKPYKHOCTH M NPAMOYTOJLHUKS (KBAazZparTa), 0 KoMOMHEaMax
JBYX KAaCAMIIUXCA, IePECEeKaoIUXCA U He UMEeIOIMIUX ODIIHX TOo-
yeK OKPYKHOCTeH.

IIpu penieruu 3aza4 Ha chepy ¥ NWIHHAP VYAIIUMCA Heo0Xo-
JUMO 3HAaTh, YTC B IIVIMHADP MOKHO BHUCATH chepy TOrga U TOJb-
KO TOrja, Korga ODWIHHIP PaBHOCTOPOHHHI, T. €. ZnaMerp cdephl,
BOHUCAHHOU B IIWIMHJAD, Becerja paBeH BricoTe (00pasyiolneit) aToro
LIJAHHIPA.

Bo mHormx cayuyasix pemeHue 3aJadu Ha chepy U qMJIMHAD yI-
poimaercsa, ecJaM HMCHOJL30BATH ceueHMA KOMOmHanuH chepsl u
HITHHAPA AUaMeTpalbHOM ILIOCKOCThIo chepsl, coaepx argeif och
MUIHHAPa (DapaljlelbHONR 9TOH O0CU), WJIN AUMEMETPaJbHOH ILJIoC-
KOCTBIO C(hepri, HEPHEHAUKYIAPHOM ocH NWINHApPa (cM. 3.351).

3.351. Oana u3 o0pasywmMX MHIVHpPA JeXXUT HA UaMeTpe
1mapa, a iBe Apyrux SBIAAITCA XopAaMu aToro mniapa. Haliznrte pa-
OUYC OCHOBAHUA M BBLICOTY LWJIMHDPA, €CJAU PACCTOAHHE MeXIY
Ka)KJIOH M3 Hap 3TuxX ob0pasyiommux pasno 6, a paguyc mapa 10.
Onpegenure, HAXOAUTCS BECh IIIMHAP BHYTPH IIapa MJIH HeT.
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PelweHue. Ha pucynke 69 n3obpa-
JKeHO cedeHue HIapa ¥ LHJIHHAPAa
OIOCKOCTLIO, THpoxonsanieii  depes
meatrp O cdepsl HepHEeHANKYIAPHO
obpasywmum muUIMHApa (9Ta ILIoc-
KOCTh  JeJUT Bee  oOpasyionuimne
NUIWHIPA IOHOGJAM), IPU TOM TOUKA
O — cepeauHa oOpasyioieil nuIHHA-
pa, JeXammed Ha ANaMeTpe Iiapa, a
TOUKH A U B — cepeauun obpasyio-
IOUX NIJIMHIPA, ABISINIUXCSA XopIa-

Puc. 69 My Hiapa.
Tax Kak pacCTOAHUE MEXAY KaXK-
Z0H 13 map 3Tux obpasyionux pasHo 6, a paauyc mapa paees 10,
TO paBHOCTOPOHHUH A OAB co cTopoHoi 6 JeXUT BHYTPH KDV-
ra — AVAMETPAJLHOTO CeUeHHA LIapa M ABJAETCHA BIMCAHHLIM B
KPYT, PABHBIH OCHOBAHWIO NWIHHAPA. JTO O3HAYAET, UTO PAIUyC

3
OCHOBAHHA I{HIANHIPA paBeH 6 - 3 = 2./3.

ITyers Touxa A — cepeauna obpasyromeit PH nuavHipa, AB-
asroueiicsa xopgoii miapa. Torama B npsaMoyrontHoM A QAP

(A OPH — pasuoGegpennsii) naxoaum: AP = JOP2 - OA2 =

= J102 — 62 = 8, spauur, PH = 2AP = 16 — anuna ofpasyiomnlei
HUANHAPA.

Haitgem aawny xopast MK mapa, KoTopas JE€XHT Ha OQHOH
HPpAMOU ¢ TOW 00pasyoIned UINHIPAa, KOTOpasa yiajleHa oOT [[eHT-
pa iapa Ha pacCTOsAHWE, PABHOE AHAMeTPy LIHJINHIPA.

Eciu rouka C — cepeavna xopabl MK, o gauna orpesxka OC

paBHA AMAMETDPY OCHOBAHWS NIIMHAPA, T. e, OC = 2+ /3 = 4./3,
aHaunT, Touka C ABISeTcA JUAMETPAJIbHO IPOTHBONOJOMHOMI
Touke () HA OKPYKHOCTH IIEepecedeHu s MOBEPXHOCTH UJINHIPA U
naockocT AOB.

B npamoyroabuom tpeyroabauxke OCNM npaxoaum: CM =

~ JOMZ Z0C?= /102 — (4./3)% = 2./13, nosromy MK = 4./13
AJIVHA XOpJAbl HIapa, JeXanled Ha OJHOU HNPAMOH ¢ 00pasylolen
muiaunegpa. Tak Kaxk 162 >16+13, o PH > MK. 3ro oznauaer,
uTo o0pasyloinad nuaAMHApa Gosbllle TOM XOpAb Lilapa, KOTopas
JIERHT HA OJHOU NPSMOU ¢ aTod o0pasyiolnierd, 3To, B CBOK OUe-
pelb, POBOPHT O TOM, UTO HEKOTOPEIE JBE YACTH NWJIHNHIPA HAaXO-
IATCA BHE H1apa — OHHU PACHOJIOMEHb! CUMMETPUYHO OTHOCUTEIh-
HO njaockoct AOB.
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3.354. B unanHAp 1oMelneHbl YeThipe NOoIIapHo KacalImuecs
apyr apyra cgeps! pagunyca 1 Tayg, yTo Kamzas cdepa Kacaercs
NUJIHHAPHYECKOIl 1ToBepXHOCTH. [IBe chephl KacaloTest HUMKHErO,
a iBe Apyrue — BepXHero OCHOBaHHuA nuanHgpa. Hafinure paguyc
OCHOBAHHA MU BRICOTY IIHJIMHAPA.

YkazaHue. Ilyers P, A, B, C — nentpst nasasix cdep. Torga
TpeyroabHasa nupamujga PABC sABlAeTcA NpaBHILHBIM TeTpasi-
poOM ¢ pedpoM, paBHLIM Z.

Ecnn cxpewmmBaronguecs pedpa AP u BC a1oro Terpaszpa 11a-
palieJbHB! OCHOBAHHMAM IHJHWHApa M 1apsl ¢ meHtpamMu A u P
KacaloTCd BepxXHero OCHOBaHHs, a Imapsl ¢ neutpamMu B u C —
HH)KHEro OCHOBaHUs, TO mnpambie AP u BC yaaleHbl COOTBeT-
CTBEHHO OT BepXHero H HHXXHEr0 OCHOBaHMIl Ha paccToaHNd, PaB-
HEBle 1.

HsBecTHO, WwTO B NPABWILHOM TeTpasape ¢ pebpom a pac-
CTOAHMe MeXXAY CKpermuBapmuMucsa pebpaMu paBHO AJHHE UX

a2
06111ero MepneHANKYIApa, T. €. PABHO —— . B HamIeM cliyyae 210

2
paccToAHNE PABHO ﬁ YuureiBag, uro npameie AP u BC, co-
Jep:rarie IeHTPbl MIAPOB, YAAJeHB COOTBEeTCTBEHHO OT mapaJl-
JeILHBIX UM BEpPXHEro W HHKHEro OCHORAHHHM mUAHHApPA HA
paccToOAHHNSA, paBHble 1, MPHXOAMM K BLIBOAY: BBICOTA MUJAMHIPA

paBHa 2 + J2.

Tax Kak paccTOAHHA MeXXJAy IMeHTpaMi nrapoB paguyca 1, Ka-
calomuxcs APYr APYra U IWJINHAPHYECKON ITOBEDXHOCTH, PABHEI
2, To AHaMeTp OCHOBAHHS IHUJHHAPA paBeH 4, cnreaoBaTeNAbHO, ero
pajuyc paseH 2.

Cdepa 1 KOHYC

Ilepea pemmenueM 3aa4 Ha KoMOmHanmio cepsl U KOHYyCA CJle-
AVeT ITOBTOPUTHL ILIAHHUMETPHYECKHH MaTepuaJ O KOMOHHarax
OKPVXHOCTH 1 PaBHOOeJDEHHOrO TPEYTroAbHUKA.

Bo MHOrux ciyiuaax pelIeHHE 3afauy YIIPOIaeTCs, €CJAH HC-
TOMAbL30BATh CeueHnsa KoMOmHanmuu chepsl U KoHYCa AuaMerpalb-
HOIl TJIOCKOCTHIO Chephl, cogepsKammeil och KOHyca, B pe3yjabTarte
pellleHHe AAHHO CTEepeoMeTpPUUECKOH 3aJavum CBOLUTCA K pelle-
HUIO 33849Y ITJIaHMMETPHYSCKOH,

3.360. ¥Vroa B oceBom ceuennHr xKouyea 120°, a paguyc Buncan-
HOro B KOHycC mapa paped 8. Hailigure aanny IVHUN KacaHWs Ko-
HHYECKOUN 1 chepuyecKoit TOBEePXHOCTEH.
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Peuwlenmne. Ilyers paBHOOegpeHHBIM TpeyroJbEUK ABP (AP =
= BP) ¢ Beicoroil PC ABJIseTCA OCEBLIM CEUEeHHEM JAaHHOT'O KOHYCA;
rouka O — 1eHTp HIapa, BOIVCAHHOrO B BTOT KOHyC; OM = R —
paguye Konyca (OM 1 BP, M ¢ BP).

Ecmu MK |AB (MK 1 PC), H= MK n PC, ro 1unueii Kaca-
HUA KOHNYecKol U chepuuecKoif MoBePXHOCTEM ABIAETCA OKPYXK-
HOCTH ¢ meHTpoM H u pagnycom HM. Hatmem HM.

1
B npamoyronsaom & OHM waxogum: HM = 3 OM = 4 (rak

KareT, JeKalmui HpoTue yria B 3(°). 3HAUHT, AJHWHA OKPYKHOC-
TH KacaHNs HoBepxHocreilt pasua 21+ 4 = 87,

3.370. B map paguyca 5 BOucaH KOHYC, pAJUyC OCHOBAHUA KO-
Toporo paseH 3. Haiigure obpasyoniyio KoHyCAa.

Pelwenue. BoaMoKHLI iBA cayyad.

1. IlenTp mapa NpUHALJIERUT KOHYCY. Toraa paccroaHNe OT

[eHTPa HIApA [0 OCHOBAHUA KOHyca paBHO /52 — 32 = 4, A rak
KAaK PaccToAHKE OT MEeHTPa HIapa Ao BepIuMHE KOHYCA PABHO 9, TO
BBICOT& KOHyca paBHa 9 + 4 = 9, 3Hauur, obpasyroiasd KoHyca

pasua /92 + 32 =3./10.

2. Ilentp nrapa He NPUHAAJIEIKUT KOHYCY. TOria paccToAHHE OT

[EHTPa MIAPA 10 OCHOBAHUA KOHYCA BHOBL PaBHO /52 — 32 =4, Ho
BLICOTA KOHyca paBHa 5 — 4 = 1, spauur, ofpasyoimas KOoHYyCA

paeHa /32 + 12 = /10.

JBe cthepsi. Tpu chepbl u Bonee

TIpe:xae YeM NPUCTYHNHTEH K PELICHUIO 38489 HA ABe, TPH chephl
H BoJiee, 1ellecoo0PasHO PEIMTL HECKOJILKO 332184 Ha ABe, TPH OK-
pyaHOCTH U Gosee. IIpH 9TOM yyanuMcA HOJIE3H0 3HATh, YTO €ClH
npAMas B rouxkax A u B Kacaercs IByX BHEHNIHUM 00pasoM Kacar-
OIMXCA OKpy:KHocTel paguycoB R, u R,, To anuHa orpeska AB

paBua 2,/R,* R,.

IIpu pelmeHuu 3ajaduu, B KOTOPOU AaHbl [Be, TPH U 0oJee IO-
apHO Kacaonimeca chepsi, OoiBaeT yA00HO BOCIIONL30BATLCH Ce-
YeHHeM THX c(ep MIOCKOCTHIO, NPOXOAANIEN dYepe3d HMX IMEHTPHI
(cm. 3.398). Toraa panHadaA 3afava cBOAUTCA K IUI&aHHUMeTpPHUe-
CKOU 3a/aue HA B3AVUMHOE PACIOJIOKEeHHe IBYX, TpeX U Doldee mo-
IAPHO KACAIOUINXCH OKPYRHOCTEH.

Huoraa OniBaer yAcOHO HpHMBIeUL HA HOMOIL TPEYroAbHUK
VJIM TeTPad/Ap € BEPUINHAMY B DEHTPAX COOTBETCTBEHHO TPEX WM
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JeThIpex NONAPHO KaCAKINUXCA ZaHHEIX cdep (cMm. 3.400, 3.457);
CTOPOHBL TPEYT'OJIbHMKA U pedpa TeTpasjpa PABHBLI CYMMAM pajH-
YCOB JaHHLBIX cep.

3.384. HaiiamTe MHOMKECTBO TOUEK Cephl pazuyca 5, yviaJaeH-
HBIX Ha paccToAHHe 6 0T TOUKU A 9T0i chephl.

Pewenue. Ilycts BA = 10 — anameTrp zamHoit cdeprl. MEOXKe-
CTBO BCEX TOYEeK IPOCTPAHCTBA, YAAJEHHBLIX OT TOUKH A HA pac-
cTOssHME, paBHee 6, ecTh cihepa paguyca 6 ¢ meuTpoM A. McKoMBIM
MHOMECTBOM TOUYEK ABAAETCA OKDYXHOCTBL () [lepeCeueHHss JaH-
HOt cpepH u cepsl pagnyca 6 ¢ menrpom A, [lyers M — ofHa U3
TOUEK OKDYXHOCTH (). Torza pazmyc R 5ToH OKDYXHOCTH DABEH
Beicore MK (K € AB) IpaMOYIOJBHOTO TpeyroXLHHKa ABM
(LAMB = 90°) ¢ runorenysoif AB = 10 u xareramm AM = 6,
AM-BM 6:8 4

AB 10 4%
Taxum 00pazoM, HCKOMBIM MHOXKECTBOM TOUEK SBJISETCA OKPYHK-
HOCTL  pazuyca 4,8.

3.386. Bepuman A u C, Kyba ABCDA,B,C,D; ¢ pebpom

8 cM ABJIAOTCA IIEHTPAMM IBYX cdep, Paguychl KOTOPHLIX PABHEI
AavHe pebpa rybda. Halzwmre nawHY JMHNH NepeceucHUs STHX

cep.
PeweHue. Ilyere M — TodKa mepeceueHMA JAaHHLIX cdep, Je-
JKalas B INIOCKOCTH AuarcHannuoro cevenns ACC A, . Torga Bol-

cora MK paBHoGeapeHHoro Tpeyroasauka AMC, (AM = C, M)
ABASAETCA PAJHYCOM OKDYIKHOCTH nepeceueHusa 3Tux cdep. Haxo-

v MK = JAM? — AK? = /82 ~ (4./3)2 = 4. Buauur, 1imEa
OKDVYKHOCTH IIepecedeHusa cpep paBHa 37.

BM =, /JAB? - AM?2=8. Haxonum R =

3.394. B ky6 ABCDA,B,C D, nomemeHH JBe Kacamonuecst

APYT Apyra BHeIMHUM oOpazoM cdepnl, paguyehl KOTOPLIX OT-
HOCHTCA KakK 3 : 5. lleprasa cdepa xacaercss Bcex rpameit Kyba,
coAepXRaiuXx BepiinHy A, Bropasd — Bcex rpaHeit Kyba, copep-
wamuX BepiuuHy C,. Haiiaure ux paguycel, ecin pebpo ky6a pas-
HO 16.

Pewenne, Obosnaunm: K u H — uenTpsol cdep, KACAOLINXCH
BceX I'paHel Ky0a, COAepxaluX COOTBETCTBEHHO BEpINUHY A mu
Bepumny C,. Ecau pagmyc neproii cheprl paBeH R, TO paguyc

5
BTOPOH paBeH gR. Pro osHauaerT, uto KA = R./3, HC, = 3 R.J3,
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5
KH=R+ 3 R. Tax kak pebpo Kyba paBHO 16, TO ero guaroHasb

AC, paBua 16./3. Ho AK + KH + HC, = AC,, I05TOMY HOTy4a-

5 6./3

59
em: RJ3 + R+ R+ sR.J3 = 163, orkyaa R = =
m: R.J3 3 3 B3 NE v 541

= 3(3 - /3). Torza paguyc Bropoii cepbl paBeH 3 — J3 ).

3.398. Tpu paBHhie cdepbl pagmyca 6 KacaioTca ApPYTr ZDyra.
Haiizwre paguyc ceprl, Kacarmlmeicsa BCexX Tpex 3Tux cdep, eciiu
ee IeHTD JIEXKHUT B IJIOCKOCTH 1TEHTPOB TPEX HaHHBIX cdep.

PeweHue. B ceuenmnu BCex derhipex cep IMNOCKOCTHIO, IIPOXO-
OAIel 4depe3 MX I€HTPHI, IIOJy4YaeM TPH INONAapHC KaCaloLHecs
OKPY3KHOCTH O, (J,, B3 Pafuyca 6 ¢ HeHTpaMu COOTBETCTBEHHO A,
B, C v oxpysHaOoCT B ¢ nerrpoM O, Kacaionjasaca KaAoH U3 HHX.
ITpuuem Touxka (O CoBIaZaeT ¢ NEHTPOMAOM [IpPaBUWJIBHOI'C Tpe-
yroapEnKa ABC co cropoHoil 12, mostomy OA = OB = OQC =

=4./3.
BoamoxHEBI FBa caydad.
1. OxpykHOCTS B Kacaercsa OKPYHHOCTEH ®, 0,y, ; BHEIIHUM

oGpaszom. Ecan npm stroM K — TOUKA BHEHIHETC KacCaHMA OK-
pyxHocreit ®;, m B, To OK — paauyc okpyxHOCTH B m OK =

=0A-AK=4./3 -6.
2. OxpysxeOCTE 3 KacaeTca OKDPYKHOCTEH ¥, (05, ); BHYTPEH-

HEM oGpaszom. Ecnu npm atom M — TouKa BHYTPeHHEro KacaHHA
OKpY:KHOCTEH ©, u P, To OM — paauyc okpys:xHOCTH f 1 OM =

= 0A+AM =4./3 +6.

3.400. B BepmiuHax NpaBUJILHOI'O TeTpasjapa ¢ pebpom 6 pac-
[IOJIOXKEHBI IIEHTPEI YeThIPeX PaBHLIX cdep, MONAPHO KACAIOIIHX -
ca gpyr apyra. Haiigmre: a) paguycel 3TuX chep; G) paccroaHMe OT
IIEHTPa OXHOM M3 HUX JI0 IJOCKOCTH IIEHTPOB TPEX IPYTHX.

Pewenue. 8) Ilyers gan terpasap PABC, BepliHHEI KOTOPOTO
ABJAKTCA NEeHTPaMU JaHHBIX cdep. Hallmem paccTosHMe OT IIEHT-
pa P ro miockoctn ABC.

Ecau touka O — nerTp ocHoBanmA ABC rerpasapa, To OA =

= %-3@ = 2./3 wu paccrosaume PO or P jgo (ABC) paBHO

JAP? — OAZ = .J62 - (2./3)2 =2./6.
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§ 19.7—19.8. Nnowanun NnoBepxHOCTEN LLapa 1 ero HacTen.
Obbem wapa v ero yacren

B sToM paspesie BBOAATCA OIpeAeNIeHHS PasAHUHBIX 4dacTeH
1apa M HacTel ero IOBePXHOCTH: IHAPOBOINO CErMEHTA, CEerMeHT-
HOH IIOBEPXHOCTH, MX OCHOBAHHH M BBICOTHI; IIIAPOBOr0 €0, 11a-
POBOTO I0sica, NX OCHOBAHHWIM M BBICOTHI; IMIAPOBOTO CEKTOPa U ero
nmoepepxHocTH. Heobxogumo o0paTHTh BHUMAHHE yUaIlllUIXCS HA
CHACAYIOLIHE (DAKT: IIOBEPXHOCTE LIAPOBOTO CEKTOPA MOKET COCTO-
STH (B IpocTeHilIeM cliyyae) U3 CeTMEHTHOH IICBePXHOCTH H 00KO-
BOM MOBEPXHOCTH KOoHYca (B yuebHUKe — pue. 207, 6) ninu us no-
BEPXHOCTH IIAPOBONO II0sca 1 GOKOBEIX TIOBEPXHOCTEH BYX KOHY-
coB (B yueOHIKe — pHce. 207, 2).

Hanee BpBOAATCA (GOPMYJIBI BRIMMCACHUSA ILIOMIaZEN pa3Jind-
HbBIX YacTeH [OBEPXHOCTH napa paguyca R: Scdrepu = 4nR% — pns
BEITHCHCHHSA ILI0IIAnY cdhepel; S, . = 2nRhA (txe 2 — BrIcOTa
IIIapPOBOTNC CErMEHTa) — RS BRIMMCACHHA IJIOLAAH CerMeHT-

HOW NoBepxHocTH; S, , = 2nRh (rae A — BeicOoTa WMAPOBOro

N051Ca) — AJISA BRIMHCICHU IUTOMIANH WAPOBOTO HOACA; S o corer =

=nR(2h + J 2Rh — h2) (rae h — BBICOTA IAPDOBOTO CE'MEHTA) —
IAJSE BRI HUCJIeHHSA ILIOIANH IIOBEPXHOCTH IIAPOBOro cexTopa. Ilpn
BRIYHCNEHHH ILIOIIATH cdephl UCTIONLIVIOTCS CJEACTBUS U3 TEO-
pem 25, 26, 28.

B yyeGHuUKe AnA BeIBOJA (POPMYJIBI BEIMHCHEHWA 00beMa iliapa
pazmyca R lpeaBapuTeILHO BHUMHCJAeTCS o0beM (hurypsr, obpa-
SOBAHHOU BpallleHWEM PpaBHOOEZPEHHOTO IIPAMOYIOJLHOTO Tpe-
VI'OJBHHKA C THIIOTeHY30H 2R BOXpyr IpsMoil, OIPOXodallel de-
pe3 BePIIMHY MIPAMOTro yIJia IIapaiieNbLHC THIoTeHy3e. ITa pury-
pa mpeacraBageT cofoll NMMAMHIAP ¢ BeIcOTOHM 2R M pagmycoMm
OCHOBAHMA R, U3 KOTOPOrQ «BBIPE3aHEI» JBA PAaBHBIX KOHYCA BEI-
coThl R 1 paguycoM ocHOBaHWA R (BepLIMHBI KOHYCOB COBIIQAAaI0T
C CepeaHMHON BHICOTHI ITHMJIMHIDA, & HX OCHOBAHNAMU ABJISIOTCSH
HHJKHEe M BepXHee OCHOBaHHM#A IHIHHApPA). O0neM 5TOH (hMryphl

4
PaEeH g3 nR3.

HNanee map pagmyca R m 00pasoBaHHVIO Bhlilie (DpUTypy Bpalie-
HUA PACIIONIOKHM MEXXJAY ABYMA [apaieIbHbBIMHY ILJIOCKOCTAMMH,
paccTodHMEe MexAy KoTopbiMmu paBHO 2R. Illap nipu atTom Kacaer-
CH KaMJ0H M3 paHHLIX INIOCKOCTeH, a ¢urypy BpallleHUs paclo-
JOKHMM TAaK, 4uTo6bl e€e OCh BpallleHUs ObLia MHeplIeHAMKYIApHA
5THM ILJIOCKOCTAM. KeJin mepecekaTh Haiy GHTIYPHI ILIOCKOCTS-
MM, OaPaJNCAbHBIMM TAHHBIM ILIOCKOCTAM N VIAJIEHHBLIMHM QT
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IleHTPa napa Ha paccrogHue x (0 € x < R), TO ILIOIIAAA PaBHO-
yAaNeHHBIX OT I[eHTpa Iapa CedeHHMH paccMarpwBaeMbIX (puryp
paBHBI (oTHOCcATCA, Kak 1 : 1). [loaToMy, Ha OCHOBaHUM IIPMHIIUIIA

KapasbepH, PaBHEL M O0BEMEL 9THX TN, T. €. Vi, = 5 7° R3,

Ixa nonydenus o06beMa IapoBOrO cerMeHTa BEICOTBI A Hce-
IOXB3YeTCs MpeAbIAVIas CUTYAIlHA IJd TaKUX 3Ha4YeHHH X, 4TO
R ~-h <x < R(npuh < R). IIpumeras npuanun KaBanwepu,
IMOXVUUM: 00BeM IIIapOBOTO CerMeHTa paBeH PasHOCTH ofbheMa
MHJIMHIPa BBICOTHI i M pagmycoM ocHOBaHMA R u obnema yce-
UeHHOPO KOHYCA BBICOTHI i U pagmycaMu ocHOBaHHUM R u R — A,

1
T € Vigpeern = 3722 (3R — h) mwma B apyrom Buge: Vg cerg =
- h
== L] 2. — —
nehz(R-3)

Hanee noxasbiBaeTcd, 4TO O0GBEM ILIAPOBOTO CEKTOpPa, COCTOS-
IIETO M3 IapOBROTO CErMEHTA BRHICOTHL /2 M KOHYCa BRICOTHI (R — 2) ¢
BepHIMHOHN B IIeHTPe IIapa paguyca f, BEIUMCAAeTCA 10 (popMyse

2
Vmap_cem =3 neR2'h. Crenyer NpPeAJOMHUTE YUAITHMCA CAMO-

CTOATEJILHO JOKA3aTE, UTO 00heM KAXKJAOr0 M3 ZPYrHUX BHIOB IN04-
POBEIX CCKTOPOB BREIYHMCIAETCA T10 3TOH e dopmyie.
O6pem 11apOBOTO CNOA € PARHYCAMU OCHOBAHHMI 7'y U 'y H BHICO-

oM H BRIUMCAsETCA IO QOpMylie
nH 2 2
— 2
Vmp_ = g (3r] + 3ry, + H4),

3.414. B map BuyucaH OpAMOYrOJbHEN Dapajneiennmen. M-
aroHaJXH IBYX OOKOBHIX rpaHed IapaJsijieielINIeRa, BLIXORSIIHE
M3 OZHOU BepHIMHBI, paBHH 16 cM 1 21 cM, a yron Mexpy HUMH
paBeH 60°. HaliznTe nnomanb DOBEePXHOCTH HIADA.

Pewenwne. Ilycrs napannenennnen ABCDA B ,C, D, BuucaH B

map ¢ neHTpoMm O u paguycom R (puc. 70), nipu arom BA = 16,
B,C =21, LAB,C =60°.

Tak Kak TOYKa IepecedueHHs IUaroHaJCH IIapaJjuieJielMIesa
ABASCTCS €ro MeHTPOM CHMMEeTPUY, a BePIIMHB [apaJliejene-
Ja Jexar Ha chepe (IIOBePXHOCTH IIapa), IIEHTPOM CHMMETPHH
KOTOPOH CAYKHT ee meHTp O, TOo paguyc 1apa paBeH IOJOBHHE
pmaroHanxm A,C napannenenuneia: 2R = A C. Otpesox A,C —
runoreHysa npsmoyroasHoro A AA,C, sHaumrt, A,C? = AC? +

+ A,;AZ Haligem AC?u A A?,
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Puc, 70

B AAB,C (mo reopeme xocmHycoB): AC? = B,A? +
+ 8102—2BlA-Blc°c0560°=162+212—2-16-21-% - 361.

B npsimoyronsaom A ABC nmeem: AC? = BAZ + BCZ2. B npaMo-
YTONBHEIX TpeyronbHuxax ABB, u CBB, nMeeM COOTBETCTBEHHO

BA? = B|A? — B,B? u BC? = B,C? — B,B?. Tlocie CIOMEHU 9TUX

paBeHCTB nmoaydaem: BA? + BC? = AC? = B, A% - 2B,B? + B,(C?,

BiA% + B{C?~ AC? 256 + 441 — 361
= = 168.

2 2

YuurnBag, 9t0 BB = A, A, Haxogum: A, C% = AC? + A A% = 361 +

+ 168 = 529 = A,C = 2R = 23, 3Ha4YUT, IIOINAJb IOBEPXHOCTH IHa-

pa paBHa 529n.

orkyna B,B? =

3.419. B map enucana nupaMujia, OCHOBAHHEM KOTOPOH ABJA-
eTCsA MPSAMOYIOJIBHEIN TPEYIONBHHK ¢ THIIOTEHY30H, PaBHOM 2 CM.
HaitguTe o0beM inapa, ecaH XKaxxjgoe 00Koroe pebpo mMpaMEALI
COCTaBAACT ¢ OCHOBaHHEM YTIOJI (.

Pewenue. llyers nupamuga PABC ¢ ocuoBanunem ABC (AB —
runtoreny3a N\ ABC) Bawcana B imap ¢ nearpom O paguyca R.

U3 yecnoBust 3aga4du cJaenyer, 4To ocHoBaHve H Bricornt PH nu-
PaAMUALL ABJASETCS CepeiMHON rUMOTeHY3bl AB M CVMHUT IIEHTPOM
OKPVIKHOCTH, onucaHHOM oxosio AABC. A Tak Kak aTa OKpy»K-
HOCTh SABJIAETCA NEpecedeHHeM MOBEPXHOCTHM ilapa M IIJIOCKOCTH
ABC, T0o ee 1eHTp — TOYKa HH — NpUHAIIEKHT IPSIMOH, ITPOXOA-
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C
P
¥ () 0
- dH
A\—/B /-
~_ | B

K

h

Puc. 71 Puc. 72

meil yepes meaTp O chephl NepleHIuKYAApHOo InockocTn A BC. 9Tto
O3HAYAaeT, 4TO IIOCKOCTh rpaHi PARB nupaMufisl IPOXOIHT depes
mentp O chepsl u epeceKaeT chepy 10 OKPYIKHOCTH paanyca R.
Tpeyronxpuurx PAB BnucaH B 3Ty oxpyxHocTh M O € PH.

IIycre PK — nmameTp oKpyxHOCcTH (puc. 71), TorZia B IpAMO-

AP?2

yronbHOM N\ APK nmeem: AP?2 = PK « PH, orkyia PK = H

Hovast AP w PH naiizeMm B npsaMmoyronsaoM N APH (L PAH =

AH 1
=), AP = cosa cosa’PH-AH tgau=1-1g o =tg o. Torza
1
cosZq 1 2
PK = 2R = tg0. _ coso-sina  sin2a’ 3aHauuT, 00LEeM LIapa
aBEeH —l-rc 8 __4n

P 6 sin®2a  3sin32a’

3.429. Paguyc ocHOBAaHHMA PaBHOCTOPOHHErO MHUIHHAPa paBeH
12 c¢M; Touka IepecedyeHHs AMaroHalJIeH €ro OCeBoro CeUyeHHus AB-
afgeTes 1eHTpoM cdeprl pagnyca 15 ecm. Hafianre nomans yacTu
chepHUecKOIl IOBEPXHOCTH, HAXOJAIIEIICA BHE ITUJINHAPA.

Pewenne. Ha pumecyHke 72 mM300pakeHO cedeHWe ITUAMHIPA
(AB — puamerp ocHOBaHMA, BC — phlcoTa HMAMHEAPa) U chepsl
(OK — pazuyc ciepnl) fuaMeTpanbHOH MJIOCKOCTBIO, IIPOXORA-
11eif uepes obpaszyionme MHIIMHIDA.

Iuaronans AC 0ceBOTO CEUYEHUSA PABHOCTODPOHHErC IIUNAMHIEDPA

paBHa 24J§ , 3Haumurt, OC = %AC = 12./2. Tax Kax 24 < 30 <

< 24./2 , 70 guamerp cdeps! Gonbiie W AMAMETPa OCHOBaHHSA, H
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BEICOTHI IIMNVH/Pa, HO MeHbIIe JUATOHAJNY €r0 0CEeBOT0 CCYCHHA.
JTO O3HaYaeT, YTO BHE IMWJIMHAPA OCTANACH YacTh ChepHdIecKol
[IOBEPXHOCTH, COCTOALIAA M3 [IOBePXHOCTH IHAPOBOTO CJIOA, BHICO-
Ta KOTOporo paBHa PT, m ABYX paBHBIX CErMEHTHEIX IIOBEPXHO-
creit ¢ BeicoToll M H.

Tar xax OM = 15, OH = 12, to Beicora MH imaposoro
cerMeHTa papHa OM — OH = 15 — 12 = 3. 3Hauwur, njaomazsb
ceCMeHTHOM HOoBepxXHOCTH ¢ BbIcoToM MH paBHa 2m-15-3 =
=90n (cm2), a mnomwagb ABYX TaKHX I[I0BEPXHOCTell paBHa
1801 cm2,

Bricora PT maposoro ciosa paBHa 2HK (ABCD — ksazapar),

roe HK = JOK2 - QHZ2 = /152 — 122 = 9, nosromy miomans
ero roBepxHOCTH paBHa 27+ 15 + 18 = 540xn (cMm?). Takum o6pasom,

ILMOaAb TON YacTH ChepHUIeCKOM IIOBEPXHOCTHM, KOTOpad ocTa-
Jach BHE IIMJIMHAPa, paBHa 180n + 540n = 7207% (cm?).

3anayn NOcne rnaebi 3.
POurypol BpauleHUs

3.450. Hlap BoMcaH B OpAMYIO IIPHM3My, OCHOBAHMEM KOTO-
POH CHAYIKUT IPAMOYTOJILHBEIN TPEeyTOJNbHUE. B 3TOM IpAMOYTOJ/Ib-
HOM TpEYTOJIbHHKEe MePIeHAWKYIAAD, ONVIIEeHHBIH M3 BEPIIMHBI
[IpaAMOro yria Ha THIIOTeHY3y, PaBeH 7 M COCTABAAET ¢ OAHHM
M3 KaTeToB yrox o. Halizgure naolials IOBEePXHOCTH IIapa.

Pewenne., IlycTe oCHOBaHUEM A
IIPU3MBI ABJIAETCHA IPAMOYTONBHBIN
NABC ¢ runotenysoii AB. Toraa
pazmyc mapa, BOIMCAHHOTO B JaHHYVIO
IIpA3My, PaBeH pPagHyCy I OKDYK-
HOCTH, BHHcaHHOH B A ABC., Hec-

2’g&ABC
IIOML3YHE COOTHOILOEHNE - = ~———— ",

p
rae p — nepumerp ANAABC, Hal-
leM  HCKOMEBIH paauyc  cdepsl,
AJIA 4ero IpesBapuTeJbHO HaMIeM

SpapcHP. K
Ilyere CH = h — BoicOTa B 0.l o
AN ABC, onymensad u3 epinuabl C h
Ha rumnorenysy AB, u /BCH = «
(puc. 73).
Tarx rak £~ BAC = /BCH = o, To C B
B IIPAMOYTOJBHBIX TPEYTOJLHHKAX Pue. 73
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H
CBH, ACH u ABC coorBeTcTBeHHO nMeeM: BC = c = L ,
cos  CcosC

CH h AC h

¢= sing B sino HAB = cCos L ~ sino - coso” Torza p = cosQ
h N h _ h(sino + coso + 1) _
sino sing * cosot sino » cosa. N
h(z‘js,in%tcos(—“;t + 200523) h(sin% + cos%)
29,'111%t . cosg - COSCL sin% * COS(L
. (Mmoo
hﬁsm(4 + 2)
- s,ing * COSU
2
1 1 h h h?
Hanee, S apc = EAC BC=3- sino. cosa  sin2a°
Tenepr HaAXOAUM PagUyC r mapas:
2h2 . O
2h2 —
o inoa ) h 51112 coso B
. (T o ) (Mmoo
h,ﬁ’sm(‘al + 2) hﬁ51n2a-51n(4 +§)
sino—t- CosS O
2
~ hAf2
a . (T o
4cos§ . 3111(4 + 2)
H ILJIOLIIAAB €0 IIOBePXHOCTH !
\2
h2 2
Sc[b =4nré=4r- 2 = i .
4cosc—x°sin E+(E 2 cos? L gin? E+E
2 4 2 2 4 2

3.453. B ycedennnlii KOHYC, BIMCAHHBIN B cdepy, BOUCaHa
cepa. Haiizure yrom HakJIoHa 00pas3yowIINX KOHYCa K ILJIOCKOC-
TH OCHOBAHWf, €CJIH OTHOINeHHe PaJUyCOB HaHHEIX Chep DPABHO

2./5.
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Pewernue. Ha pucyuke 74 nzobpa- B — {
JKEHO CeueHWe KOMOMHAIIMH YCeueH-
HOrO KOHYCa H ABYX AaHHBIX cdep,
npu 3ToM R 1 O — COOTBETCTBEHHO
paguyc M IIeHTP ONMMCAHHON O0KOJO
yceueHHOT0 KOHyca cepsl, ru O; — 1O
pAAMyC ¥ IIEHTD BIMCAHHOH B ATOT hH ¢
KoHyC ctheprel. U3 yerosua creayer,

yro R = 2rJ5.

Ecaun CK — BwICOTA yCEeYeHHOTO
KoHyca u LADC = o (yron HaKJIOHA
obpasymoimeil K IIOCKOCTH OCHORBa- Puc. 74
HudA), To CK = 2r,

B AACD u3s s?nca = 2R Haxonum: AC = 2Rsin o = 4r./5 sin a.

'Ol

[ ]

B npamoyronsaom A\ ACK umeem: ACZ = AK? + CK?2,
Tpanenus onucasa OKO0JIO OKPYXXHOCTH € IeHTPoM Oy, [0O3TO-

BC+AD
my BC + AD = 2AB, orryna AB = —g—g—-—-— . Kpome Toro, B
BC+ AD K
aTol Tpanemun AK = __C__2_______ ,ToTRaAK =AB=CD = C =
sino
_ 2r
sina’

B paseHcTBe AC?2 = AK? + CK?, zamenus AC, AK u CK ux
HAHNZEHHLIMHE BEIDAXXEHUSIMH dYeped r U ((, HOoNy4aeM ypPaBHeHHUe

4r?

sin?q

ypaBHeHUe, NoJydaem sin o = 0,9, 3gaunTt, ¢ = 30° — BenmumHa
yIJia HaKkJIoHA 00pa3yloineil KoHYCa K [IJIOCKOCTH er'0 OCHOBAHM A,

80rising = + 4r2 pau 20sinta — sina — 1 = 0. Pemas sTo

3.462. B xonyc, ofpasyloiiasd KOTOPOT0 HaKJOHEHa K MJOC-
KOCTH OCHOBAaHHSMA IIOJ YIVIOM (¢ 1 ILIOINaAL OCHOBAHMA paBHa @,
BlIEcaH wWap. Halignre o6peM KoHyCa, OTCEKaeMOT0 OT ZaHHOTO
IIJIOCKOCTELIO KPyra, T10 OKPYKHOCTH KOTOPOTO IIOBEPXHOCTE ITapa
KacaeTcs DOKOBOIT IIOBEPXHOCTH KOHYCA.

Pewenrne. Ha pucyHEKe 7O M300paXeHO ceueHHe KOMOMHAITHH
KoHyca ¥ cdepnl ¢ meHTpoM O ONOCKOCTRIO, IIPOXOAAINEH depes
och PC KoHyca, Ipu aroMm paguycel OH u OT chepsl DeprneHgu-
KYJISPHEBI 00pas3yoninM cooTBeTcTBEHHO PA n PB KoHyca, Kacai-
nmMesa cepsl B Toukax cooTBercTBeHHO T u H. 9T0 o3Hadaer,
uTOo 0Tpe30K T H ABasAeTcs AMaMETPOM KOHYCa, OTCEKAaeMOro OT
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P JAaHHOT'O KOHYCA IJOCKOCTBHY OK-
PY3HOCTH KAaCaHH 3TOTO KOHyCa 1

cepsl, T. €. %TH = KH — pagu-

yC OTCEeKaeMOoT0 KOHYCAa.

Ilyets R — pazmyC OCHOBaHMSA
IaHHOTO KOHYCa, TOTHA H3 COOTHO-
mernd nR2 = @ Haxomum: R =

B opamoyroasuom 2O BCP ume-

BC R

0 em: BP = = . Tax xKax
cos ¢ COs ¢

‘ BC = BH = R, o PH = BP -

O
A C B - BE = R _R=R(1~cosq))=
COS P cos ¢
Puc. 75 2Rsin25?
_ 2
cosQ
B npsmoyrompHom A HPK naxogum pagmyc KH = PH X
2Rsinzg 0
== - = 1 2—
X COS @ 050 cos ¢ = 2R sin 5 OTCEKAeMOTro KOHyca H ero
2Rsinzg 0
== - 1 == — e — 1 _ - 1 2— »
Belcory PK = PH *sin ¢ o5 g sin g = 2R-sin 5" tg 9.

Torga 06beM V 3TOro KOHyCa paBeH:

1
v = %n-KHz-PK — Sne4R%-sin'] 2R-sin?3 ctgp =

8 . 6@ 8 Q 3 . P 8@ |1Q
== | ] 3 6 » == — — » 6'-*. ot — —_
37 R® sin B) tg Sn(fn) sin”3 tgo 3 W X

X tg @+ sinfsz.



KouTponbHbie padoThl

K—11—1
ABVXEeHNss B NpOCTPaHCTBE

3agaynd Ansa MOATOTOBKH

Ilana Touka A(4; —6; 9). Haiiyarre odpas aToOi TOYKM:

a) IIpY CEMMETPHH OTHOCHUTEJIBHO HAYAJA KOOPAUHAT;

0) IIpH CUMMETPHY OTHOCUTENBHO ToUKH B(3; 1; 2);

B) 1P CHMMETPUH OTHOCUTEJIBHO ILIocKocTH Oy z;

r) IpY NapaiielnHOM IepeHoce Ha BeKTop p(3; —2; —4);

1) npu rosopote Ha yroja 90° soxpyr ocu Oz.

IlnockocTs o 3agaHa ypaBHeHHeM 2x + y — 5z — 3 = 0. Haiign-
Te ypasHEeHMe IUIocKocTH [, KoTopas aBasieTcss IpoobpasoM
IETOCKOCTH O

a) [IpY CHMMETPHH OTHOCHTEJhHO Ha4daaa KOOPJAHHAT;

6) IIpH ITapaiiensHOM IepeHoce Ha BeKTop r(3; 1; 5).
PacemarTpuBaerca cMMMeTPHA OTHOCUTENLHO TEIOCKOCTH ¢, 3a-
JaHHOU ypaBHeHHEM 2x + 3y — 2z + 2 = 0. 3anumuTe, €cjad 9To
BO3MOMKHO!

a) KOOPAHMHATHI HETIOABHKHOM TOUKH 3TOH CHMMETDHH;

0) IHapaMeTpH4YecKHe YPABHEHHNA TAKOMU IIpAMON, KOTOpadA He-
TIO/[BHYKHA TIPM CHMMETPHH OTHOCHTEJLHO ILJIOCKOCTH (X, HO He
BCE TOUYKH 3TOH NPAMOH SABIAIOTCA HEIOABUYKHRIMHU IIDH JIaH-
HOH CHMMETPIH;

B) YpaBHEHHE TAKOH ILNIOCKOCTH, KOTOPAA HEeIIOABUKHA IIPU CUM-
MEeTPHH OTHOCHUTEJILHO IJOCKOCTH ¢, HO HE BCE TOYKH 3TOH ILIOC-
KOCTH ABAAIOTCA HEIOABM K HBIMHE IIPH JAHHOM CMMETPMH;

T} YpaBHeHHe Takoil c(epbl, KOTOpasd HelIOABUKHA IIPpH CHM-
METPHH OTHOCHTEJILHO ILIOCKOCTH O, HO HEe BCE TOYKH 3TOIH cde-
phI ARNAIOTCA HEIIOABHMA HBIMH IIPY AAHHOW CHMMETDPHH.

Haubr gBa terpasapa MABK uw PCEK, Bce pebpa KOTOpsIX
paBHBI MeXay coboit. IIpamuie AC n BE nepecekaioTcss B TOU-
Ke K. Toukn M u P nexaT B pasHbIX INOJYIPOCTPAHCTBAX OT-
HocHTenhHo IockoctTd ABC. CymeeTsyeT nH IIOBOPOT IIpPO-
CTPAHCTBA BOKDYI' HEKOTOPOH NIPAMOM, IPU KOTOPOM OJMH W3
JAHHLIX TeTPA3ApOR coBMelnaeTesd ¢ apyruMm? Ecnm cyiectny-
eT, TO VKAXHUTE OCh H YI'0JI 9TOr0 IIOBOPOTA.
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o.

OKaXHuTe, 4TO KOMIIO3HLIIAA S0 S ABYX CHEMMeT HUH OTHOCH-
B o ¥ P

TeJAbHO ILJIOCKOCTEH O u 8, 3aZlaHHBIX COOTBETCTBEHHO ypaBHe-
HuamMu x + y = 0w x — y = 0, ecTh IOROPOT MIPOCTPAHCTEA.
Havigire ock ¥ yros 3Tor0 IIOROPOTA.

ABCDA,B,C, D, — ky0. [IBu:xeHHe [ IDOCTPAHCTBA TAKOBO,

uro f(A) = D, f(C)=A,, f(B,) = B, (D)= D,. Haiigure 00passl
OCTANBbHBIX BePIIHUH JAHHOIC Ky0a IIPH 3TOM JBHKEHUH.
IIpamas 3agaHa HapamMeTpHUecKHMH YPABHEHUAMHM

x=-5+ 3¢,
y =2,
z2=7T—t¢

Hanuninte napameTpHuecKHe YpaBHEHMA IpAMOI, KoTopasd
ABJAsAeTcs 0Opa3oM 3agaHHOK IPAMOMI:

4) IpW IapadJenbHOM IIEpeHOce HA BeKTOD p(3;0; ~1);

) IIpY IApAJLIEbHOM IepeHoce Ha BekTop 7 (25 1; ~3);

B) IpPH IEHTPAaJbHOHU CHMMMETPHU OTHOCHUTENBHO TOUKH
A(3; 0; -1);

I') IIpH TEHTPATbHOW CHMMETPHI OTHOCHTebHO TouKH B(1; 2; 5);
1) IpH CHMMETPHH OTHOCHTEJbHO IiaocKkocT Oxy;

€) IIpH IIoBopoTe HA yroa 180° BOKpyr ocH anIiMKAar.

Ha nnockoctr 2x + 3y — 52 = 10 valiuTe MHOXKECTBO BCEX TO-
YeK, HeIIOABHKHBIX IIPH IIOBOPOTE HA yron 45° BoKpyr npsamou

[ x=3+2¢,
<; U=2—t,
!Z= L

Ha nnoecxoctr x — 3y + 5z = 3 HaliguTe MHOMECTBO BCeX TO-
UeK, HEIIOABMKHBIX IIPH CUMMETPHY OTHOCHTENLHO IIIOCKOCTH
2x — Ty + 6z = 1; 3aIHINIKTEe 5TO MHOECTBO B KOOP/IUHATHOM!

(popme.

Bapuasr 1

Hana rouka A(—3; 2; 5). Haiigure o6pas 3Toi TOUKH:

a) IpY CUMMETPHH OTHOCHUTENBHO HAUAA KOOPpAHHAT;

0) IpH CUMMEeTPHH OTHOCUTENBHO ILNIOCKOeTH Oy |

B) nipy nnoBopoTe Ha 90° oTHOCHTENBHO OcH OX;

I') IpM IIApajanesbHOM NepeHoce Ha BekTop a(—1; 2; —3);

1) IpU CUMMETPHU OTHOCHTEeNbHO TouKH H(l; 2; 0).
ITnockocTs ¢ 38agana ypapaesneM 3x — Sy — 2 + 2 = Q. Hafign-
T€ YpaBHEHMEe IJIOCKOCTH P, KoTOopad SIBjafeTCA Ipoobpasom
TEIOCKOCTH O

a) IIpH IIapajiiebHOM IIepeHoce Ha BekTop r(—2; 1; 3);

0) IIDHU cUMMETPHN OTHOCHTENBHO HAYAJIa KOOPAWHAT.
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3.

PaceMaTpuBaeTca CHMMETPUA OTHOCHTEIBHO ILTOCKOCTH 2Xx +
+ 3y — z + 2= 0. 3anunmuTe, eCJan 3TO BO3BMOMKHO:

a) KOOPAWHATE! KAaKOH-HUOY /b HEeIIOABUIKHOU TOUKH 3TOM CHM-
MEeTPIH;

0) HapaMeTpHYeCKHe YPARHeHUA KAKOH-HHOY b IIPAMO, HENIO-
JBHOXHON NPH 3TOH CUMMETPUM;

B) VpaBHeHMe KAKOU-HUOVAL ILIOCKOCTH, HEIOABHMKHOW NIpH
ATOH CHUMMETPHH;

I') ypaBHeHHe KaKoH-Hubyan cdeprl, KOTOpad HEeIlOABHKHA IIPH
ATOH CHMMETPHH.

HManpr xea Terpasapa MABK u PABC, Bece pedpa KOTOPBIX
paBHE! MeXxay coboi., IIpamMbie AB u CK nepeceraioTed, a TOU-
KU M u P jeaT B pasHBIX IIOAYIPOCTPAHCTBAX OTHOCHTEAEHO
mnockoeTy BCK. ¥raxuTe ni00yi0 KOMIIO3UIIHIO HECKOMIBKUX
CHMMMETPHH IIPpOCTPAHCTBA, IIPH KOTOPOHW OXAWH H3 JAHHBIX TEeT-
pPasiPOB COBMEII[AETCA ¢ XPYIHM.

NoxaskuTe, YTO KOMIIOSHITHA SBOSm JABYX CHUMMETPHH OTHOCH-
TeAbHO TLIOCKOCTEH O M [}, 3aZfaHHBIX COOTBETCTBEHHO ypaBHE-
muamMu 2 = 0 1 x = 0, ecTs HOBOPOT HpocTpancTea. Haiignre
OCh H YT'OJI 3TOrO IOROPOTA.

6 (Jonoanumenvras). ABCDA,;B,C,D, — xy6. [Buxenne f

11

IPOCTPAHCTBA TAKOBO, uTo f(A) = Dy, f(A)) = Cy, f(D) = D,
f(B) = A,. HalinnTe 00passl 0cTaJbHBIX BEPIIIMH JAHHOTO Ky0a
IIPY 3TOM JBHKEHHH,

Bapuanrt 2

Hana toura A(3; —7; 1). Haifigure o0pa3 sTOH TOUKM:

a) Ipy CUMMETPHHK OTHOCHTENHHO HAYANKA KOOPAWHAT;

6) Ipu cuMMeTpHE oTHOcHTenbHO Touky C(1; 2; 0);

B) IIPH CHMMETPHH OTHOCHTEJLHO IEnockocT Oxy;

r) IpH Dapalienb-HOM HepeHoce Ha BexTop r(—2; 1; —3);

-1) TIpM 1I0BOpOTE Ha yroa 90° orHocuTensHO ocH Q.
IInocrocTs & 3azana ypaBHeHueM 3x — 2y + 7z — 12 = 0, Haii-
AWTe YpaABHEeHHE ILIOCKOCTH [, KOTOpaa aBageTca IpoodpasoM
TETOCKOCTH (L

a) IpH napaajlenbHOM nepeHoce Ha sexTop a(2; —1; —3);

0) IIpY CHUMMETPHH OTHOCHTEJIbHO HaYANa KOOPAWHAT.
PaccmaTpuBaeTed apajlieIbHBINA IlepeHoc Ha BekTop p(—1; 2; 3).
3alynIuTe, eCJaH 9TO BO3ZMOMXKHO:

a) KOOPDAHMHATEI KAKOW-HHOYAE HEeIOABHKHOH TOYKH IIDH 5TOM
IepeHoce;
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0) HapamerpryYecKHe YPABHEHHA KAKOH-HHOY b IIPAMON, HEIO-
ABUKHOH IIPY 3TOM IepeHoCe;

B) YpPABHEHKE KAKOH-HHMOYAbh IIMOCKOCTH, HEIMOABHMHOH IIPH
3TOM IIepeHoce.

Hansr aea terpasapa MABC v PMKE, Bce pedpa KOTOPBIX
PaBHEI Mexay co00it. Touku M u P JeXaT B pasHbIX IIOIYIIPO-
CTPAHCTBAX OTHOCHMTEJBHO ILJIOCKOCTH IIPABHMJBHOIO INECTH-
yronpHUKa AKBMCE. ¥Vraxure i00yi0 KOMIIO3UIIWIO He-
CKONBKHX CHMMETPHH IIPOCTPAHCTBA, TIPH KOTOPOH OAMH M3
JAHHBIX TETPA3/[POB COBMENIAETCH C IPYTHM.

Jlokaxure, UTO KOMIIOSUILHSA SﬁOSa ABYX CHMMETPHUKR OTHOCH-

TEABHO ILIOCKOCTEH O M [3, 3aJaHHEIX COOTBETCTBEHHO ypaBHe-
HEAMM 2 = 0 B 2 = —3, ecThb IapajlnenbHBIA IIEePeHoc Ipo-
crpa"ceTBa. HaliaKTe KOOpAMHATE BEKTOPA 3TOr0 IIEDEHOCA M
HAIIMINIHTE YpaBHEHHE KAaKOW-HUOYAB ILIOCKOCTH, HEIO/BHK-
HOHM IIPpH 3TOM IIepeHoce.

(donoanumenvnan). ABCDA,B,C,D, — xyb. Opumxenue f
IPOCTPAHCTBA TAKOBO, uTo f(D,) = A, f(C) = A,; (D) = D,
f(A,) = B. Haiiure 00passl OCTANbHBIX BEPIIIHH JAHHOTO Kyba
TIPH 3TOM [ BHIKEHHH,

K—11—-2
Muororpassmnkmn

3amau AaH OATOTOBKH

B IIpaBHJIBHOM IIECTUYTOIBHOMK IIpH3Me
ABCDMNA,B,C, DM N, npoBeaeHo cedeHHUe Yepes BEPIIH-
Hy C, u Touru K u F — cepeguHb! pedep cooTBETCTBEHHO AN
u MN. Oupenendre KOJIMYECTBO TpaHel, pedep, BEPIIMH U IH-
aroHanei oOGpasOBABHIErOCH MHOTOTPAHHHKA, OJHOK M3 Bep-
MK E KOTOPOTO siBasgercs Toura C,

Han mecrurpanuuk ABCDA,B,CD; ¢ pebpom AA, = 4,
AA,; 1 (ABC). I'pars A,B;C,D; — KBaJpaT co cTOpOHOH 4, a
rpaus ABCD — npAMOyroabHHK cO cropoHamy AD = T u
DC =16. CropoHsl KBaapara COOTBETCTEEHHO IAPAJIJIEJbHBI
CTOpPOHAM MNPAMOYToJabHMKAa. Haligure: a) AAHHBI TpeX HEHU3-
BECTHEIX pebep; 0) NMioIank MOJMHOM IOBEPXHOCTH MIECTHTPDAH-
HHKAa; B) IJHHY HAapQOIpIIeld JHATOHANH IIeCTUTPaHHKNKA.,

Ase rpann natrurparanka ABCA,B,C, — tpeyroasaukn. Tpe-
yronsHUK ABC — paBHOCTOpPOHHUIT cO cTopoHO &. BokoBhIe
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pebpa AA,, BB, u CC, napanjielbHEl MeXAY co00i, IpH aTOM
pedpo AA, nepneHAHKYIAPHO MAOCKOCTH ABC n AA, = 3,
BB, = 7, CC, = 5. Hailiure: a) paccTOIHHE MEXAY TOYKaAMU
IepecedeHHA MexauaH TpeyronbHUKOB ABC u A, B,C,; 6) yrox
mexay naockoctamu ABCu A B, C,,

Has mecturpasauxk ABCDA,B,C,D,, y KoToporo rpaHb
ABCD — pom06 co croponoit 6, LBAD = 60° pebpa AA,,
BB,, CC,, DD, nepneHauKyaapHbl miaockocTd ABC, npuuem
AA, =7, BB, = 6, CC, = 5. Haiigure: a) xnuHEBI 0CTANBHBIX
pebep; 6) yron mexny riockocTbio ABC u npamoii A,C,; B) Be-
JMYURY yraa mexay mnockocTaMu ABC u A B,C,; 1) AnuBy
caMo# DONBINON AHATOHANH ITIeCTUI PAHHHMKA.

Jlan MHOTOI'DAaHHHUK € BOCEMBIO BepmuEamu A4, B, C, D, A, B,,
C,, D,.I'pass ABCD — kBagpaT co cTopoHoii 6; pebpa AA,,
BB,, CC,, DD, nepnesJUKyJAPHBI TLJIOCKOCTH KBajpaTa H
JIEXKAT 1O OZHY CTOPOHY OT Hee, npuueMm AA, = 9, BB, = 7,
CC, =5, DD, = 7. Halinure: a) 44cjo rpaHeil JaHHOro MHOI'O-
IPAaHHHKA; 0) AJAHHBI OCTANBHBIX pedep; B) Yyron Mexay ILioc-
KocTaAMu ABC n A, B,C,; r) iRy camoil 00JIbINOH ANaroHAIH
AAHHOI'O MHOI'OI'DAHHMKA.

Nan MmHororpagHmuk, uMewui 117 Bepmun. Cyimmecteyer a1
IIJIOCKOCTE, IMPOXOASIIAS POBHO Uepe3 ABe ero BEepIIWHEI, MPH
CHMMETPHH OTHOCHTENBHO KOTOPOH 3TOT MHOTOIPAHHHK OTO-
Opaskaerca Ha ceba? Ecnm He cymectsyer, To mouemy? Ecan
CYII[ECTBYET, TO IPHUBEANTE IpUMeD.

. OcHoBanueM npamoii npusmel ABCA,B,C, cnyxut pasHobe-

PEHHEIR TPEYIrONBLHMK ¢ TYIIBIM yIyioM o npu BepimuHe C. ¥roj
B,AC pasen . BricoTa npusmsel pasHa /. Haliaure niomanb
6OKOBOI MOBEPXHOCTH ¥ 00bEM I PH3MBI.

Ocuosannem npuambsl ABCDA,B,C D, asnaercs pom6 ABCD,
BKOTOPOMAC =8,BD=6,A,A=A,C, LA/AD=/AAB=60°,
HaiinuTe: a) guaroHaay OpHsMEel; 6) paccTOAHUS MEXIY IIIOC-
KOCTAMHY IPOTHBOMNOJOKHEBIX OOKOBBIX I'DaHel.

IIpaBunbHyIO deThIpexyronpnyio npusmy ABCDA,B,C, D, no-
BEPHYJIH BOKDYT ee BrIcoThl OO0, Ha yroa « (0 <o < 45%) (O —
TOYKa IepeceueHusd auaroHaneir ocaosanus ABCD). Kaxoii
NpoleHT 00beMa MPHU3MBI COCTaBHsgeT oO0beM (HTyphl, MONY-
YeHHOH MpH NepeceYeHHM MAHHOI NpH3MBI H ee oOpasa npu
3TOM BpalleHuu?

165



BapuanTt 1

B xy6e ABCDA,B,C,D, c pedbpom 8 uepes Bepimuny D u cepe-
AuBBl pedep A, B, u B,C, nposeieHo ceyeHHe, pasleNHBIIEE
KY0 Ha jBa MHOTorpanHuka. HallzuTe: a) KONWUeCcTBO BEPIIUH,
pebep, rpaHeit W AHaroOHANEeH AAA KAaXKJAOTO M3 IOAYYEeHHBIX
MHOTOTPAHHHUKOB; 0) ZJMHY HauOONbIIEero oTpeska B MHOTO-
TPAaHHUKE, OJHON H3 BEPIIHUH KOTOPOTO ABIAETCA ToUuKa B,
I'panu ABCD u A;B,C,D, mecrurpansuxa ABCDA,B,C,D,
JIEXKAT B IIAPANTIENBHLIX TUIOCKOCTAX. I'pans ABC — kBajpaT
co cTopoHoi 80, 1Maronany KOTOPOTO IepeceKaloTed B ToUuKe K.
I'panb A;B,C,D; — npAMOYroAnHUK cO cTopoHamMu A, B, = 40
u A, D, = B8, AMaronasm KOTOPOTO II€peCeKaloTca B ToOUke M.
Otpesox KM = 15 nexXHuT HA NpAMOH, NepHeHIUKYIAADPHOH
mnockocT rpasun ABCD. OnpesennTe: a) naomazs IMOAHOH IIO-
BEpXHOCTH MHOTOTDAHHHMKA; 0) ANuHRN pebep, He JeXalqux B
ILIOCKOCTAX JAHHBIX KBaJpaTa H IpAMOYTOAbLHHKA; B) UMEIOT
Jau npamsele AA,, BB, CC,, DD, ogay obmy0 TOYKY.
OcHoBanygem 1pamoro napanaenennneza ABCDA,B,C,D, as-
naeTca pom6 ABCD c octpeiM yriom «. IIpamaa BC,; cocTas-
JadeT ¢ ILAocKocTeIo DC, D, yroa 3. Haitnaure mromans 60K0BOMI
IIOBEPXHOCTH K 00beM mapasfesienunesa, ecav AAMHA O0KOBO-
0 pebpa a.

Has mBororpassmnk, amemomnuii 141 Bepmuny. CymmeceTsyeT 11
HEeHTPANLHAS CHMMETPHS MpPOCTPAHCTBA, TIPH KOTOPOH 3TOT
MHOTOTpaHHHK OTOOpa)kaeTcA Ha ceda? Keau He cylecTByerT,
To mouemy? Eeau cyimecTByeT, To IPHBEIUTE IIpUMeEp.

BapuanT 2

B ky6e ABCDA,B,C,D, c pedpom 6 npoBefieHO ceuyeHHE depe3
cepeiunsl pebep CC,, AB u AD, pasaenusiiee Ky0 Ha J[Ba MHO-
rorpagHuEKa. Jaf KaKzoro U3 HHX HaAWNTEe KOJAUUYEeCTBO Bep-
ITWH, pebep, rpaHeil ¥ JjuaroHaieii. B MmEOTOTpaHHEKE, BEpIIU-
HOU KOTOPOTO CAYKHT TOUYKA A, HAHZNTE AJINUHY HAKOOJILIIETO
OTpEe3KAa.

I'pann ABCD u A B,C,D, mecrturpanauka ABCDA B,C,D,

JeXAaT B lapaayleNsHBIX ILMocrocTAX. I'pans ABCD — KBaj-
par co cropoHol 10, amaroHanm KOTOPOTO NEpeceKAIOTCs B
touxke K. I'pann A,B,C;D; — IpAMOYTOJLHHK CO CTOPOHAMH

A,B, = 28, A\ D, = 20, anaroEanu KOTOPOTO IepeCeKAlOTCs B
TouKe M. Orpezox KM pasen 12 u nexxuT HaA IIPAMOIHA,
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MepHeHIUKYAAPHOH InockoeTH rpanu ABCD. Onpepenure:
a) OACINAaAb HOMTHOW IMOBEPXHOCTH MHOTOTDAHHUKA; 0) ANHHBI
pebep, He JeKaInuX B IVIOCKOCTAX AAaHHbIX KBaJpaTa H IPAMO-
YTOJBHUKA; B) UMeOT AU Opsameie AA,, BB,, CC,, DD, ogny

OBIIVIO TOUKY.

3. ABCA,B,C, — npaBunbHas TpeyroapHas npusma. Yron AB,C

4.

1.

paBeH o, HaiyguTe na0maas NOAHOH [IOBEPXHOCTH IIPU3MEI U €€
00'BEM, €CTH BEICOTA MIPU3MEI pAaHa /1.

HNan Mmuororpannuk, uMewinuii 117 sepmun. Cylfecrsyer AU
IIOBOPOT IPOCTPAHCTBA HA HEKOTOPEIA OCTPRIA YTOMA, IPH KOTO-
pOM BTOT MHOIOTpAHHHUK OTOoOpaskaeTca Ha cebsa? Ecru He cy-
IecTByer, T0 modemy? Eciau cyiiecTByeT, TO MpPUBEAUTE IPU-
Mep.

K—11—3
MHuororpaHhsete yraet. NMupamnapl

3ajauu a8 MOATOTOBKH

B ocHoBanuM nmUpaMUABl JAEMHT BBIIYKJBIH MHOTOYTOJbHUK,
a4 Bce IIJOCKWE VYIJIBI MPH BepiinHe MUpAMHUIB PaBHBI 85°.
CKOJIBKO pedep MOKeT OBITh YV JAHHOW MUPaMHABI?

2. Kaxoe mauboapniee 1esoe YHCJIO IPagyCcOB MOMXKET UMETh BeJIu-

3.

YUHA IIJOCKOTO yrJa IpH BepiinHe 13-yroAbHOW IpaBUABHOIM
THpPAMUIBI?

Touxka M JeXUT BHYTPU TPEXTPaHHOTO yraa ¢ BepminHONH K u
yaajxeHa oT ero rpadeil Ha paccroanmus 12, 16 u 21. Haiigure
VIJIBI, KOTOpBIe ob6pasyer npamasa KM co BceMH rpaHgMu U
pebpaMu TpexrpaHHOTO YIJja, eCAU Bee ero IMJIOCKHWe YTABI IpA-
MbIE.

B npaBuabHOM TpeyroAbHOM NUpAMHUAE IIOCKHH YIoa IIpHu Bep-
HinHe paBen (f, a BelcoTa paBHa k. Hangure cTOpOHY OCHOBA-
HUA TUPAMUAEL.

Ian Tpexrpanusii yroa ODEF, 8 koropom £ DOE = L DOF =

. «6
= aresin—g-; peopo OF mawkaoneno Kk maockoctu ODE noa yr-

oM 45°, Haitaure: a) ABYrpaHHLIN yroJ mpu pedpe OD npu ye-
JIOBUU, YTO OH TYIOH; 0) yron EQOF; B) yroa nakiaona pedépa O
K naockocru OFE; r) yron FGH, rane G — oproroHanbHad
npoexusg Touky F na naockoers DOE, H — oproroHanbHAd
IpoeKnudA TOUKH E Ha maockoers DOF.
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6.

IInomasp GOKOBOH NMOBEPXHOCTH TNPABUJIBHOM NMHUPAMUAbI CO-
craBpjaser 66,(6)% mrommaau ee nonHO#M MopepxHoCcTH. Halinure
BeIHUYHHY ABYTPAHHOTO yIia HNpH pedpe OCHOBAHUA HMUpaMH-
AEL

Iinomazs OoxoOBOM rpaly MpaBUABHOM 20-yroJbHOM ITHPaMUABI
coctaBaser 20% mnomazu ee ocHoBaHus. HaliguTe yron Mexay
anmogemoH 3To# MHPAMHAEL U MLIOCKOCTHIO €e OCHOBaHHA.
Haniure amogeMy U BRICOTY NPABUJILHON YCeYeHHO! YETRIpEX -
YTOABHOM TUpaMUBI, YeTEIpe pedpa KOTOPOH UMEIOT AJAHHY 4,
a BoceMb pebep — aAnuHy 2.

9. B npaBUBHOI YeTHIPEXYTOJBHON NHUPaAMUAE BCE BOCEMB pedep

paBHBI MeR Ay coboii. Hahmure: a) JIOCKHM yTOJ TIPH BepIIHHE
nupaMuabl; 0) yros Mexgy apyMsa OOKOBBIMU peOpamMu, He Je-
JKAIIMU B OJHOU T'DaHU; B) YIoJl MeXK/1y OOKOBEIM pedpoM M
IIAOCKOCTERIC -OCHOBAHUA; T) BEJUYUHY ABYTPAHHOTO YIJla NPH
pedpe OCHOBAHUA; [} BeJHYUHY JBYTPaHHOTO yrya npu OOKo-
BOM pebpe; €} BeIHUHHY yIJia MEXAY MJI0CKOCTAMI COCemHUX
OOKOBBIX I'pDaHEH; ) BEJIUYHHY VIVIa MEXKAY IMAOCKOCTAMH 00-
KOBBIX TpaHel, He UMeIomuX obmero pebpa; 8) yros mex gy 60-
KOBBIM peOpOM H IJIOCKOCTHIO OOKOBOM I'DAHHU, HE COAEPIKAINeH
aTo pebpo.

3amevarue. 3agauyy 9 MOXKHO HCIIONIB30BATE AJA NPOBEeAcHUA
camMocTosATenbHOM paboTs Ha 15—20 MUHYT.

Bapuanr 1

B ocHOBaHUU NHUPAMHABI JAEMKHUT BHINYKJIBKN MHOTOVIOJBHHK,
4 BCe MJOCKHE YTIIBI NPU BeplHTUHe MUpaMHAB paBHBI 063°.
CKONBKO rpaHell MOMKET OBITh Y JTAHHOU MHPaAMUbI?

Toura M jneXUT BHYTPH TPEXTPAHHOTO yTiia ¢ BepmiuHoi K u
y/iaJieHa OT ero rpaHell Ha pacceroaHus 3, 4 u 12, Haitgure yr-
JIbl, KOTOpble oOpasyer npamaa KM co BceMH rpaHaMH TpeX-
TPAHHOTO YIJa, ecJid BCe ero IJIOCKUe YIJIEl IpAMEIEe.

B npaBuapHON HMIECTUYTOABHOM THUpAMHAE ¢ BBICOTOR A IJO-
CKHUK yros mpu BepiiuHe pakeH . HadiguTe ¢TopoHy ocHOBa-
HUA IUPaAMHIbI.

Hau Takon TpexrpaHHbiii yrog OABC, yro LAOB = LAQOC =

= arctgﬁ , ZBOC = 90°. Haiigjure: a) ABYTPAHHBIR YTOJ IpH
pedbpe OA; 6) yron HaknoHa pebpa OA K nnockoctn OBC;
B) yroa HakjsoHa pebpa OC k mnockoctu OAB; r) yron BPM,
rae Touka P -— opTOroHanbHas MPOEKIUs TOYKH B Ha Inuoc-
KocTe AQOC, Toura M — opTOoTOHANBHAA TPOSKIIMA TOUKH P Ha
naockoceTe AOB,
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Bapuanr 2

B ocHOBAaHHMM NMHUPAMHUBL JEXKUT BBINYKALIA MHOTOYTOABHUK,
a BCe IUJIOCKHE YIJAbl IpU BepllIHHe NMUpaMu;sl pasHbl 41°,
CKOJBKO BEDINUH MOXKeT OBITh Y TAHHOH NUPAMUAEL?

. Touxka M neXuUT BHYTPU TPEXTPAHHOTO yIJa ¢ BepimiaHOU K 1

yAAJIEHA OT ero rpaHeil ma paccrosuust 9, 12 u 8. Haliagure yr-
JbI, KOTOpBIe oOpasyer npamas KM co BceMH pebpamMu Tpex-
TPAHHOTO yIJia, BCe IUIOCKHE YIVIEL KOTOPOTrO NpAMEIE.

B npaBuAbHOH YETHIPEXYrOJABHOW nupamujge IJIOCKHH yrona
IIpyU BEPIIMHE DABEH (f, a BoicoTa paBHa 2. Halgure cTOpOoRY
OCHOBAHH A MU PAMUILI.

Ilau Takoit rpexrpannslit yron OMPK, uro L/ MOP =/ MOK =

1
= arccosﬁ , & ABYTPAHHEIN yroa npu pedope OM pasen 120°.

Haiigure: a) yron POK,; 6) gsyrpa”nslil yron npu pebpe OF;
B) yroJ HakJoHa pebpa OF K naockoctu MOK; 1) yron KCE,
r7ie TouKa C — OPTOTOHAJIBHAA NPOEKIIA TOUKHY K Ha IIOCKOCTE

MOP, touka E — oproroHajibHaA NPoeKIUA ToUKH C HA TLI0C-
Kocte MOK.

K—11—4
YacTHbie BUAbl nupaMung n nx CBOUCTBA.
[MpaBmMnbHbIE MHOTOMPaHHUKA

3agayu gnda moaATOTOBKH

. Pebpo npaBuasHOTO OKTa3ipa paBuo a. Hagure:

a) pACCTOAHUE MEMXKAY ABYMA ero TpaAHAMH, He HMEIOII{UMU 00-
el BePIINHEBI;

0) paccTosHHE MEXAY ABYMSA CKPEIIUBAIOIOUMICH NPAMbBIMU,
COAEPKAIUMH pedpa OKTAApAa;

B) 00beM OKTaszgpa.

OcroBanuem nupamugbsi MABCD ssnserca Tpaneuus ABCD
(BC|AD, AB = BC =CD = a, AD = 2a). Haligure 06bem nH-
pPaMMAbBI, ECHU:

a) Bce DOKOBBIE pedpa U paMUaEl paBHHE 2,4a;

6) KaskaBIH U3 ABYrpaNHBIX YyIVIOB 1pu pedpax BC u AD paseH
60°;

B) rpann MBC u MCD nepnesguKyIApHE OCHOBAHUIO, a peb-
po AM pasno 2a;

r) rpanu MAB u MCD nepneHUKyIsApHB OCHOBAHUIO, & IIJIOC-
xocTs M BC obpasyer ¢ m1ockocTe0 ABC yros senuunnoi 45
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) mnockocTs MAD nepuneHZMKYAApPHA OCHOBAHHIO, U I'DAHD
MAD spnsercs paBHOOeIPeHHBIM IIPAMOYTOJBHBIM TREYTOMb-
HHKOM.

B kybe ABCDA,B,C,D, c pebpom 12 mpoBezeHo cedeHHe I1I0C-
KocThio MNP, rpe Touka M nexXut Ha pebpe CD (MC = 10),
Touka N — Ha pebpe CC, (NC = 4), rouxa P — Ha pebpe CB
(CP = 3), Oupegenure:

a) OTHOIIIeHHe 00’ BEMOB MHOTOI'PAHHUKOB, HA KOTODBIE TaHHBIH
Kyb pa3buBaeTca NIA0CKoCToI0 MN P;

0) yroa mexny npameiMmu PN u CD.

B rerpasape MABC npoBefeHO ceueHUe Yepe3 TOUKU A, B, u
C,, KOTODEIe JIeJKAT COOTBETCTBeHHO Ha pebpax MA, MB u
MC rak, uro MA,:A/A=2:3, MB,:BB=3:2, MC, =
= C,C, npu sTom o6bem narurpansura A,B,C,ABC pasen 1.
Haitizure 00beM JaHHOTO TeTPasApA.

B npaBuABHOHM deThIpexyroabHo# nupamume MABCD tTouxa
K nexut Ha pebpe MC tak, uto MK : KC = 1: 3. Haiigure
OTHOILEHHE O0BEMOB MHOTOIPAHHHKOB, Ha KOTOpPbIe AaHHAA
nupamMpga pasdupaeTcA IIJIOCKOCTHIO, IIPOXOAALIEH Yepes ped-
po AB ee ocHOBaHMA U Touky K.

HaliyinTe oTHONIeHHe 00'beMa Ky0ha K 00'beMy OKTaA3/Ipa, BEPIIH-
HAMHU KOTOPOTO ABAANIOTCA IIEHTPHI FPAHEN JAaHHOIO Kyda.
Haiizure oTHOMIEHHE 00BbeMa OKTA3Apa K 00beMy Ky0a, BepIIH-
HAMHJ KOTOPOTO ABIAIOTCA IEHTDRI IpaHel OKTasapa.

HaiiguTe oTHoMeHENe 00 beMa Ky0a K 00beMy TeTpasapa, pebpa-
MM KOTOPOTO ABJNHIOTCA TUATOHANH I'paHel JaHHOTO Kyda, B34-
TBHIE TI0 OJHOM B KaKJOM €ro rpaHH.

Haiigure o6bem muororpanauka MABCP, pebpaMu KOToporo
cay:KatT orpe3ku MA = MB = MC =AB = AC = BC = PA =
= PB = PC = 12. JokaXnTe, UTO0 3TOT MHOTOTPAHHHUK He SB-
NAeTCA NPaBUJBHEIM,

10. lana npaBunsHAf YeTHIpeXyroapHad OupaMupa odwema V.

Haiignite o0beM Tena, SBAAIONIETOCHA NepeceyeHHEeM MAHHOH
MUPAMHRAEL U €e 00pa3a MpHU CUMMETPHH OTHOCHTEJBHO cepen-
HBI BBICOTEI JAHHON MUPAMHBI.

Bapnanr 1

B ocHoBauuu nupamuasi MABC nexur tpeyroasauxk ABC, v
Kotoporo AB = AC = a n / BAC = B. Haiigure 06 beM nupaMu-
bl, ECAN:

a) Bce OOKOBBIE pedpa NUpAMHbLI HAKJIOHEHBI K IIOCKOCTH ¢e
OCHOBAHHUS moj] yriiomMm 60°;
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0) Bce ABYrpaHHBIE YIUNIBI IHPAMKAR IPH pebpaX ee OCHOBAHUSA
paBHBI 45°;

B) rpaid MAC 1 MAB nepneHJHKYJIAPHLI ILIOCKOCTH ee OCHO-
BaHHs, a ABYrpaHHbIN yrox npu pedpe BC paseH o

r) rpaab MAC — paBHODEADPEHHBIH TPEYIONABHHK C YIJIOM
120°, a mnoCcKOCTDL 3TOH rPaHHU MepHeHAMKYIsIPHA OCHOBAHUIO
OHPAMHAKI.

. Haitaure naomaap NOBEPXHOCTH ¥ 00'beM NPABHJABHOIO OKTA-

sapa, ecau HauboABIIag ero AMArOHAJE paBHa 8.

. Bee nanockue yrawl npu BepiinHe D rerpasapa DABC npsAMele,

npuduem DA =3, DB =4, DC = 4. Haiigure:

a) odbeM TeTpasapa;

0) paccToAHMe OT BepIIHHEI ) 10 miaockocTu ABC.

B npaBuabHO# YeTeIpexyronbHoil nupamuge MABCD TodKa
K nexcur Ha pedpe MC Tak, uro MK : KC = 2: 3, Haitpure
OTHOIIeHHe 00'heMOB MHOI'OI'DAHHHKOB, Ha KOTOpEIEe JAHHAA
nupaMuga pasdOnBaeTc NJIOCKOCTHIO, NMPOXOAAIIEN Yyepe3 Au-
arosaas B ee oCcHOBaHHA U TOUYRY K.

Bapuaunr 2

B ocHoBanun nupamuael MABC nexur tpeyronbHuxk ABC, y
koroporo AB = AC; BC = a, LACB = B. Haiigure 0o0'beM nupa-
MUIBI, ECJIH:

a) Bce DOKOBHIe pedpa NHUpPaMHAB HAKJIOHEHBI K IIJIOCKOCTH OC-
HOBaHWA O yraoMm 45°%;

0) Bce JBYrpaHHBIe VIVl IHPAMUARI IPU pedpax ee ocHOBaHU
pasHBI 60°;

B) rpain MAC u MAB nepneEJHKyJaSpPHBL IJIOCKOCTH OCHOBA-
HUA, a ABYI'PAHHBIH yroi npu pedbpe BC paser 30°;

r) rpaib MAC — paBHOOeApPeHHBIH TPEyroNbHUK ¢ yraom P
MEKAy PABHBIMHU CTOPOHAMH, H IIJIOCKOCTE 3TOH IPAHH EPIIEH-
OUKYNARPHA OCHOBAHHIO IHPAMUIELI.

Haiignre nmnomanes moBepxXHOCTH H 06beM NMPABHJILHOTO OKTa-
3/Ipa, eCJH PACCTOSHHE MeXJay IJOCKOCTAMM ero rpaHeii, He
MMEIOIHX 00IIyI0 BEepIINHY, paBHo 12,

Bee nnockne yrowl npu BepraiuHe D rerpasapa DABC npaMele,
npunuem DA =6, DB = 2, DC = 2, Haiiagure:

a) ob'’beM TeTpas’apa;

0) paccrodarne or Touku D g0 nnockoctu ABC.

B npasunpHoll mecTuyronasaoit nupaMuge MABCDHT rouka
K nexxur Ha pedope MC mak, uro MK : KC = 1: 3. Haiigure
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OTHOIIeHHe O0'beMOB MHOIOIDAHHHKOR, Ha KOTOpHie JaHHasH
nupaMuga pasdbuBaeTcd IJIOCKOCTBIO, NIPOXOAAINEH udepe3 AH-
aroHans BD ee ocHoBaHus u Toury K.

K—11—5
LilnnnHap n KOHYC

3agaun JJTA DOATOTOBKH

B uunjJHHADPE ¢ BHICOTOH 1 H paguycoM OCHOBaHNA R IpoBeJeHbl
IBa IMepecekawinuxcs ceueHus. Hataure anuuay obinero orpes-
Ka CeYeHHH, eciu:

a) IJIOCKOCTH 3TUX CeUueHU N NIPOXOAAT Uepes CepeaHHy OCH IIH-
JHHIPAa, IPHUYEM OJHA H3 HUX NPOXOIHT TaKMKe H Yepes3 XOpay
OCHOBAHMSA UJIKHAPA, 8 APYras NapajeibHa ero OCHOBAHUIO,
0) OZHA IJIOCKOCTH IIPOXOAUT 4Yepeld auamerp AB HuKHero oc-
HOBAHHWA NMIWHAPA U HMEET C ero BepPXHHUM OCHOBaHHEM €U H-
CTBeHHYI0 TOuky C, a gpyrasi ILJIOCKOCTh IPOXOJHT Yepes AHa-
Merp CD BepXHero OCHOBaHMUS UUIMHADA K HMeeT ¢ ero HuMX-
HHUM OCHOBaAHHEM eJHHCTBEeHHYIO TOUKY A,

Konyc ¢ BeicoTO# 3 1 paglycoM OCHOBaHKUSA 4 nuMeeT ¢ KaXK0ii
U3 NapaIeJbHBIX ILIOCKOCTEH OAHY OO0INyI TOYKy. B Kakmx
IIpeAesaX MOMET H3MeHATHCH PACCTOSHHE MEXKAY 3THUMH IJIoC-
KOCTAMH?

Hepes BeplIIMHY KOHyCa IIPOBeJeHO CEUYeHHE C YIJIOM IIPH Bep-
HIHe, paBHBIM 2a. Haiiaure yron, obpasoBaHHLIA aTHM cede-
HHUEeM ¢ OCHOBaHMEeM KOHyCa, eCJH yroi IPH BeplInHe OCeBOr'o
ceueHHd KOHyca paBeH 2.

OceBoe ceueHue KOHyca — TpeyroasHuK ¢ yraom 120° npu Bep-
MW He U BBICOTOI /2, OMIYINeHHON M3 3Toil BepliuHLI. B KoHyc
noMellleH HHUAHHAP ¢ oOpasywoined 0,5h. Hafianre paguyc oc-
HOBAHWSA ITHJIUMHADPA, ECAN:

a) HMKHee OCHOBaHWe I[HJINHADPA JIEXUT HA OCHOBAHHAHY KOHYCA,
a OKPY?KHOCTb BePXHero oCHOBaHHA — Ha KOHHYeCKOH MoBepX-
HOCTH;

0) oOpasyomas IUIHHAPA Je:XNUT Ha JHaMeTpe OCHOBAHH A KO-
Hyca, 8 KaXaoe W3 OCHOBAHNH HHAWHAPA UMeeT ¢ KOHUYeCKOH
NOBEPXHOCTHIO AN HCTBEHHYIO OOIVIO TOUKY.

Ky0 pacnono:xeH BHYTPH PaBHOCTOPOHHEro KOHyca Tak, uto 4
ero BepIIHHBI PACIONOKEeHB HAa OCHOBAHHMYM KOHYCa, & OCTAJb-
Hble BepIIHHELI Ky0a — Ha KOHHYeCcKOII noBepxHocTH. Halinure
OTHOITIeHHe oO'beMa KyDa K 00'beMy KOHyCA.
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HafiauTe 00beM 1 nIoliaak IOBePXHOCTH VCeUeHHOr'o KOHyca,
paauychl OCHOBAHHS KOTOPOr'o PaBHEI 3 B 7, a oDpasymolinas
paBHa 5.

OO0 beMBl PaBHOCTOPOHHEr0 KOHyCa M DPaBHOCTOPOHHEro IIH-
JTHHAPA PABHEI. ¥ KOTOPOro M3 3THX TeJ Iiolnasbk O0KOBOH NIO-
BepPXHOCTH OONBIITE U BO CKOJIBKO pas?

PaccvmaTpuBaoTcs BCe NpaBUibHBIEe 18-yronbHBIe NPH3MBI C
peOpoM OCHOBAHHSA a ¥ O0KOBBIM pedpoMm 4a. IleHTpsl ocHOBA-
HUU 3THX NPHU3M pacnojgokeHb! B Toukax A m B. HaliguTte
o0beM 00IIleil YACTH BCeX TAKHX IPH3M.

PaccmaTpuBalOTCH Bce IIpaBMAbHEIE 6-yrojbHble NIPH3MEI C
pebpoM ocHOBaHHSA 2a B O0KOBBIM pedpoM a. I1eHTPHI OoCHOBa-
HHUW BCEX 3TUX IPH3M PacloJOKeHbl B ToUuKax A n B. HaliguTte
MOBEePXHOCTE Teja, ABIAIOINerocsd obbegHHeHNEM BceX 3THX
IIPH3M.

10. PaccmaTpuBalOTCA BCe NpaBUIBHBle 9-yroJbHBle THPAMHILI C

pebpom ocHoBaHuA 5a u BeBICOTOM 12a. Bepmmunr sTux mupa-
MHJ HaXOAATCHA B TOUKe A, a IIeHTPbl KX OCHOBAHUIN — B TOUKe
B. Haiiagute 06'beM 001el HaCTH BCeX TAKHX NIHPAMU/L.

11. PaceMaTpuBalOTCH Bce NpaBHJIbHEIE 4-yrojibHBIe HIHPAMHBAEBL C

pebpom ocHOBaHMS @ /2 K GOKOBEIM peGpoM 3a. BepmuHs! aTix
OHPAMHKA HAXOAATCH B TOYKe A, a IEHTPH MX OCHOBAHHMIT —
B Touxe B. HalauTe moinask noBePXHOCTH TeNa, ABASIOIIEr0Cs
o0beAHEHHeM BCeX TAKHX MHpamMu,

12. B munuHApPe BHICOTHI /2 IIPOBeieHEI BCe CeHeHH A IIOCKOCTAMH,

00PA3YIOIIWMH ¢ MJIOCKOCTBIO OocHOBaHuA yroa 45°. Jlioboe us
3THUX CEUeHHUI SBJAfEeTCHA JHIIh HEKOTOPOR YacThIO Jnuica (He
ABILEETCA MOJHBIM aanuncoM)., Kakme uHcneHHBle 3HaYeHUS
MOXKET NPUHUMATE AMaMeTD OCHOBAHHS IIUJIHHAPA?

BapuanT 1

B unauaape ¢ BEICOTOHN A 1 pagnycoM ocHOBaHHSA R IpoBeAeHbI
ABa IepeceKawInuxcsa cedenns. Halgure aAnuEy BX 001mero ot-
pe3Ka, ecyau:

a) NJIOCKOCTH CeueHH I napajjeabHBl OCH LIMAHHADPA;

0) MJIOCKOCTH CeueHH I IPOXOAAT Uepes cepeJuHy OCH IHAHHA-
pa ¥ napajliieJbHbIe MeXKAY Co00if XOpABl OCHOBaAHHH,
ITunuHAp ¢ BBICOTON 8 M pagHycOM OCHOBaHHA 3 HMeeT C Ka-
A0 K3 napajieJbHBIX IJIOCKOCTeN oaHy 00Iyio Touky. B ka-
KHX IIpejgerdaXx MOMXeT H3IMEeHHATRCH pacCTOdHHEe MeXXnay 3THMHN
ILJIOCKOCTAMMU?
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3.

4,

Yroa B oceBOM cedueHHH KOoHyca paseH 120°. Yepes mBe obpa-
3VIOIDHEe KOHyca IIPOBeleHo cedeHue nog yriaom 60° K ocHoBa-
Hui. Hangure yriei 3Toro ceueHus.

OceBoe ceueHe KOHYCa — IPAMOYTOJIbHBIHA TPEYrOJAbHHUK C PH-
NOTeHy30# ¢. B KOHyC noMellleH NHIAHHAP ¢ PagHyCcoOM OCHOBa-
Hus 7. HallgiTe BRICOTY NUAHHADA, €CNK:

a) HUYKHee OCHOBaHME IUANHAPA PaclosIOKeHO HA OCHOBAHHU
KOHYCa, 8 OKPYYXHOCTh BEepXHEero OCHOBAHHSA I HJIHHApPA — HAa
KOHHYEeCKOH IIOBEPXHOCTH;

0) oOpasyiomad MHJINHAPA JeXUT Ha AUaMeTpe OCHOBaHUA KO-
Hyca, a KaXXJoe K3 OCHOBAHNH NUAMHAPA HMeeT ¢ KOHHYeCKok
IIOBEPXHOCTBIO eJUHCTBeHHYIO ODITYIO TOUKY.

Haiigure o6'beM H NA0OINaAb NOBEPXHOCTH YCEeUEHHOIO KOHycCA,
paauycel OCHOBaHHA KOTOporo 3 u 8, a obpasywomas 13.

Bapunanr 2

B unanHApe ¢ BBICOTOI /i B pagnycoM OCHOBaHUSA K TpoBejeHEsl
JBa ceueHHA, 00pazoBaHHEIe NIIOCKOCTAMH, IPOXOAAIMMHA Ye-
pes HeHTp HIXXHero U ABe XOpABI BepXHero ocHoBaHusA. Haiii-
Te AJHHY 00111ero OTpe3Ka 3THX CeueHHi, ecau:

a) XopAsl NapanjiebHBI;

0) xopaAB HMeIOT O0IYI0 TOUKY Ha OKPYKHOCTH OCHOBaHHS.
[IuauHAp ¢ BEICOTOM 6 M pagnycoM ocHoBaHUA 4 MMeeT ¢ KaXk-
JOHU M3 NapaJliieJIbHBIX IIJOCKOCTEH OJHY OO0INyl TOUKY. B Ka-
KHX NpeAesiaX MOMeT H3MEHSThCA PACCTOSHHE MEXAY 3THMU
ILJIOCKOCTAMHI !

Yepesd BepHInHY KOHYCa IPOBeJeHO cedeHHe IO YriIoM 2C K ocC-
HoBaHuu. HailiguTe yrasi aToro ceueHus, eciau obpasyomnas
KOHyca HaKJIOHeHa K OCHOBAHHUIO IIOA YIJIOM Cf.

OceBOe ceueHUE KOHyCa — PABHOCTOPOHHHUIM TPEyrodbHUK C
BBICOTON 2. B KOHyc noMemeH IHAHHAP ¢ oOpasyroinei m.
Hailigure paanyc OCHOBaAHUA LUIWHADA, €CJIH:

a) HH)KHee OCHOBAHHE IMJIKHIPA JIeXXHUT HA OCHOBAaHHH KOHycAa,
a OKPY»XHOCTb BePXHero oCHOBAHHSA — HA KOHMYeCKOoil moBepx-
HOCTH;;

0) obpasywInas DHINHAPa JeKHT Ha AHAMETPe OCHOBAHHMA KO-
HycCa, a KasKa0e U3 OCHOBaHHIH ITHIMHAPA HMeeT ¢ KOHHUeCKOH
MOBEPXHOCTHID eAMHCTBEHHYIO O0IIYIO TOUKY.,

Haiigure o6peM H naomnajgb NOBEPXHOCTH YCEUeHHOTO KOHyca,
paamychl ocHoBaHMH KoToporo 1 n 13, a oGpasymwinas 13.

174



K—11—6
Cdepa v wap

3amauH OJad MOAroTOBKH

ITee chepnl, paguycesl KoTopelXx paBHel 13 u 15, umeroT obmee
ceyeHre, AraMeTp Koroporo paseH 24. Haitaute paccTosHue
MeXay LeHTpaMu AaHHBLIX cdep.

IIBa mapa, pagiychl KOTOpPBIX paBHH 1M u 2 M, KacaloTcs
Ka)KA0H M3 Tpex NONAPHO B3aMMHO NEPIeHANKYIAPHBIX IIJ0C-
KocTeil. YeMy MoKeT OLITH PABHO PACCTOSIHHE MeXXAV IleHTpa-
MH ITUX HIapOB?

[I1ap xacaeTca Bcex pedep ganHoro Kyda. Haitgure paguye aTo-
ro miapa, ecnau pedpo rkyba pasxo 10.

I[ITap xacaercsa Bcex pebep JAaHHOIO MPABHJIBHOI'O TeTpa’apa.
HaiiauTe paguyc aToro mapa, ecju pedpo TeTpasapa paBHO 4.
B npaBusgbHo# nupamugze MABCDEF BeicoTa MO pasea h.
BoxoBoil rpaHb0 DUPaMUAEl ABJISCTCH PaBHOOeAPeHHBII Tpe-
yroapHuk ¢ yriaom 30° npu sepuinte. Halinure anuHy auHUU
nepecedyeHHs IIOBEPXHOCTH IUPaMUIELI cO crepoil, ecu:

a) MO — paauyc chepsl ¢ meHTpoM M ;

6) MO — auameTtp cdepsl.

HaiiguTe naomanpk TOBEPXHOCTH U 00beM Tesia, COCTOANIEIO U3
MHOMKECTBA BCEX TOUeK IIPOCTPAHCTBA, PACCTOSHME OT KA Ao
13 KOTOPBIX J0 OTPe3Ka ANUHBI 3d He IPeBOCXOAUT d.

Ha peGpe aByrpaHHOIo yria BeJHUHHON B 36° pacriosomeH OT-
pe3oK AauHBI ¢. HaiiauTe naomnagb NOBepXHOCTH U 00beM Te-
na, o0pa30BaAHHOI'O BCEMM TOYKAMI, JEXKAIINMU BHYTPH 3TOrO
ABYIPAHHOI'Q YIJa, PACCTOSHUE OT KAXKIAOH U3 KOTOPBIX A0 AaH-
HOT'0 OTpe3Ka He MPeBOCXOAUT 3a.

CrouMocTs KyOM4YecKOro MeTpa MaTepuaja, Heo0xXoarMoro Ha
U3TOTOBJEeHHe IMapoobpasHoil neTanNv, paBHa CTOMMOCTH Kpa-
CKHM, HeobxoaumMoil Ha TOKDPBITHE OAHOrO KBaApPATHOrO MeTpa
IoBepXHoeTH aToM Aeranu. Ilpu Kakom guaMeTpe AeTANMH CTO-
MMOCTE ee U3rOTOBJeHH S PABHA CTOMMOCTH ee OKpacKu?

B nuauugp, AuaMeTp OCHOBaHHS KOTOPOTO U ero obpasywiias
paBHEl O, momellleHBl ABa KacalolUicsd APYr Apyra DaBHBIX

mapa paguyca 6 — 3./2 . MaBecTHO, 4TO mEeHTPHI OGOHX IIAPOB
JIeXKAT B OJHOM U TOM Ke OCeBOM CeUeHUH ITHJIMHAPA, IPH 3TOM
MEePBLIN HIAP KacaeTcs OCHOBAHWUS LHJIWHAPA U WMEeT C I[H-
MUHAPUYECKOH TIOBEPXHOCTHIO OAHY OOIIYH TOUYKY, a BTOPOIl
HIap TAKKe UMEeeT ¢ ITUJIHHAPUUYeCKOH IOBEePXHOCTEIO OOHY 00-
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myw TouKy. Kax pacnionoskeH BTOpOH NoIap OTHOCHTENIBHO
IIIOCKOCTHA BepxXHero ocHoBaHumsa nuamHapa? (Kacaertcs sToit
IIJIOCKOCTH, He UMeeT ¢ Heii o0IMUX TOYEK MU MMeeT ¢ Hel 00-

N KPyT.)

10. YeTsipe paBHBIe Cchepbl pacHoIOKeHB TaK, YTO KaMjgasa H3

HUX KacaeTcs Tpex apyrux. Ha#gwuTe OTHOILIEeHHE ILIOIIALEH
IMOBEPXHOCTEeHN BYX chep, Kaxaas U3 KOTOPBIX KACaeTcA BCEX
yeTbIipeX FaHHBIX c(ep. (B oTBeTe sanmmcaTh OTHOLIEHHE MJAO-
maau Ooiabliei chepsl K DI0IaTH MeHBIIeH. )

11. B ciepy pagmyca 6 BOHCAHBI ITPABUJIBLHHIN TeTPasap H KyO.

B KakuX npefenax HaXOAUTCA PACCTOAHHE MeXJY IIeHTPOM
rpaHH TeTpasapa ¥ [eHTPOM I'paHu Kyba?

Bapnant 1

IIBe cdeprl, pagllychl KOTOPBIX PaBHBL 7 11 5, IMelOT ob0lOee ce-
YyeHHe, fuaMeTp Kortoporo paseH 8. HaliguTe pacecTosiHNe MeXX-
ny HeHTpaMu 3THX chep.

IIBa mapa, paguyCbl KOTOPBIX paBHBL 2 M M 8 M, KacawTed
Ka)KJ0¥ M3 TpeX MOoTapHO B3aMMHO HDePOeHAHKYAAPHBIX I1JIOC-
KocTel. HeMy MOXKeT ObITh PABHO PACCTOSIHUE MEXAY LeHTPa-
MU 3THX OIapoB?

Pebpo ocHOBaHEA TPAaBUJIBHOUN TPEeYroJdbLHOHM NPH3MBI paBHO 6.
Hlap racaeTrcs Bcex pebep aToit npuambl. Hadizmre: a) pagayc
3TOrO 11apa; 6) BRICOTY JaHHOH TPU3MBI,

B npaBuabsHO# ueTbIpexyroidsHoi nupamMuge MABCD BricoTa
MO pasHa &, a GOKOBEIE 'PaHH — NI PABUJIBHBIE TPEYTrOJIBHHKH,
HaliguTe aauHy ITMHUK epecedeHHs MOBePXHOCTH DHPAMHLEL
co ctepoii, ecau:

a) MO — paauyc chepsr ¢ 11eHTpOoM M ;

0) MO — auameTtp cdepsl.

B nuamuHAp, AMAMETP OCHOBAHHS KOTOPOT'O 1 ero 00pas3yiolas
paBHH! 10, moMellleHbI ABa KacalwIIMXCcsA APYTr APYra miapa, pa-
INYC KaxKaoro U3 KOTOphIX paBeH 3. HM3BecTHO, 4YTO 1eHTPBI
000HX UIAPOB JEAT B OQHOM M TOM e OCEBOM CeueHHU 1U-
JUHAPA, IPH 3TOM NEepPBbII AP KACAESTCS OCHOBAHHS IIHJIHMH-
pa 1 uMeeT ¢ MUIHHAPHYECKON NOBEPXHOCTBIO OAHY o06IOyIO
TOUKY, & BTOPOH LIap TakK:Ke HMeeT C IHUJIMHIPUYECKOH HOo-
BEPXHOCThIO OZHY o00IOyrw ToukKy. Kak pacnonoxeH BTOpOi
HIap OTHOCHTENBHO HJQCKOCTH BEepPXHEro OCHOBAHUS IMJIHHJA-
pa? (Kacaerca aToil INOCKOCTH, He UMeeT ¢ Hell oDIIMX TOueK
HJIK IMeeT ¢ Hel o01uil Kpyr.)
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BapuanT 2

IBe cteprl, pagnychl KOTOPLIX paBHBI 9 U 5, uMeror obiiee ce-
yeHHe, AHaMeTp Kotoporo pased 6. Haigure paccTosiHie MexX-
oy meHTpaMmu aTtux chep.

IIea miapa, pagWychl KOTOPBIX PaBHBI 3 M M 4 M, KacaloTcd
K0 M3 TpeX NOIapHO B3aUMHO NepHeHAMKYIAPHBIX TJIOC-
Kocreii. Yemy Moxxer OBITE PABHO PACCTOSAHHUE MEXKAY UEHTpa-
MH 3THX LTAPOB?

Pebpo ocHOBaHMSA NPaBUILHOI IHECTHYTOJBHOH IPHU3MEBI PABHO
8. Illap xacaerest Beex pedep aToil npusmel. Halaure:

a) paguyc mapas;

6) BBICOTY AJAHHOM TPU3MEIL.

B opasuasHoM Terpasape MABC soeicora MO pasHa h. Haii-
aAUTe ANUHY JWHUKA IIepeceudeHisi MOBEPXHOCTH TeTpasapa co
chepoii, ecan:

a) MO — paauyc cthepsl ¢ meHTpOoM M

0) MO — auamerp chepsl.

B guauHap, AuaMeTp oCHOBAHUSA KOTOPOT'o ¥ ero obpaayromas
paBHBI 14, nOMeEIJeHH ABA KaCAKOIUXCcA APYTr Apyra iiapa, pa-
JIHYC KasKI0ro M3 KoTOophiX paBeH 4. M3BecTHO, UTO IIEHTPHI
00OHX IIAPOB JIEXKAT B OJHOM H TOM K€ OCEBOM CEUYEeHHH IIM-
JAWHAPA, IPH 3TOM NEePBBLIH WIAp KacaeTcsd OCHOBAHUA IUJIHHI-
pa H HMeeT ¢ NHJAWHAPHUUECKON NOBePXHOCTHIO OJAHY OOIYIO
TOUKY, 4 BTOPOH LIap TAKXKe HMeeT ¢ LHIHHApUUecKo# Io-
BEDXHOCTBIO OAHY oOOIMyI0 TO4YKYy. Kak pacnoloeH BTOPOH
1Iap OTHOCHTEJIBHO NIOCKOCTH BEPXHEI0 OCHOBAHHSA ITHJIHMHI-
pa? (KacaeTcs 3To# NJIOCKOCTH, He UMeeT ¢ Heil 00IMHX TOYEK
WJIH UMeeT ¢ Hel ofiouil Kpyr.)

K—11-7
OB06WaLan

3agaun AJA MOBTOPCHHA

B tpeyroapuuxe ABC uepes HeKoTopyo Touky M cropoHsr AC
TIPOBeJeHBI JABe IIpsSMble, TapajienbHble OpaAMLIM AB u BC.
HssecTHO, uTO nA0Iagn o0pa30oBaABIINMXCH IIPH 3TOM ABYX Tpe-
YroJBHHKOB PAaBHHL S; u S,. HaliauTe naomazne TpeyroabHHKA
ABC.

Yepes HEeKOTOpY Touky (), JEXRKAIMYI BHEYTPH TPEYIrOJbHHKA
ABC, uposeJeHbl TPH NOpAMBIE, TapaJljie]bHBIE €r'0 CTOPOHAaM.
H3BecTHO, UTO NIOIDAAH 0OpPA30BABIIHXCA IPHA 3TOM TPEX Tpe-
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YIrOJBbHHUKOB PaBHBL S;, S, u S;. Haiiqute nnomanes Tpeyroas-
Huka ABC.

B npaBuabHON yCeUeHHOW YeTHIPEXyI'OIbHOH NUpaAMHBAe TOUKA
TIepeceueHns JUAroHajJel ABJAeTCA BePUINHON IBYX YeThIpex-
YTOJbHEIX IIHPaMHKJA, OCHOBAHHAMM KOTODBIX CIHIYYKAT BepxXHee
1 HUKHee OCHOBAHMs JAHHOI yceueHHON nupaMuakl. O0BeMBI
aTHX nupamug pasHsel V, u V,. Haligure obbeM gaHHOM yceueH-

HOH THUPAMHIBI,

Okono mapa, paguyc KoTroporo pageH R, onucaHa TpaBHIBHASA
yeTEIpeXyroJbHad nupaMmujga. [Ipu xaxoi BbICOTE THPaMHIBI
ee 00neM OyaeT HauMeHbOIHM 7

Haiigute 06'heM MeHBIIIEI'D M3 TeJ, OrPaHWY€HHBIX ITOBEPXHO-
crsMmu x2 + y? + 22 =6zudx + Ty +4z =0,

JlBa KOHYCa WMeIOT 0011ee OCHOBAHUE U PACIIOJIOMKEHDI B OJJHOM
NOJIYIPOCTPAHCTBE OTHOCHTENBHO TJIOCKOCTH OCHOBAHHW, NPH
9TOM PACCTOJHHE MEMKAY HX BepmuHaMu paBHo A. Haligute
00'heM KOHYyCA C MeHBLINIEH BEICOTOH, €Ccay YIJIB! TTPH BEPIHWHAX
OCeBEIX CeUeHHIT 3THX KOHYCOB PABHEI COOTBETCTBEHHO O u [,
TIpUYeM o > P.

Toura O — neHTp mMoaykpyra ¢ gnamMerpoM AB = 4, OC — paan-
yC 3TOI'0 MONYKPyra, NepueHguKyaapesiit AB; OD — Takoi pa-
IHUyC TOJNYKpyra, urto ZBOD = 60° Hs moaykpyra BEIpe3aHEI
cextop BOD u tpeyronsHauk OCD. OcTaBiasics 4acThb TONYKPY-
ra BpammaeTcs BOKpPyr npsamoit AB. Haiaure obrbeM H mmomaib
TNIOBEPXHOCTH TeJa, 00pa30BaEHOI'O NPH 3TOM BpallleEHH.

B ocHOBaHWK TUPAMHUABI JIEXKUT TPEYTOJLHHK CO CTOPOHAME 7,
8 1 9, a BeIcOTa MupaMuael pasea 5. Halfigure paguyc cheps,
KOTOpas KacaeTcsa OOKOBEIX IPaHeH NHPAMHUAB! B TOYKAX, Je-
JKAIHX Ha CTOPOHAX €€ OCHOBAHHA.

Bapuanr 1

B tpanegyun ABCD c ocnoBauusimu BC u AD auaroHanu nepe-
cexaTcA B Touke O, M3BecTHO, 4To NN0INas TPEyroNbHUKOB
OBC un OAD pasun cooTBeTcTBeHHO Sy H S,. Haiigure no-
INaAb JaHHOH Tpanenuu.

Yepes TOUKH, AENANINE BLICOTY KOHYCA B OTHOIIEHHH 3 : 4 : 3,
TIPOBEAEHB! CeUeHHA, TTapaljieNbHbIE ero OcCHOBaHuID, Haiigure
of’beM KOHyCa, ecan 00beM 4acTH KOHYCAa, 3aKIAUYEeHHOH MeX-
Ay TJIOCKOCTSIMH ceueHnii, pasen V.

Oxosio mapa, paguyc KoToporo pasen R, onmucan konyc. Haii-
AUTEe TAKYyI0 ANHHYy oOpasyiomiell KoHyca, TIPH KOTOpO#l ero
obpem BymeT HaMMEHBUINM,
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Bapuanr 2

. Yepes TouKM, Aedsiiie BRICOTY TPEYIONBHHKA B OTHOHICHHH

3 : 4 : 3, npoBeneHBI NIPAMEBIE, TAPAJINEIBEBIS OCHOBAHMUIO 3TOI'0
TpeyroieEnKa. HaliguTte nnomaAbs JaHHOro TpeyrolbHuKa, ec-
AU TLJIOIAAL ero YACTH, 3AKJIOUeHHOH MeXAy NpoBeAeHHbIMU
NpAMbIMH, PABHA S.

B yceueHHOM KOHyCe TOUKAa TlepecedeHus AHAaroHajlel oCeBoro
CeueHHs ABJACTCH BePIIMHONR JBYX KOHYCOB, OCHOBAHHAMHA KO-
TOPBIX CAYKAT BepXxHee H HUXKHee OCHOBAHUA TaHHOIO yCeueH-
Horo xKoHyca. O65eMBl 3THX KOHYCOB paBHEI V| H V,. HaliznTe

obbeM JaHHOrO yCeueHHOTro KOHyCa.

B KoHyc Bamcad map. /[ KAKOro sHaUeHHs VIJIa IIPH BePIIH-
He 0CeBOro CeueHNd KOHyCca OTHOIIeHHe o0'beMa Imapa K 00'be-
My KoHyca Oyaer Haunboaenium? HalauTe 3TO OTHOIIEHHE.

K—11—8
Q60o6wWaulan

3amadH OJa8 NOATOTOBKM

IleunTp ciepnbl paguyca r JeXUT Ha cdepe paaguyca R (R > r).
HailinnTe gIuHYy JHEHH NepecedeHU A 3TUX ciep.
Ceuenune Kyba ABCDAB,C,D, n1poxoauT 4epes CepequHer F 1

G ero pebep B,C, u D,C, napannenrHo auaroHanmu AC, Kyba.

IMocTpoiiTe 3TO cedeHHe ¥ HalAUTe €ro maoiaik, ecau pedbpo
KyDa paBHO Q.

B rerpasape ABCD 1uiockue yrabl IIpH BeplliuHe D — nips-
Mbie, Pebpa DA u DB 06pasyor ¢ aockocTbio ABC yrisl co-
oTBeTCTBEHHO O ¥ P. [IByrparHEIil yroa C(AB)D paseH . Iloka-
xmuTe, uTo (sin? o + sin? f - 1)(1 -+ tg2y) + 1 =0.

B rerpasape SABC niaocKue yrabl IpHU BEPITHUHE S — mpAMbIe.
H3BecTHO, uTO SA = 2, SB = 6, SC = 4. Tourxa K JaexuT Ha
pebpe SB, npuuem SK : KB=2:1, Toukun M u N — cepeg-
HEL pebep coorBeTcTBeHHO AB 1 AC. Haigure:

a) paccToSHHE OT BepHIHHBI A 10 naockoctu KX MN;

0) paccTOSIHHE OT BePIIHHEL S 10 iiockocTH KM N

B) YI'OJI HaKJaoHa TiocKocTd K M N K miockoct ABS;

r) yroa mexay KC n mnockoctsio KMN.

. Iap paguyca r = 10./10,2 xacaetcs Tpex pedep TpexrpaHHO-

ro yrma SABC, Haliante paccTosHHe OT BepIIHHB S yria
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9.

A0 HeHTpa 2Toro mapa, ecau LASB = 90°, LASC = A BSC =

_ 2
= arccos( 3)

IIByrpaHHble YINEl TPeYroABHON NHpaMHALL IPH BeeX pedpax
ee ocHoBaHuA paBHE 60°. IIniHBI pebep oaHONl W3 ODOKOBEIX

rpageit papHbl 10, 26 4./29 , IpudueM OoJibllee U3 HUX ABAA-
eTcs M'MIIOTeHY30H NIPAMOYIOJBHOIO TPEYIoONbHAKA, JeKallero
B ocHOBaHUM nupamugei. Hailgute o6beM NHpaMuabl B 1L10-
IN&aAb ee DOKOBOH IIOBEPXHOCTH.,

Tpa paBHBIX IIapa paguyca r = 3 — /7 KacaioTest Zpyr Apyra u
rpaHeil AByrpaHHoro yriaa peauumnoil 90°. Tpernii nrap 6onb-
mtero paauyca R (R > r) KacaeTesl Kax¢Jaoro U3 3THX NIapoB H
rpa”eil gagHoro AByrpaHHoro yraa. Haitaure R.

B npaBHJABHYIO TPeyroabEVIO DHpaMHuAY SABC ¢ ocHOBaHMEM

ABC Bnucan map paaunyca B = 6/51 . Yepes cepenuiEbl pebep
AB, BC u BS n1poxoadT 0/J0CKOCTh, pasbuBaoinad NHPaMUay
HA ABA MHOIOI'PAHHHMKA, B Ka'XJBIH M3 KOTOPBLIX MOKHO BIIH-
caTh map. HalifuTe OTHONIeHHe PagHyCcoB 3THX UIapoB H 00'beM
JaHHOM NHPaMHUIHL.

IIBa KoOHyca MMerT 0OIYI0 BRICOTY 2. YIJBI [IPYM BePIINHAX WX
OCEBBIX CceYeHUI paBHBI cooTBeTCTBeHHO O i B. HaiiauTe 06beM
oO1eil yacTu JAHHBIX KOHYCOB.

10. B npamoit aByrpaHHsIi Yrosa IOMeIeHEl TPH IIapa, KaM b

H3 KOTOPBLIX KacaeTcd rpaHel JABYI'PaHHOrO yrJjia U ABYX JAPY-
rux mapos. HaligiTte paguyc MeEbIOIEro U3 IIapoOB, €CJU pagu-
yCBbI ABYX APYruX paBHEI 2 H 1.

Bapuant 1

OcHOBaHHE KOHYCA JIeKHT B ILIOCKOCTH . ITOH ILIOCKOCTH Ka-
caeTcs miap paauyca R (Ilap ¥ KOHYC pPacIoJIOXKeHBI IO OAHY
CTOPOHY OT ILTOCKOCTH). BrIcOTa KOHYyCa paBHaA AHAMETPY IIa-
pa, a ux o0'beMBI paBHEI. Ha KaKOM pacCTOSAHHM OT ILIOCKOCTH
0. HaJ0 MPOBECTH NAPALJIENbHYIO eil IJIOCKOCTE [3, 4TOGHI OHA
epeceKasia lap M KOHyC 10 KpyraM O HAKOBOI ILI0magu?
Beprmuna OpAMOYProJBHOTO TIapajienenunesa ABasdeTcd eIuH-
CTBeHHOH 001ell TOYUKOI 3TOro napaJjejelIineaa u IJI0CKOCTH
¢. Pebpa napannenenunega, BHIXOQAINMe M3 3TOM BepIIWHEI,
0o6pasyIoT ¢ MIOCKOCTBIO () YIJIEI COOTBETCTBEHHO O, [} 1 y. Jo-
KasxuTe, 4To sin? o + sin? f + sin? y= 1.

IIByrpaHHEIe YIVIE TPEeYyrOJbHON ODHPaMHIB OPH Bcex pedpax
ee ocHoBaums paBHbBI 60°, IInuHbr pedep ogHON N3 OOKOBLIX

180



rpaHeil paBHBI COOTBETCTBEHHO 2 ﬁ , Jg 1 3, npuyeM OoJsiIee
A3 HHX ABJAAETCA KATeTOM [IPAMOYIOJAbHOro TPeyroJbHuKa, Jjie-
Kamero B ocHoBaHuu nupamMuabl. Haliure obbeM nupaMugbl
H IJIOIMAAbL ee BDOKOBOH NOBEePXHOCTH.

ITana npaBuAbLHAA YeThIpexyroabHasa nupamuga MABCD c¢ oc-
Hopanuem ABCD. Yepes cepenuntbl pebep AB, BC u BM npo-
BeJleHa NJOCKOCTh, pasbuBawmas MApaMHAY Ha JBAa MHOTO-
rpaHHUKA, B KaXKIblid U3 KOTOPbIX MOKHO Brucarh map. Haii-
JUATE OTHOINEHUE PATAYCOB 3THX HIapoB.

Bapuanr 2

ITap paguyca J3 u NUIUHIP UMEIT paBHBIe 0DbeMEI, H OCh
MAJTHAAPA COBHAJAET ¢ JuaMeTpoM mapa. Haliaure KpaTdai-
€€ PACCTOAHUE MEAY IBYyMA JUHHIAMHY Depecedye HUs noBepx-
HOCTH mMapa ¥ O0KOBOM IIOBEPXHOCTH ITUAMHAPA.

BepmuHa A Kyba — eJWHCTBEeHHas ero ToO4kKa, obmias ¢ mioc-
KoCcThIO ¢, Tpu rpanu Kyba, cogepsKainde Bepimuay A, cocras-
JSIOT € IJIOCKOCTBIO ¢ YIAbL COOTBETCTBEHHO O, B 1 v. JToraxu-
Te, 4ro sin? o + sin? P + sin? y = 2.

B ocHOBaHMM NUpaMHUABl JEKHT PABHOOEAPEHHBIN TPEYroJb-
HAK ¢ GOKOROU croponoit, paruoil 2. Kaxxagoe 6oKoroe pebpo
OAPAMUALI COCTABJAET € IJIOCKOCTBIO OCHOBaHHMA yroa 60°.
Hatigure o0beM 1 nomags BOKOBONH NOBEePXHOCTH 3TOM OUpa-

MHIIBL, €CIIH ee BBICOTA paBHa 2./3 .

B ocmoBanuu npamoid npusmbel ABCDA,RB,C,D, nexur pomb
ABCD, Yepes cepenunsl pebep AB, AD u AA, N1poOXoAUT IJIOC-
KOCTh, pas0HuBalomasa IpUu3My Ha JBa MHOTOTPAHHHKA, B KasK-

ALIA M3 KOTOPLIX MOKXHO BIHCATH Imap. ‘feMy paBHO OTHOIIIe-
HHe PajUuyCoB 3THX HIapoB?

Bapmant 3

B npaBusiBHOH YeTHIPEXYTOABHOU NUpPaMHIe HOAOCKHH YTOJ
npu BeprimHe paBeH o. OnpepennuTe ABYrpaHHEBINA yroa npu 6o-
KOBOM pebdpe nupaMuabl.

Boicora npamoi npusmbl ABCA, B,C, paBHa 3, a ee CHOBaHHEM
CAYKUT ONPAMOYTOJAbHEINA TPeyroapHHK ¢ Karetamu AC = 2 u
BC = 4, IlaockocTs O TPpoXoauT depes cepeauHsl pebep AC,
A;B; u BB, npusmbl. Haligure:

a) paccrosiHue OT BepmuHE C 10 IAOCKOCTH U}

0) paccTodgHMe 0T BePIIHUHLI A J0 NIOCKOCTH O}

B) YroJI HAKRJIOHA MIOCKOCTH ¢ K IJTOCKOCTH OCHOBAHUS TPU3MBI;
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r) yrol Mexny AuaroHanbio CB,; GO0KOBOH rpaHM H MJIOCKOC-
THIO (L.

IBa paBHBIX mIapa pajidyca 3 KacawTca APyT [Apyra u rpaHeu
AByrpanfaoro yria senuuunoin 60°. Tperuitt map Measmero pa-
ayca KacaeTcd KasKJIoro H3 9THX HIAPOB W rpaHei JaHHOTO
OBYTrpamuoro yria. Halfijure paguyc TpeThero mapa.

HBa paBHBIX MWJIAHAPA C PAAMYCOM OCHOBAHHA I U BRICOTOU 41
pacnoyio;XeHbl TaK, UTO WX MOBEPXHOCTH KACAIOTCH, IpHYeM
IEHTP OCHOBAHUSA ONHOTO W3 HUX COBIAAAET C cepeuHoi obpa-
ayomei apyroro. Halijgire naoniaab NOBEPXHOCTH Hiapa Ha-
AMEHBINero pajnyca, cojepxammero oba JaHHLIX IMARHADA.

Bapuant 4

B npaBuiabpHOH TpeyroJabHON NEpaMHie IBYTCPAHHLIN yIoJ IPH
forxoBoM pebGpe pasen 3. Ompenenute AByrpaHHBLIN yroJ NIpH
pebpe ocHOBAHKUSA 3TOH MUPAMUMILL.

Ksaapar co cTopoHoit 2 ABIdeTcA OCHOBAHWMEM NPAMOYTOJbHO-
ro napaanenenunega ABCDA,B,C,D,, 6oroBoe pebpo napas-
aenenunesa pasHo 1. IlnockoeTs  mpoxoguT uepes BePHIMHY
C, n cepepunbl pebep AB u AD napannenenunena. Haiigure:
a) paccTosiHAe OT TOYKH A [0 IIOCKOCTH [3;

0) paccroaHMe OT TOYKH NEepecedyeHls JAHaAroHANeH napannene-
nHnesa 1o mIockoctTa 3;

B) yTOJ MEX Y IVIOCKOCTRIO 3 1 rparbo AA, D, D;

r) yroJ Mexay guaroHanbio A,C mapanjenennnena U IVIOCKO-
cThIO 3.

Ilap paguyca 4 kacaercda AByX rpaHeil ABYIrpaHHOTO yrja Be-
gquarHoil 120°, JIpa oAnHaKOBLIX HIapa MEHBIIET0 pajuyca
TAKK€e KAacalOTCA TPaHel ABRYTPAHHOTO yIJa U, KPOME TOTC, OHU

KacalTcg ApYr apyra H Ooabmero mapa. Hahinute paguyc
Ka0T0 U3 MEHBIUINX IAPOB,

4.]IBa 0JMHAKOBBIX KOHyCa € pajAycoM OCHOBaHUA r U o6pasyio-

mieit 4r umeroT obiyio Bepiuuy ¥ 00y obpasywmyi. Haii-
IuTe pajuyc IUiapa HauMeHbINero cO0nLeMa, coaep:;karmiero obta
IAHHBIX KOHyCAa.

Bapunanr 5

Yepes cepenunbl pebep MB u CD napanneibHC AUATOHAJIU
BD ocHOBaHHA NIPABUJILHOHM YeTHIPEXVroJAbHOH NHPAMUIBI
MABCD npopefeHa NA0CKoCTh. Halijure miomaib ceyeHus
ODHPAMULI 3TOHA MIOCKOCTLIO, €CJH CTOPOHA OCHOBAHKHSA HHPA-
MHJIBI paBHA @, a 0oKoBOE pebpo paBHO b.
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2.

3.

[Tap paguyca 1 Kacaercsa Tpex pebep TpexXrpaHHOrc yrJia
MABC, HalifuTe pacCTOAHHE OT BepinuHabl M 3TOrO yriaa go
IleHTpa mapa, ecnu LAMB = 90°, LAMC = ZBMC = 60°,

B rmenc, obpasoBaHHOE HPH BPAIllCHUH NPAMOYIOJALHOI'O Tpe-

yroJbHUKA ¢ KATETAMH 2 H 2./3 BOKpYr rEIOTEHY3HI, BIMCAHA
OpaBUJALHAA TPeyroJibHasA Npu3Ma, DOKOBast 'paHb KOTOPOH —
KBa/[paT, 4 ee OCHOBAHHE IIePHeHIUKYJISAPHO OCH BpameHUA.
HaiiguTe orHOoImeHMe o0beMa Tesia BpallleHHA K 00BbeMy IIpus-
MbI.

B ocnoBanuu nupaMuibl SABCD nexur npaMoyrolbHasa Tpa-
nenusa ABCD ¢ ocuoBanuamMu AB = 3a u CD = 2a, boKoBOH
croponoii BC = 2a n npamuIM yraom BAC. [IByrpanubie yribl
nupamuasl apu pebpax BC u CD pasusl, rpans ASB nepnen-
NTUKYJAPHA OCHOBaAHUIO nupamuibl. Halifure obbeM nupamMm-

nul, ecau LBSC = arccosg .

Bapuanr 6

CedeHue DpaBUJbHONI TpeyroanHoi npusmel ABCA,B,C, npo-
XOAUT depes cepenunbl ee pebep AC u A, B, napannreabHo JH-
aronanau A,C 6okoBoii rpanu. llocTpoliTe 3T0 cedyenue u Hauu-

Te ero IAoIma/b, €CJAH CTOPOHA OCHOBAHUMA IIPHU3Mbl paBHA (4, a
ce bokoBoe peGpo paBHo b.

IITlap pagmyca R KacaeTcsa Tpex rpaHedl TpexrpaHHoro yria
MK PC. Hatigure paccTossHHe OT HeHTpa mapa no pebpa MC,
ecsm LKMP=90° /A KMC=/PMC = 60°,

B Teno, nosydenHoe BpameHHeM TPEyrOJbHHKA CO CTOPOHAMU

2, Tu 5J§ BOKPYT ero 6oJnLoIel CTOPOHBI, BIUCAHA NPABHJb-
Hasl 4YeThIPpeXyroJbHad HPU3Ma €¢ OCHOBAHHEM, TEePHEeHIUKY-
AAPHBIM OcH BpamieHud. uaronant npuambl o6pasyeTr ¢ 0CbIO
Bpamtenus yroa 30°. Kakyrwo uacte obbeMa Tesia BpallleHUs CO-
CcTaBAsIeT 00beM NPHIMBI?!

B ocuoBaHuu nupamMuibl SABCD nexur pomd ABCD co cro-
pouoit 5. Pebpo SA nepneHAUKyAAPHO NJIOCKOCTH OCHOBAHHS,
rnpu 3rom SC =7, ZCSB = 45°. Haligure 00beM nUpaMAIBL.
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1.
2,

OTBeThbl K KOHTPOJIbHbLIM paboram

K—11—1

3azauyu 1as IMOBTOPEHHSA

a)(—4; 6; —9); 6) (2; 8; —5); B) (—4; —6; 9); 1) (7; —8; 5); n)(6;4;9).
a)2x+y—96z+3=0;0)2x+y—-5z-21=0.

x=1++ 2t
a) (1; 2; 10); 6) y=1+3t, te R;B)x+y+562—-53=0;
z2=17—-1,

N(x-1¥+y-12+(&-7)°2=25.

ITosopor ma yroam 180° Boxpyr 6uccerrpuck! yriaa AKE.

OcbI0 TOBOPOTA ABAACTCS KOOPAUHATHAS och (JZ; yToJ OBOPO-
Ta paser 180°,

. Obpasamu sepmine A,, B, C,, D, aABAsAOTCA COOTBETCTBEHHO

sepuunbl C, A, B, C,.

[ x=-2+ 3t, x=—-3+ 2t

a)< y = 2, te R; 0) < y = 3, te R;
z2=06—1t, Lz =414,
x =11+ 3t, x =17+ 3t,

B)\ ¥ = —2, te Ry, 1)< y=2 t e R;
z2=-9-1, 2=3-1,
[ x= -5+ 3t, x =5 — 3¢,

n <y =2, te R; e)~ y=-2 te R
2=-4+1t, 2=7T—14,

Onma Touka (4; 1,5; 0,5).

x =18 + 17¢,
Ipamas < y =5 + 4t, e R.
z=-t,

Bapmnanr 1
a)(3: —2; ~5); 6) (3; 2; 5); B) (—3; —5; 2); ) (—4; 4; 2); n) (5; 2; —5).
a)3x—-58y—-z+16=0;6)3x—-8y—z—-2=0.
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. SBOSO‘.: Roy

J x =1+ 2¢,
aA{l; L, 7,00 y=1~-¢t, teR;B)2x—y+2z—-—8=10;
z2=T+1t,

r)x2+(y—-202+(z-8)%=09.
KoMnoosunus cHMMeTPUH OTHOCHTEJBLHO [BYX IJIOCKOCTEH, Ofl-
HOM u3 Koropblx sABaserca (ABC), a gpyrolli — IIIOCKOCTb,
npoxopaimadn yepes AB nepnenaukyiasapao (ABC).

180°

Il

6. Ob0pasamu sepmun B,, C, C,, D, ABIA0OTCA COOTBETCTBEHHO

L e

BepmiuHbl B, A, B, C.

Bapuaut 2

.a) (=3; 7; -1); 6) (5; —3; 1); B) (3; —T7; —1); r) (1; —6; -2);
an) (—1; -7; 3).
a)3x —2y+T7z2-25=0;6)3x - 2y+ Tz +12=0.

x=1-t¢,

. a) HenozBHKHBIX TOUYeK HeT; 6) { y=2+2t, te R;

z2=3+ 3t,
B)x++2y—2+7=0.

. KoMnosunua cuMmMeTpun OTHOCHTENILHO JIBYX TUIOCKOCTEH, O/fl-

HOU u3 KoTopblx saBxasgercss (ABC), a gpyroil — NIIOCKOCTD,
npoxoaainas depes PM mapannensno npamoii BC.

. p(0; 0; —6) — BeKTOp IepeHoca; x + 2y — 7 =0 — oxna u3 He-

MO BHKHBIX TUIOCKOCTEH IIPHA BTOM MepeHoce.

. Obpasamu BepiiuH A, B, C, B, ABNAIOTCA COOTBETCTREeHHO BEP-

munel C, Cy, Dy, B,.

K—11—-2

3agaum Aaa IIOArOTOBKH
8 rpaneii, 18 pebep, 12 pepinuu, 12 guaronanei.

a) 5; 410 ; 13. 6) 240 + 22./10; B) /321 .
a) 5; 6) arctg(0,5).

RB) arctgig—g— ; T).A,C= J157.
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3.

. a) 6 rpameii; 6) A B, = B,C, = C,D, = DA, = 2/10;

B) arctg%_g ; T) 3,./1_7 .

. He cymrecrByer. Ecau gonyCTuTh CymecTBOBAHUE TaKOM! IIJIOC-

KOCTH CUMMETPHH JIJIA AAHHOIO MHOTMOIPAaHHHUEKA, TO HAMIETCS
110 KpaiiHeli Mepe ogHa H3 ocTaBmiuxca 113 BepIuH MHOrOC-
rpanHnKka, KoTopad He OyaeT uMeTh o6pasa Ipyu CHMMETPHH OT-
HOCHTENLHO 3TOU NIJOCKOCTH.

2(1 + si 9‘] o
h ( sm2 | h3tg2

sin%JSinzgtgzﬁ - cos’?% 4(sin2%tg3[5 - cos?%)

a) 6,4; 1,6./66; 04./481;6)1,2./13.
200(/2 — 1)%.

Bapuanr 1

. Muororpanaug ¢ BepuinHOil B mmeer 6 rpamneit, 12 pebGep,

8 BepuiuH, 2 puaroHaau. MHOrorpaHHUK ¢ BepmuHoi 1), nme-
eT 7 rpaneii, 14 pebep, 9 Bepmun, 5 guarcnaneil. JInuna nan-

BoaLITero oTpe3Ka paBHa 8.3.

. a) 13 600; 6) Bce pasubl 1o /1921 ; B) Her.

4a?sinf _ a?sin o sin?f
Jsin(o - B)sin(o + p)  2sin(e — Pysin(o + B)°
He cymecrByer, Tak Kax BEePIIMH y NAHHOTO MHOTOTDAHHHUKA

HedeTHOE YUMCA0, H HEHTPOM CHMMETPHH MHOTOPDAHHHEKA He
MOXKeT CIAYVXHUTE €r0 BepPIIrMHa,

Bapuaur 2

. Muoororpauaurx ¢ sepmunoii C mmeer 6 rpameii, 12 pebep,

8 mepuimH, 2 quaroHajad. MHOrorpaHHHUK ¢ BepIIHHON A uMeeT
7 rpaneii, 15 pebep, 10 Bepmun, 9 guaroHameit. JInuHa Ha-

AOOJBIINEr0 OTPE3KA PaBHA GJQ .

. a) 1604; 6) Bce paBHBLI IO O Jﬁ) : B) HET.

2 2% _
h(£+6fctg ¥ 3). 0o /3

ctgzg -3 ctg‘?% ~ 8
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T
4, Cyurectsyer. Hanpumep, HoBOpoOT Ha Yo 5g BOKPYT OpAMOH,

copepaKalled BBICOTY NpaBHIALHOH 116-yronnHOH nHUpaMwujibl,
oToDparkaeT 3Ty MUpaMBAy Ha cebs.

K—11—-3

3azauu xaA NOATOTOBKH

12
59 °
21 J697 . 3./65

1. IllecTy uau BoceMb pebep. 2. 27°. 3. C rpanamu arcsingy

arcsin = 39 aresin——- 595 © pebpamu arcsin 59 & arcsin—5g=;
2
arcsng . 4. 2./3h . (Bameuanue. Ha nam Bariaaja, B Ha-
A/Sctgzg -1

CTOANIMH MOMEHT HeT HeoDXOAUMOCTU IPHBOAUTEL OTBET K BH-
oy, yapobHOMY panas JorapudMupoBaHHs.) 5. a) 120° ©6) 90°%

B) arc:co»s'\/EI r) 60°, 6. 60°. 7. Arccos 0,25. 8. /3 u J/2.9. a) 60°%

1
6) 90°; B) 45° r) arccosE; ) 2arcsinJ§; e) | — 2arcsin£;

)R — Zarccosl ; 3) arcsinf
J3’ '

3
Bapuant 1
3 4
1. YeTblpe, 1ATh UM IMECTh IpaHel. 2, arcsins, 13 ; arcsm—l-,o;;
12 2h
arcsinﬁ . 3. .4.a)120°; 6) ar‘ccosJé B) 45°; 1) 60°.
ctg? g -3
Bapuanr 2

1. Yernlpe, NATh, IIECThb, CéMb, BOCEMb WJH NE€BATb BEDIIWUH,

/13 o J145 15 o 2k o
{7 > aresin=—=—;arcsin,w. . 4. a) 90°

ctgzg -1

2. arcsin

6) 45°; B) 45°; r) 60°.
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K—11—4

3anaun AJ1A NOATOTOBKH

a./6 a6 a3J_ a3./357 3a3./3 .

1. a) T;ﬁ) —;B) . 2. a) 20 ; 0) Tk
3 3 3 3
B)af;r) ‘1?'—3;-13—;,11)ai/3 Hnnazﬁ.3 a) 5:427; 6) 90°.

4. 1% 5.5:27.6.6:1.7.9:2.8.3:1.9. 288./2. Muororpas-

HUK HE fABJSeTCAa IPABHJBHEIM, TAK KAaK CYINECTBYIOT €I'0 BePIIH-
HBI, B KOTOPBIX CXOAUTCA PASJIUYHOE YHCJIO PaHEH 3TOr0 MHOTO-
rpagHuKa. 10. 0,5V.

Bapuanr 1
3 [3ainb 3t oasi B
a ,\/1_331112 23sin?@ a tg(xschosz
1. a) ——F; 6) - 5 B) ;
6 . B 6
12(1 + sm—)
2

3 /3 3 [Rq;

r) a/3sinp  a®y3sind , o 5 128 3. a) 8; 6) 6“/_4.
36 12 '3

4,3: 7.

Bapuanr 2

3 B

Lo o /31gBte; s migtp adtg?p

*2) f8costp’ O 24 B T gz T g wm
a%oszp—
_si% 2.864./3 n432./3. 3. 2) 8; 6)6—@ 4.1:7.

K—11-5

3alayH XJd MOATOTOBKH

1.2) 2R: 6) JhZ + 2R?. 2. (3; 8]. 3. arcsingz:g. 4.2) 0,503

6y 12 — +/3)

) 51 . 5.

18(9“/2 — 22) . 6. 108mw; 79n. 7. Boarme v KO-
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uyca B 3/1,5 pas. 8. madctg? 10°. 9. 12na2. 10. 25na8ctg? 20°.
11. 4na?. 12. JIwnboe gucno, Boxbinee A.

BapuanT 1

1 1 1
1. a) h; 6) 2R. 2. (6; 10]. 3. arcsin—; arcsin—; 2arccos—.
) 71 0) 2. 2. (6 10] N 73 NE

4.a)0,59¢ —r;6)c—4r. 5. 388 n; 216 &,

Bapuanr 2

1
2coso

-
s

1.a) 2R; 6) Jh2 + R%,2.(6; 10]. 3. arcsinzc(l)sa; arcsin

- 1 .4.a)h—m;6)2h~m,\f§
cCOSO. Jé 4

2arccos .95.305m; 352 .

K—11—6

3amauu aig HOArOTOBKH
L (JS; + JS2)2 2. (JS; + JS; + JS3)2 8. 3fv, +
2 550
raE/Vv: o+ vV, + V3. 4. 4R. . -

T . h3sin3ﬁsinzgcosg’

2
6. a“[? 2 g 200 “fé, 2n(8 + 2+ ./3).
3sin?—*X
2
8. ./6.
Bapuanr 1

1.(fS; + ./8,)2 2. 250V 3.3R./J2.

Bapuaur 2

1. 2,58. 2. 37, + 3V + vy, + 3R

o1
3. 2arcsm§ ; oTHOImEeHue obbemMoB pasuo 0,5.
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K—11—-7

3agayd AJaa MOXrOTOBKH

1.4 umm 14. 2. J/3; J11; /19:8./3.38.5./2. 4. /2. 5. a) nth;

13
6) 2nk3/3 — 5. 6. 10na? u 3 rad. 7. 4,2na?% 4,5ma®. 8. 6.

9. Kacaerca miockocTy BepxHero ocHoBamusa. 10. 49 + 20./6.

11.[2./3 - 2; 2./3 + 2].
Bapuanr 1
1. /33 + 3 unu /33 — 3. 2. 6./3;: 2./43: 2./59: 10./3.

4 4
3. a) 2./3 : 6) 6. 4. a) nh nh /6 . D. HMeeT ¢ ILIOCKOCTHIO

6)

BEpPXHEro OCHOBaHUA umfpmnpa 061?11«11‘?1 KpyT.

Bapuanr 2

1. 6/2 — 4 mu 6./2 + 4. 2. J/3; J/51;3/11; 7./3. 3. a) 8;
0) 8. 4. a) =h; 6) 2n§J§. . 5. He numeeT ¢ MI0CKOCTHIO BEPXHETD OC-

HOBAHHA 0DIMHX TOUEK.

K—11—8

3anauu A NOATOTOBKH

nr 4R2 — r? 7a2./6 4 8
1. . 2. .4.a) ; B) ; B) arccos———;
R 16 J17 J17 J1T
1
r) arcsin——. 5. 51, 6. 160J§; 240. 7. R = 2. 8. 1:2; 102.
) aresin g
1
9. Bo3MOXHBI ABa CJOydad: 3n” h3tgzg , rae ¢ = min(o, B), mabo
2
1 " sm%smg Lo, 0.5
3" 20 S T
sin
2
Bapuanr 1
1.%.3.?;15.4.& : 8.
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Bapuaunr 2

1.2.3.2: 2./15 + ./39. 4.1 : 5.

Bapuaur 3
2 9 9 9
1. 2aresin . 2. a8 —; 0) —; B) arccos——;
st - i P P T
2
6 r185
aresin .3.5— ./13. 4. .
r) 5./94 4
Bapuanr 4

[1 — 2cosf «./— J_ 1,
1. arccos —s 2, a) ESEE 0) 55 B) arccos&h_1

o (2 16
r)arccos(:g)\/;).&'i’ 3./5. 4. 7 T

BapuanTt 5
5./2ab 3431
1. .2.J3.3. . 4. 2,5a3.
16 108./3
Bapuaut 6

16 4.7 [——.

3a./3a?+ 1252 Jg 300 29
1. . 2. ﬁliti o 2



1.

2.

3aueThl

3 aveT Ne 1. lpeobpasopaHne NPOCTPAHCTEA.
MpamMbie N NNOCKOCTY B MPOCTPAHCTEE

Buaer Nt 1

. IIEHTpaJIBHaH CHUMMETPHH B IIPDOCTPAHCTBE. OINpeneJieHHe,

CcBOHCTRA.,
BzanMHoe pacnoJsodxeHye JBYX NPAMBIX B IPOCTPAHCTEE.

Buger Nt 2

. CHMMeTpHUA OTHOCUTE/JBHO NMJOCKOCTH: onpefejieHNe, CBOHCT-

Ba-

. Bzaumuoe pacnioJio;KeHue HpHMOﬁ H TTJIOCKOCTH B NpoOCTpaH-

CTBe.

Buaer Nz 3

. IlapannensHBIN NepeHoC: onpeneJeHe, CBOMCTBA.
. BzauMuoe pacmosoxkeniie ABYX IJIOCKOCTEH B IIPOCTPAHCTBE.

Buaer Nt 4

. IloBOpOT BOKPYT OCH B NPOCTPAHCTRE: ONpeiesieHe, CBOMCTBA.
. YroJa Mexay ABYMSA NPAMBIMH B IPOCTPAHCTEE.

Buaer Nt 5

. OceBas CHUMMeTpPHA B IIPOCTPAHCTBE: OIpesesieHie, CEOUCTBA.

Ilepnen UK YAAPHOCTE MIPAMOM U INJOCKOCTH B IIDOCTDAHCTBE.

Buaer Nt 6
KoMmoaumnus ABYX CUMMETPHH OTHOCUTEILHO TJI0CKAOCTH.

. ¥YTOJ MexXIy IPAMON U IIJIOCKOCTRIO.

Buaer Ne 7

CKoabp3aIas CHMMETPUA B NPOCTPAHCTBE: OnpeaeseHne, CBOH-
CTBA.
Vroa Mexay ABYMA NIOCKOCTAMH,
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Bujer Nt 8

3epKaJbHBIN TIOBOPOT B IIPOCTPAHCTBE: OIpejelIeHHe, CBOIi-
CTBA.
CeoHCTBA NMapaJuIeSIbHEIX ITJOCKOCTEH,

Buaer Ne 9

BuuToBOE ABHXKeHME B IIPOCTPAHCTBE: ONpee/ieHNe, CBONCTBA,
IepneHINKYJIsApHBIE ITJIOCKOCTH B ITPOCTPAHCTRE.

Buaxer Nt 10

I'omoTeTa 1 nozobue B IIPOCTPAHCTBE: OIIpefieNleHue, CBOMCT-
Ba.
TeopeME!l 0 TpeX NePIeHJUKYJIADPAX.

Ecau yuriTeJb COYTET HYKHBIM BKJIKYUTE B 3aUeT pellleHHe 3a-

Zad, TO Mbl COBETYEM COCTABHUTH CITMCOK BCeX 3a7atU, OTMEUeHHbBIX
sgauykomM @ B rzase 1 nmamero SAJAYHUKA—11. Sagauu us
STOr0 CIHMCKA MOKHO IIPeAJIOMKHTEL yYallUMcd AJdA DelleHus Ha
3averTe.

=

1.
2,

3aueT Ne2. MHOrorpaHHuKu.
BexkTopb! 1 KOOpANHATLI B MPOCTPAHCTBE

Buger N 1

IIpuama. Buger 1 cBoMCTBA TPH3M.
Cnoxxenue U BLIYMTAHUE BEKTOPOR B IIPOCTPAHCTRE.

Buxer Ne 2

ITapannenenunen. Buapl 1 cBOHCTBA MapaleNeIHITeSOB.
YMHOMeEeHNe BeKTOpa HA CKaJaAp, KOJIMHeapHbIe U KOoMILIa-
HapHBI€ BeKTODLI B ITPOCTPAHCTBE.

Buaxer Nt 3

Boeruucaenue mroniaay moaHoH IIOBEPXHOCTH M 00'beMa NIPHU3M.
O61neMBI HapaJyieJenuIes0B.
PaznosxeHre BeKTOpa II0 TpeM HEKOMILJIAHAPHBIM BEKTOpAaM.

Buxer Nt 4

Tpexrpansble yIIbl H HX CBOHCTBA.
CransapHOe NMponsBeieHe 4BYX BEKTODOB B IIPOCTPAHCTBE.
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Buiaer Nt 5

ITupamuna. Buael nupamMuzi.
KoopauuaTel BeKTOpPA B IpocTpaHcTBe. JleHcTBUA HAJl BEKTOpAa-
MU B KOOPAUHATAX.

Bujger N¢ 6

IIpaBnsbuas IUPAMHAA U ee CBOMCTBA.
KoopauHaTel TOYKH B MPOCTPAHCTBE. BLIuncienne paccTossHIA
MeX Iy ABYMA TOUKAMH, 38 JaHHEIMH CBOMMH KOODAHHATAMH.

Buaer N: 7

Beruncmenwe naom@ain MOJHOH MOBEPXHOCTH M o0beMa Iupa-
MuAel. OTHOIIeHHWe 00'bEeMOB ABYX TeTPA3APOB, HUMEIOIHUX I10
PABHOMY TPEXTDAHHOMY VIJY.

YpaBHeHHe NJOCKOCTH B IIPOCTPAHCTBE.

Bujger Ne 8

YceueHHAada MUpPaMHAa. BEIUKMCHEHNE ee IJIOIaAN IMOJIHOM I10-
BEPXHOCTH H 00beMa.
Pazjuunile BUAL YPABHEHUH MPAMONM B MPOCTPAHCTBE.

Buaer N¢ 9

IIpaBuabuble MHOTOTPAHHUKU. X BUgLL.

Briuuciaenue yraa MedXay ABYMsA NPAMBIMY, MEXAY NPAMOH U
ILIOCKOCTBIO, MEXY BYMA IIJOCKOCTHAMH, 38JJAHHEIMHA CBOUMU
YPaABHEHHUAMH.

Buaer N 10

ITpuMepEl pA3BEPTOK U CeueHHIT MHOTOTDAHHUKOB.
Beiuucaesue pacCTOAHUA OT TOYKH JO ILJIOCKOCTH B KOODPAM-
HATHOHU (popMe.

Ecau yuuTeas COUTET HYMKHBIM BKJIOUYUTE B 3aUeT pellieHue 3a-

a4, TO MEL COBETYEM COCTABUTH CIIMCOK BCEX 3a/a4, OTMeUeHHBIX
saauxoM © B raase 2 namero SAJAYHUKA—11, 3agauu us aToro
CTIMCKA MOXKHO IIDEAJIOUTE YUAIIMMCH JIf DEIIeHs HA 3auere,

1.
2.

3 auvweT Ne3.MoBEpPXHOCTU U TEeNa BpaLleHUs.
MoBTOpPEHKME NNAHUMETPUN

Bujger N 1

IToBepXHOCTH M TeJIa BpanieHu .
ITpormopnuoHAJBHBIE OTPE3KH B NPAMOYTOJILHOM TPEeyTrOJIbHM -
Ke. Teopema ITugparopa 1 obparaas e TeopemMa.
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Buaer Ne 2

IMunuaap. CeueRUA MUAMHIAPA U MUJIHHEPHYECKOH ITIOBEDXHOCTH
nJaocKocTaAME. PasBepTra nuinAEgpa. CHMMeTpUA NUJIUHADA.
TeopeMbl 06 OKPYKHOCTH, BIIMCAHHOHA B TPEYTOJBHUK, POopMy-
JIbI )i BBIUMCJIEHUS PaJAVyCa BOHUCAHHON B TPEYrOJbHHK OK-
PV’KHOCTH; UYaCTHBIE CHyUal. BHEBIHMCAHHBIE OKPYKHOCTH.
OnucaHHBIE YETHIDEXYTOJABHHUK U MHOTOYTOJLHHK, UX CBOHCT-
Ba H IIPDH3HaAKH.

Buxer Ne 3

BeiuncneHne miaoiagyd ITOJMHOHM ITOBEPXHOCTH H O0BEMa IH-
JUHAPA.

TeopeMbl 06 OKPYKHOCTH, ONMUCAHHOH OKOJIO TPEYroOJbHHKA.
PDopMYNLI AJ1A BBIYUCHECHUA pazuyca TAKOM OKPYIKHOCTH; ua-
CTHEIe cjiydan. TeopeMa CHHYCOB. BrnucaHHbIie UeTHIPeXyrojb-
HUK 1 MHOTOYTOJBHUK, UX CBOHCTBA U NPU3HAKH.

Buaer Nec 4

Konyc. CeueHust KOHyCa 1 KOHHYECKOM ITOBEPXHOCTH TIIOCKOC-
TaMu. Pagseprra KoHyca. CHMMETPUA KOHYCA.

Teopema xocunycos. TeopeMa 0 cymMMe KBAZPATOB CTOPOH U
INAaTOHAJIEH mapaieNlorpamMmma.

Buaer N2 5

Brraucienue ruromaay moaHON NOBEPXHOCTH 1 00BHeMa KO-
HYyCAa.

IlpusHaku noxodusa TpeyroJbHUKOB. Ilogo6ue MHOroyroinbHH-
KOB. MeTpuuecKue COOTHOLICHH ST COOTBETCTEEHHBIX 2JIEMEHTOB
nogo00HBIX (hUTyD.

Buaer Nt 6

YceueHHBIH KOHYC. BRIUHCIIeHHE TUIOIIAAM MTOJHON ITOBEPXHO-
cT! U 06beMa yCeYeHHOTOo KOHYCA,
DopMyaEl A BHYHCJIEHHSA INJIONAAM TPEYroJbHUKA. BBIBOJ
dopmynsr I'epora. OrHONIEHME NJIOIT&/EN ABYX TPEYTOJNBLHU-
KOB, UMEIOIIU X II0 PABHOMY VIJY.

Buxer Ne 7

Ilap u cepa. Ceuenn s mapa 1 chepul NAOCCKOCTAMH. CHMMeT-
pua ciheprl. 1lnockocTs, KacatesabHas K cepe. Baaumuoe pac-
TIOJIOXKEHUe JBYX cdep.

ITapannenorpamm. (O630p n3yueHHBIX (HAKTOB.)
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Buaer Ne 8

1. Beruucjenue Muomagu MOBEePXHOCTY chephl U ee YacTei, 005-
eMa 11apa | ero yacreit.
2. Tpanemusa. (O630p u3ydeHHBIX (PAKTOB.)

Buaer Ne 9

1. Cdepsbl, BIMCcaHHbIE B MHOTOIPAHHHKH, ITUJIHHAPBI U KOHYCHI,
2. CBoiicTBa OHMCCEKTPHCHI BHYTPEHHEro M BHEIITHErO YIJIOB Tpe-
YroJibHUKa. OKPYKHOCTh ANOJNJIOHAS.

Buaer Ne 10
1. Coeprr, onucanuble OK0JI0 MHOTOTPAHHUKOB, [IMJIHHAPOB H KO-
HYCOB.

2. IlponopioHaldbHBIE OTPE3KU B KPyTe.

Ecam yauTe b COUTET HYMHBIM BKJIOUMTE B 3aUeT pPellleHue 3a-
184, TO MBI COBETYEM COCTABUTHL CIHUCOK BCEX 3aJia4, OTMeUEHHEIX
sHaukoM © B roage 3 mamero SAJTAYHHUKA —11. 3azauu 13 9T0-
ro CMCKAa MOJKHO NPEeAJOXKUTh VUAIUMCH AJH DelleHUdA HA 3aue-
TE.



bunerts! Ana npoeeAeHNUA UTOFOBON YCTHOM
aTrTecrauuu no reoMeTpum 3a Kypc
OAVHHAALATUNETHEHW WKONbI

(DN5 KNaccos ¢ yrnyGAeHHbIM K3y4EHUEM MaTEMAaTUKN)

Buaer 1

1. ITapannensHOCTP OPAMEIX B OHpocTpaHcTBe. TeopeMa o ABYX
MIPAMBIX, OAPAJJICJILHLIX TPETheH.

2. Paccroanua B mpocTtpaHcTBe. ['eoMeTpuuecKoe MeCcTO TOuYeK,
PaBHOYJAJEHHLIX: a4) OT ABYX AAHHBIX TOueK; 0) oT Tpex JaH-
HBIX TOYEK, He NPUHAJICHKAIUX OJHOH HPAMOM; B) OT ABYX
JAHHBIX MIOCKOCTEMN.

3. 3azaua 1o TeMe « BeKTOpEl B IPOCTPAHCTRE: CKAJIAPHOE NPOU3-
BeJleHUe BEKTOPOB»,
3afava. B npAMoyrosibHOM JeKapTOBOM CUCTEeMe KOOPAMHAT 3a-

nadel BeKTOpsl d(2; 1; —1) u &(1; 2; —1). HalizuTe KOODZUHATEI

mexTOpa ¢, ectu ¢ L d, ¢ L B, [¢| = 2./11, a yrox Mexay ¢ H ocbio
Ox Tynoit.
OTeeT: &(—2; —2; —6).

Buaer 2

1. BaaumuOoe pacrosioKeHe IPAMOA U IJIOCKOCTH B IIPOCTPAHCT-
Be. IIpn3HaK mapanireJbHOCTH HIPAMOR U NJOCKOCTH.
. TpexrpadHblie ¥ MHOTOTDAHHBIE YIJEIL.
. 3agaua mo teMe « KoMOMHATUU MHOTOTPAHHHUKOB U PUTYD Bpa-
I[EHUSA» .
3apava. OxoJio MIapa oMUCAHA NPABUILHAA TPEYTOabLHAN IIPH3-
Ma, 0KO0JI0 KOoTOpo# onucad map. Hadaure oTHOIIeHne mIonaaei
MOBEPXHOCTEN 3TUX IIAPOB.

OTeeT: 0,2.

W

Buaxer 3

1. IIpamas, nepOneHAUKYJIAPHAS OJI0CKOCTH. IIpu3Haku nepreH-
AUKYVIAAPHOCTH NPAMON ¥ MIOCKOCTH.
2. 3aganue chepsl ¥ MIAPA ¢ HOMOIIBIO KOOPAHHAT.
3. 3agaua o reme «Ceuenuss MHOTOTPAHHHKOB ».
3anava. B mpasunpHON TpeyroJbHoil nupaMHuAe, CTOPOHA OCHO-
BaHUA KOTOPOH paBHAa @, a 6o0KoBoe pebpo — 3a, NPoOBeJeHO Celde-
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HUe ONapajienbHo doxoBomy pebpy. Halgure noomiaas aToro ce-
YeHU s, eCJIM OHO ABIAeTCA poMOBoM.

9
22
OTteeT: 16a .

Buaner 4

1. Cea3p MeX Ay Napanne/IbHOCTBI) NPSAMBIX B HPOCTPAHCTRE U
NnepaeHAN KYJIAPHOCTRIO IPAMOI 1 nyockoctu. Teopema o ARYX
napananeJbHBIX IPAMBIX, 0iHA H3 KOTOPBIX HepleHjHKYIADHA
MJIOCKOCTH.

2. ITnomaau GoKoBOWM M HOJIHOHM HOBePXHOCTEH HPH3MEI B ITH-
JIMHAPA.

3. Bagaua 1no teme «KoopAMHATHEI B NPOCTPAHCTBE: YPABHEHHA
IJIDCKOCTH U Chephbls.
3agaqa. Ha nnockoceru x + 2y + 32 = 25 HalAHTE TOYUKY, Via-

JIEHHVIO HA HalMeHblllee paccToaHue oT Touku A(2; —3; 5).

OTteet: K(3; —1; 8).

Buner 5

1. Bsaumnoe pacnonoenHne AByX HiaockocTer. Ilpusuaxkn napana-
JeJbHOCTH ABYX HJOCKOCTEH.
2. IIpaMas B IpOCTPAHCTBE B KOOPIHHATAX,
3. 3agaua 1o Treme «BrnucaHHBIH AP, oOUCAHHASN chepas.
3anava. B rpeyronpsol nupamuge ABCD uszsecrHo, uro AC =
=4, BC = 3, LZACB = 90°. Pebpo AD pginnHoii 12 nepuneHgnKy-
napHOo naockocTu ABC. Haligure paguyc onuCcagHOH OKOJIO HUpa-
MH B C(hepEl.
Oreert: 6,5.

Buner 6

1. CroiicTBa napannelbHBIX HiaocKocTeili. TeopeMa o cyllecTBOBA-
HUH M eJUHCTBEHHOCTH NJIOCKOCTH, IIPOXOAAINE uepel /aH-
HYI0 TOUKY NAPaJJIeIbHO JAHHOM NJIOCKOCTH.

2. IInomaay GOKOBOU H MOJHOH MOBEPXHOCTEN NUPAMHABI, KOHY-
ca, yCeueHHbBIX OUPAMHUIbI H KOHYCA.,

3. 3agaua mo TeMe « KomMOGMHAITNY MHOTOIPAHHUKOB» .
3apayva. [leHTpH TsaKeCTH I'paHEH TPEyTONBHON NUPAMUEL SIB-

JAOTCA BePIIMHAMM MHOrorpanavka. Hafizure orHomenne 06%-

eMORB IMpaMUABL 1 MHOTOTDAHHHN KA.
Oteer: 27.

Buaer 7

1. Tlepmeagukyaspuble naockocTu. IIpuU3HAK NHepHeHIUKYIAPD-
HOCTH ABVX IMJIOCKOCTEMN.
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2. ITnomane OpTOroHANLHOM HPOEKIIMH MHOTMOYIOJBHUKA.
3. 3agaua no teme «Ilmomazns moBepxHocTH cdepri, oOLeM IIa-
pas.
3anaya. B npasnnsuoi npusme ABCDA'B'C’'D’ pebpo AB pas-
HO @, yroJa mexny AB' u DB pagsen ¢. Hagure nxomans nosepx-
goCTU cdepbl, OPOXoaAInel uepes Touku B, B, C' u A'.

1
OtBeT: na? (1 + m) .

Buaer 8

1. CoHcTBA HepneHANKYAAPHBIX njocKkocTeit. Teopema o nuHMH
[IepeceyeHud ABYX IJIOCKOCTEH, NePIeHANKYIAPHBIX TpeTbel
NJAOCKOCTH.

2. IlapannensHbINA HePeHOC B IPOCTPAHCTEE U €r0 CBOMCTBA.

3. 3agaua no teme «Illap».
3agava. B ky6 ABCDA,B,C,D, puucan map paguyca R. Haii-

AMTE ILJIOINALL CeUeHHS Imapa naockoctsio AD,C.

2
OTBeT: 3 tRe,

Buner 9

1. IleprnenaguKyasap U HAKJOHHAS K IJIOCKOCTH., TeopeMui 0 Tpex
HepOeHIUKYIApaxX (iBe TeopeMEl).
2. IlpaBunsabIe MHOrOrpanauKN., Popmyaa Jitnepa (Ges BIBOSA).
3. 3azaua oo reme «D0LeM KOHYCA, YCEUEHHOrO KOHYCA» .
3agava. O6pasyrInas yCeueHHOr0 KOHYCa HAKJOHEHA K IJI0C-
KOCTH ocHOBaHNA rox yraom 60°, a nenTp O0onbinero oCHOBaHUA
PaBHOYAAJIEH OT MEHBINEro OCHOBAHUA M OOKOBOH MOBEPXHOCTH
KoHyca. Halzure o0beM yCeueHHOro KOHYCA, €CJIM MJIOINAAL ero
GOKOBOM NOBEPXHOCTH pPaBHA 27.

OTBeT: g T.

Bujaer 10

1. ¥Yrae Mexay 4BYMS OPAMBIMU B npoctpanactee, Teopema 06 yr-
JIAX ¢ COHATTPABJIEHHLIMH CTOPOHAMMU,

2. ITnomaap MOBePXHOCTH IIApa M ero 4YacTei: 1IapoBoro 1Hofca,
IIIapOBOTO CEKTOPA, CerMEeHTHOH [OBEPXHOCTH.

3. 3amaua oo Teme «O6LeM MPUIMEI» .
3apaua. O6nem TpeyroabHOit npusmel ABCA B ,C, paseH V,

anvHa ee 6oxoBoro pebpa pasHa a. Ha nmpamon AA, Beibupaior
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orpezok MN pgavam b. Hanaure o6beM nATUrpaHHUKA
MNB,BCC, (MN, C,C, BB, B,C,, BC, MB,, MC,, NB,
NC — pebpa 5TOr0 MHOrOTpAHHHKA).

2a + b

OteeT; 35 V.

Buner 11

1. BzauMHOe pacnosoKeHHe JBYX OPsSAMEBIX B npocTpaHcTee. 1Ipu-
3HAKH CKPEUINBAIOINXCA IPAMBIX.
2. BekTops!l B npocTpascree, JINHEHHBIE OlIepallUH HAJ BEKTOpAa-
MH M HX BBIDAyKEHHE B KOOPAMHATAX,
3. 3azaua o reme «{UAUHAD, KOHYC».
3agaya. [Jan DUAHHAD, PAIUYC OCHOBAHHSA H BEICOTA KOTOPOTO
paBHb 3. Uepes Toury M, HeKaIyio B NJOCKOCTH OCHOBAHUS IjH-
JUHAPA U YAAJICHHYIO OT €ro OCH Ha paccTosaHue 7, MIPoOBOAAT BCe-
BO3MOJKHEIE TPAMEBIE, KAMKAaA M3 KOTOPEIX MMeeT ¢ MHUJINHAPOM
eIJUHCTBEHHYID 00my0 Touky. Kakue 3HaueHMsa MOKeET NPHHU-
MATE AJUHA OTPE3Ka TAKOH NpAMON, eCJU ero KOHIIAMU ABJAKTCH
rouka M 1 Touka, obIIaa Aas NPAMON 1 muauuapa?

Oteet: [/40; 7).

Buaer 12

1. Beirog ¢popMysIbl PACCTOSHUA MEMAY ABYMA TOUKAMU, 3a/aH-
HBIMH CBOMMU KoOpAWHATAaMU. BeiBox dopmysa ana BeIUHCIE-
HUA KOOPAMHAT TOUKHU, Aesllel 3aJaHHbI OTPE30OK B AAHHOM
OTHOIIIEHUH,

2. Ciepa, onucaHHAA OKOJO JAHHOTO MHOTOrpasHUKa. PacroJro-
JKEeHUe ee NEeHTPA OTHOCUTEJHHO MHOPOTPAHHHUKA (HA HpHUMepe
cdepsl, ONNCAHHON 0OKO0JIO IPHU3MEI).

2. 3axaua o reme «IIpusma, napaanuenenumnesn, Kyo».
3apayva. Ouaronamu AB, u DC, rpaHed ueTbIpexXyroibHOMH

upusmel ABCDA,B,C,D, napannenbssl. JJoKaxure, 4To nOps-
Mble AD, u BC, Taxkke NapajjaeJbHbI.

Bujger 13

1. CranapHoOe ODpou3BEeHNE BEKTOPOB: OIpejeJieHHe, CBOHCTBA,
3alUck B KOOPAHHATAX.

2. IlocTpoedne B OpOCTPAHCTBE: a) MJOCKOCTH, IDOXOAAIIEl ue-
pe3 JaHHYIO TOYKY NEePHEHAUKYIADHO AAHHON NPAMOI; 6) IpsA-
MO#, IPOXOAAIIel Uepeld AAHHYIO TOUKY IIEepHEHAHKYJISPHO
AAaHHOH IIJIOCKOCTH,
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3.

3amada o reme «OQ0beM NUPAMHAIBIL» .
3agava. Beicory nupaMuabl pasAesuad B OTHOIIeHWH 3 : 7,

CUMATAA OT BepIIHHBI, U IPOBEJH CeueHHUe, TaApAJJIeIbHOE OCHOBA-
HKIO. B KAKOM OTHOUIEHHHM Pa3feJHJICa 00 BEeM ITUPAMUIBIT

3.

27
OtBerT: YER

Buaer 14

Bzaumnoe pacmonoskeHue mapa (cdepsl) H NJIOCKOCTH B IIPO-
crpatcTBe. TeopeMa o mepecedeHUH 1mapa v cdepbl ¢ IIJIOCKO-
CTHIO.

[lapannenpbHoe NpoEeKTHPOBAHHE 1 €ro cBoMcTBa. Mzobparke-
Hue (B mapaUleJIbHOM IpOeKHHH) PUIyp Ha IJIOCKOCTHU: Tpe-
YroAbHUKA, ITapajlIesiorpaMMa, Tpameluu, TETPasApa, napall-
TeNenune/la; OKpy>XHOCTH M BIMCAHHOTO B Hee NPABHJIBHOTO
MHOTOYTOJBHHAKA.

3azada o treMe < BokoBas, IMOMHAA NOBEPXHOCTE MAPAMHAIEI» .
3apava. HaiauTe gByrpaHHBIH yroJ npu pedpe OCHOBAHHA IIpa-

BIJIBHOHM YETBHIPEXYTOJBHOM ITMPAMUABI, €CJIHM IJIOCKOCTh, [IPOBE-
JEHHAs Yepe3 CTOPOHY OCHOBAHMS, JEJWT ITOT VIHoa ¥ GOKOBYIO
TIOBEPXHOCTH TAPAMUALI IIOOIAM.

3.

OtBet: 45°,

Buner 15

CeueHue nMUpaMUAbl IJIOCKOCTAMM, MAPAJLUICNBHBIMH OCHOBA-
HNn1o. TeopeMa 00 OTHOIIEHHMN HEPHMETPOB H ILJIOIAAEH cede-
HUU NHpPaAMUIBI IJOCKOCTAMY, Iapa/LIIeJbHbIMI OCHOBAHHIO.
IToBOpOT B IpOCTpaHCTBE BOKPYT IpAMOIL 1 ero csoiicrea. Pu-
I'VPBI BpaIleHus,

3ajaua o TeMe « YToJ MeXKAY ABYMA IUIOCKOCTAMM, NBYIpAaH-
HbIH YTOJI».

3anava. BorkoBoe pebpo npaBUABLHOH TpeyroJbHONH mMupaMuabl

COCTABJIAET C ILIOCKOCTHIO OCHOBaHHA yroa o (o < 45°). Haligmre
yroJj, Imoj KOTOPBIM K IIJIOCKOCTH OCHOBAHHA HaKJOHeHd IJIOC-
KOCTb, NPOXOAAIAS depe3 CTOPOHY OCHOBAHUA M IEHTD LIapa,
OLMCAHHOT'O OKOJIO 3TOM NUPaMUIbI.

1.

OTeerT: arctg (2ctg 2a).

Buner 16

Teopema 0 pasdjioKeHMH BEKTOpDA 10 TPEM HEKOMILIAHADHBIM
BeKTOpaM. BexTopHblH 6asuc B npoctpaHcTBe. KoopauHaTh
BEKTOpA.

201



2. [Inpamuga. Bugsr nupamMuz. YcedeHHAA NHpAMAIA.
3. 3agaua o reMme «[IpsAMEIe ¥ MJIOCKOCTH B IIPOCTPAHCTBE: YIrOJ]
MEXXAY NPAMOM ¥ IJIOCKOCTHIOY .
3apava. B npaBunnHOM TeTpasape ABCD Ttouka K ABasercs
cepeaunHoil pe6bpa AC. Hallaure paccrosinue or Toukn K no mioc-
rocty BCD u yron mexxay npamoil BK ¥ 9TOH IJIOCKOCTBIO, €CJIN
peOpo TeTpasapa paBHO Q.

oreer: 296 . oresin X2
TBET: 6 ; arcs 3

Buier 17

1. BagaHue NPOCTPAHCTBEHHBIX (PUI'Yp YPABHEHMAMH H HEpaBeH-
CTBAMH, ¥ paBHeHHE NJIOCKOCTH.
2. llenTpannHasa cuMMeTpHUsa B IPOCTPAHCTEE U ee crolicTBa. [1pu-
Mepbl eHTPAILHO-CUMMETPMYHBIX TPOCTPAHCTREHHEIX QUTYD.
3. 3agaua no reme «flupamMuga».
3apava. B npaBunabHOM TeTpasape ABCD Touku K u L. — cepe-
maapl pebep AD u BC coorBercrBeHHo. HaWzure yron mesxay
npsamoil K L u BeicoToii CC, rpeyronbaura ABC.

OtBerT: arccosF .

Buxer 18

1. BeiBog popMyJIBI pACCTOSHHSA OT TOYKHM J0 IJOCKOCTH B KOOp-
JIUHATAX.
2. Hpusma. Buasl npuam.
3. Bagaua 1o Teme «IIpsiMble ¥ IUIOCKOCTH B IPOCTPAHCTBE: YIOJ
¥ PACCTOSTHUE MEXKIY IIPIMBIMHE» .
3agaua. [Ba 1pAMOYroNbHEIX He PARHBIX APYT APYTY TPEYTOJb-
HAka ABD u CBD uMeioT 1o paBHOMY OCTPOMY YIay O, obmmmii
karer BD = a u 06myyio sepmiuny D nupsimoro yraa, Hafigure yron
M paccToaHue Mexay npambiMu AB u CD, ecan nnockoety ABD
1 CBD B3auMHO NepUeHIUKYIAPHBL.
Oveer: 90°; gcos o uam asin o.

Buser 19

1. Beruucnenue o6peM0B UTYp BpaineHud (C IIOMOILIO HHTErpa-
Jaa). BeiBog ¢opMyJ AJA BBIUKCAEHIAA 00BEMOB IHIKHIDA, KO-
Hyca, 1uapa.

2. JIsyrpaddeiii yroJ, JIMHeHHBIA yIroJ AByrpadHoro yriaa. Teope-
Ma O PaBEHCTBE BCEX JUHEHMHLIX YIJIOB JAHHOI'C ABYI'DAHHOTO
yrJja.
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3. 3azaua nmo Teme «IIpAMbIe ¥ IJIOCKOCTH B MIPOCTPAHCTBE: pac-
CTOHHHE MEXAY TOUYKAMHM ¥ OT TOYKH A0 IPAMOH».
3apaya. BHyTpu gByrpaHsore yraa seandnssl o (o < 90°) Basa-
ta ToOUKka M, yialeHHas OT ero rpaHell Ha pacCTORAHHA a A b cooT-
peTcTBeHHO. Halignte paccrosinpme or touku M no pedpa aroro
IBYTDAHHOTO VI,

JaZ + b2 + 2abcosa,
sino ’

OTtger:

Buaetr 20

1. Bererop dopMyabI A8 BLEIYHCIEEUA 00beMa IHPaMUAbL.
2. CuMMeTpusA OTHOCHUTENILHO IJIOCKOCTH. Ee cBOMCTBA.
3. 3azaua o reme «lIpAMEIe 1 IAOCKOCTH B IIPOCTPAHCTBE: pac-
CTOAHHE OT TOUKH A0 IJIOCKOCTH» .
3anava. JlaHa 1paBMJIbHAgs [IECTUYTOABHAA TTUpAMHAA
PABCDME (P — sepminHa nupamuabi). HailiguTe paccTosHUSA
a0 maockocTu PAB oT Kaa0i 13 BepIIMH MAPAMHUAALI, He JIeKa-
IIUX Ha 9TOH IUIOCKOCTH, €C/IM TOYKa IepeceYeHHA MeMaH rpati
PDM ynanena ot nanockoctu PAB Ha 8 cmM.
OmgeT:mo12ecmor M u D;mo6em ot Eu C.



3apaum cOopHuka
«EANHBIA rocynapCcTBEHHbLINA 3K3aMEeH.
TecTOoBbLIE 3a0aHUA»

3k3ameH 2001 r;

3axaun axsamexHa 2001 r. B3ATLI U3 ABYX crared «EauHBIH
rocyaapCcTBeHHBIN sK3ameH. TecroBnle 3afaHMA», NOMEIEHHBIX
B rasere «Maremarukar, Ne 36 m Ne 40, 2002 r. (sk3ameH OnLa
B 2001 r.). ITocne Texkcra Kamao# 3aJauy MB VKa3aau HOMeEpa
3aJa4 13 Harero sazavyHuka aiaa 11 xkaacca, aHAJOTHYHBIX JaH-
HOH 3ajJaue.

BapunanT 1

B88. Bricora mpaBusbHON TpeyroJbHOM mHpaMujgel pasHa 2,
JIByrpaHHbIe YIVIBI TPpH OcHOBAaHMM paBHEI 30°. Halinure niomans
00KOBOM 1OBepxHocTH mmpammasl. (I-11: 2.258, 2.259,
2.260,2.264, 2.269, 2.270, 2.271).

Peweuune. IIycTs B npaBunbHON nupamune PABC ¢ ocHOBaHu-
em ABC BricOTOM ABAseTcA oTpe3ok PO = 2, touka K — cepenu-
Ha BC (puc. 76). Torga AK | BC u 110 TeopeMe 0 Tpex nepieHau-
Kynapax PK 1 BC, nostromy LAKP = 30° — guHe#inwlii yroa
IBYrpaHHOrO yria upu pedpe BC ocHoBaHHSA.

P B npamoyroasamom A OPK: PK =

= 20P = 4; OK = OP - ctg 30°=2./3.
Torpa B npaBuasom AABC nonyua-
em: AK = 30K = 3-2./3 = 6./3 =
2AK 246,38
3 3

Takum ob6pasom, Haxomum: S, .=

=3.SABCP23.% 'BC'PK == 3'1 X

2
X124 =72,

= BC = 12.

OteeT: 72,
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Bapuant 2

BY. B xkoHyC ¢ pagHycoM ocC- P

noBaHnA 4 1 BrIcOTOMH 4./3 BuE-
caHa TpeyroJpHad npusMa, y Ko-
TOpoii Bce pebpa paBHBI. Halign-
re oObem npuamel. (I-11: 3,080, A K B
3.081, 3.082, 3.083.)

PeweHune. Ecau Bce pebpa
IpPHU3MBI PABHEI &, TO paguyc r
OKPYKHOCTH, OIMCAHHOH OKOJIO
OCHOBAHUA 3TOH IIPA3MBI, DABEH ,f £ o) C H

a3 2.3
3 3

T.e. = HIH a4 = Puc. 77

=r.3. 910 03HauaeT: 4TOOB B AAaHHBIH KOHYC BIOHMCATH TpE-
VrOJBHYIO IPpU3MY, ¥ KOTOpOH Bce pebpa paBHBI 2, HY)KHO B 3TOT
KOHYC BIOHCATh IUJAMHAP ¢ BeicoTol BC = a4 u paguycoM OCHO-

a3 .
Banug OC = r = —3 > 3aTeM B MOJyUEHHEIH NIIMHAD BIHCATDH

3aJaHHYIO IpU3MYy (Ha puc. 77 u300pakeHo oceBoe ceueHHe KOHY-
ca — TpeyroabHuK MPH — u BOMCAaHHOIO B HEr0 NUJIUHADA —
npamoyronsHuk ABCE). Halinem 00peM 3TOM IPH3MBIL.

Us OP = 4./3, 0K = a, cienyer PK =OP-0OK =4,/3 —a =
=4./3 - r./3 = /34 — r). Uz nogo6usa rpeyronsuuxos BPK u
PK BK (4-r)/3 _r

70 — OF W™ W =g OTRYAA 4~ r=r,

HPQO cnexgver:

gaaunt, r = 2 = OC. Torga a = 2./3 = OK — sricora IIpH3-

2./3)%. /3
MBI Sy npus = ( [‘)4 /3 = 3./3, caenoparensHo, Vions =
=3,/3.2./3 =18,
Otser: 18.
Bapuast 3

B9. B npaBuabHYIO 4eTHIPEXYTOJBHYIO IMPAMHUAY BIIHCAH IIIap,
3 .
00'bEM KOTOPOIO 3 - Haugure 00beM qupaMuAnl, €CJIA €€ BBICO-

ta paBHa 6. (I'-11: 3.298, 3.302, 3.305.)
Pewexne. Taxk Kak JaHHaA NUpaMuga NPaBHJIbHASA, TO 1eHTp O
1rapa, BUMCAHHOIO B 3TY NUPAMHUAY, PACIIONIOKEH Ha ee BHcoTe PH.,
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E H M
Puc. 78 Puc. 79

PaccmoTpum ceuenne koMOUHAIMM IIApA U IMPAMUMALI ILIOCKO-
CTHIO, IIpOXOonsAIel udepes BhicoTy PH mnwmpaMugnl HeplIeHIuKy-
JNAPHO CTOPOHAM €€ OCHOBaHH#A. JTO cedeHue IpencrasnsaeT coboi
OKPYKHOCTSL ¢ HeHTpoM (J, BIHCAHHYIO B paBHOOeapeHHEIN Tpe-
yronbHuK M PE (puc. 78), rge orpesok M E paseH CTOpoHe OCHO-
BAHUA IIMPAaMHIBI.

OboznaunM OK = OH = R — paguyc mapa. Torga us yenosus

4 32
3 R3 = -gnc.uez:yeTR=2. Torna OP=PH-OH =6-2=4;
PK=,J/OP? -0OK?2= ,/42-22 =2./3.

W3 nogobusa tpeyroasaukos OPK u MPH cnenyer: AC;II-{I =

PK 2 _ 243
PH "™ MO ™ "6
= 13 -PH=%-(4J§)2~6=96.

30c11

OTBeT: 96.

, OTKyna MH = Zﬁ. Torna Vmp =

Bapuant 4

B8. BricoTa 1IpaBHAIBHON 4Y4e€THIPEXYIOJLHOM IIHMPaMHAAEL] paBHA
3, ee o0eM paseH 64, Haligure naomank OOKOBOH IIOBEPXHOCTH,
(I'-11: 2.302, 2.303, 2.310, 2.312, 2.314.)

PeweHune, ITycts PO — BricoTa nupamunsl PABCD, K — ce-

peauHa BC (puc. 79).

SV[IHD _ 3-64
orP 3

1
M3 = 2 S,on * OP nonyuaem: S, = =64 =

nup 3 *ocu

=BC2 = BC = 8. Torna OK = 4 u PK = JOK2+0OP2 =
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= J42+ 32 = 5. 3Bmauur, S,, = P

1 1
x 8+5H =80,
OTteet: 80.
c K
Rapuanrt 5 -
O

B9. Ilnoumjaas nmoBepxHocTH cde-
pbl, BIIUCAHHON B KOHYC, pasHa 1007.
IlinHa OKPYIKHOCTH, OO KOTOPOH
chepa KacaeTcs HMOBEPXHOCTH KOHy- A H B
ca, paBHa 67, Haiijure paguyc oCHO- Puc. 80
paHuA KoHyca, (I'-11:3.357, 3.358, |
3.360, 3.367, 3.462.)

Pewenne. Ha pucyake 80 nsobpaskeHo ceueHue JaHHLIX ctheprl
1 KOHyCA ILJIOCKOCTBbIO, mpoxoaaie# ueped ock PH KoHyca:
BH -- paznyc ocHOBaHHSA KoHyca, CK = r — pajuyc oKpyKHOC-
TH KAaCAHUA KOHYCa 1 BIMCAHHOH B HETO cepshl ¢ ireAaTpoM O U pa-
anycoM R= OK (OK 1. BP).

Wz ycaosusa 4nR2 = 100x u 2nr = 61 ciegyer R=5, r= 3. Tor-
la B IpAMOYIroabHbIX TpeyroapHukax COK n POK umeeM coOT-

2
sercrBenHo OC = JOK2 -~ CK2 = ,/62-32 =4 uCP = COIf? =
= g,sﬂaqm',PH=PC+CO+OH=% +4+5= 4?5

BH PH  45/4
Nanee, n3 CK|BH caegyer CK —PC - 9/1 — 5, OTKyAa
BH=5CK=5+-3=15.
Oteert: 15.
3Jk3ameH 2002 .

BO (5.6.2). OceBoe ceuenue KoHyca — TpeyroabHuk ABC, rae
AC — pguamerp ocHoBaHuA. OOpasymoomiaa KoHyca paBHa 6. U3

TouKkn A K cropoHe BC nposejieHa MefiviaHa, paBHAA J1_7 . Haiiau-
Te mJonajb OOKOBOIM MOBEPXHOCTH KoHyca. (Hucio M cumraTth
paBabim 3.) (I'-11: 3.042, 3.043, 3.044, 3.046, 3.060.)

Pewexune, Ha ocHoBaHuM (POpMyJbl, B KOTOPOU BHIPAXKaeTCHA
CBA3b MEXXKAY MeIuaHoU TpeyroJbHUKA U ero CTOpOHaMH, NoJyya-
em {puc. 81):
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B 2 2 _ 2
Akt - 2AB +21:c BC:

2 _ 2 | 2
kyna Ac? = AK 2;13 +BC? _

. 2_9.@2 2
i _4-(J17) 22 62+ 62 _ 16, sxa.

yur, AC = 4 = 2R, rape R — paguyc oc-
HOBaHUA KOHYCA.
Torga saxogum maomages S, G0KOBOR

IIOBEpXHOCTY KOHYycA:
A H C S =nRl=3-2-6=36.
Puc. 81 OTteeT: 36.

B9 (5.5.2). Bokoprle Ipafiii IpaBUJIbHOM UYeTHIPEXYIOJILHOMU
mupaMaabl SABCD HakoHeHH K IJIOCKOCTHA OCHOBaHHSA TOJ VI-
jgom 30°; amotema paBHa 4. Yepes cepeAMHY BBICOTHI IHpPaMUAL
IIpOBeAeHa ILJIOCKOCTh, MapajijeibHasa oOCHoBaHuio. Haligiire
of0beM moJAyuHBLIEHCcA yceueHHOM nupammasl. (I-11: 2.275,

2.320, 2.321, 2.322, 2.338, 2.340, 2.341.)
Pewenne. Ilycts kBagzpatr A, B;C,D, — ceueHue gjaHHO} nHpa-

MHABI ILJIOCKOCTRIO, IIpoxogsameil uepes cepeauny K BbicoTH SO
IMTUpaMUAAB] ITapajijiesbHO ee ocHOBaHUIO (puc. 82).

OGosHaunM 06BbeMBbl JaHHOW mHpamuasl SABCD, nupaMuge
SAB,C;D; n yceuenno#t mupamuasl ABCDA B,C,D,; cootser-
crBeHHOo Uepe3 V, V, u V,, npusrom V=V, + V,,

Taxk w®ax nupammaa SA;B,C,D, romoTeTHYHa OHpaMHje

1
SABCD ¢ xoathpHIIeHTOM POMOTETHAH, PABHBIM 5 TO V, = 3 V.

7
3HauuT, V, = 3 V. Hainem V.,

Puc. 82
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Ecan touka P — cepenuHa BC, o ~OPS = 30° — nuHelHbII
yroJi IByrpaHHoro yria npu pebpe oCHOBaHUS, IO3TOMY B IIDAMO-

1
yroJibHOM TpeyronkHuKe OSP umeem: OS = EPS = 2, OP =

=SP'cos30°=4-3£§ =2./8,0otkyna AB=4./3.

1 1
Taxum obpasom, V = 38,.,+SO = 3 +(44/3)2-2 = 32. Torna

7 7
Vy,= §V= 3 - 32 =28.
OTrser: 28.

3k3ameH 2003 r.

BapunanT 112

C3. B kybe ABCDA,B,C,D, B3aru TouKH: S — cepeguHa
A,D, u T — mentp rpanu BCC,B,. Haiifure 065eM NHPaMHBI
CDST, ecan pebpo Kyba pasHo 6. (I'-11: 2.323, 2.326, 2.328,
2.329, 2.330.)

PeweHune. O6os3Haunm oboseM mupamuast CDST gepes V. 3a oc-

HoBaHue nupamuzabl CDST npumem tpeyroapHuk CDS, KOTOpEIA
sABaAeTca npaMmoyroabaeM (CD L (AAD), DS c (A, AD)=CD L
1 DS} ¢ kateramu CD u DS (puc. 83), Torga BsICOTOH 3TOH nupa-
MH/IbI ABJAETCS NEePHeHAUKYAAD U3 TOUKu T — BeplIMHBI OMpa-
minsl TCDS — Ha naockocts tTpeyronabHuka CDS (nnockoctn
TpeyrospHuKka CDS npoxogur
yepes cepepuny K pebpa B,C,). Dy C,
A rak Kak niaockocts CDS nep- S
neHguKkynapHa rpaia BCC,B, u 'S
T € (BCC,), To nepueHAUKYISAD \
13 Toukm T Ha naockocte CDS
Jeur B rpagu BCC,B;. 9rtum !
NEPHEeHANKYJIAPOM ABJAETCH OT- " - L
pesok TH — BbICOTA Tpe- Df\:ii-------.“
yroneHurka CTK (TH 1 KC, ’ c
H e K(C). Takum obpasom, V = g
1

= ESACDS. TH. HaiineM S qpg A 7

u TH. Pue. 83
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1 1 1
SACDS=§CD-DS=ECD-A/DID2+D182=§6-J62+32=
=9./5.
Hanee naxogum: CK = DS = 3./6; KT = %BIB =3; CT =
= %BIC= GTJE =3,/2. Ecnu CH = x, ro KH = 8./5 — x. Torna

H3 IPAMOYTOJbHLIX TpeyroabHuKoB TKH 1 THC umeem: TH?2 =
=TK?2-KH?=CT2-CH?umu9-(3./5 — x)2=18 ~ x2, orryna

x=--9— 3Hauur, TH? = 18 - (-?-)2 _ 2 T.e. TH -2 Te
7 . 7 £ T- e 7
nepb HaXoauM V=55, opg* TH = % -9./5 -:/3'3 =9.

OTteeT: 9.



MpunoxeHue

TPUroHOMEeTpPU4YECKHNEe ToXaeCTBa

sin? o + cos?a = 1; sin (—a) = —sin a; tgoaectgo=1;
¢ _ sin cx; cos (—0) = cos o} 1+ te? o= 12 :
Cos O tg {—a) =—tg o; ¢os< O
ctg o= o= cig (-0) = —ctg o 1+ctg2a=~ 12 ;
831N O s81n“ &

cos (0. — B) = cos & cos B + sin & sin B;
cos (0 + 3) = cos c cos § — sin & sin f3;
sin (& + ) = 8in & cos B + sin B cos o;

sin (o — B) = sin a cos  — sin P cos o;

tg (a+ B) = lt_gtng_J;f“igBB;
oy _tga—-tgh
OB T e B

gin 20 = 2sin o cos o
cos 2o =cos? a — sin? o

1+ cos 20 _ -1 -—cos 2a

2t
= cos? oy} 2 = sin? o tg 20 = =8,

1-tg2a’

. . o+ -
sin o + sin B = 2sin I3(:050L B

2 2’
sina—sinB=2cosg-ﬂsinE:—B;
2 2
cosa+cosB=2cosa+Bcosa_B;
2 2
+ —_
cosu—cosﬁ=—2sina2ﬁsinazﬁ;

cos x-cos B’

te o — tg P = sin (o — )

cos otecos B
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dopmynsl npueBeacHU|

ApPrymMmeHT
PyHKuna
90° + . 90° - 270°+ o 270° - o
sin x cos O cos o —COoSs ot —cos o
COS X —-gin ¢ sin o sin o —sin o
tg x —ctg o ctg o —ctg o ctg o
ctg x -tg o tg a —-tg o tg o
AprymeHT
DOyHKUMA
180° + o 180° - a 360° + 360° — o
sin x —sin ¢ sin o sin & —s8in &
cos x —COS . —Cos O cos O cos
tg x tg o —-tg o tg o —tg o
ctg x ctg o —ctg o ctg o —ctg o
3Ha4eHUs TPUroHOMeTPNYECKUX PYHKUNIA
HEKQTOPbLIX YFA0B
Benuunha yrna
OyHrums
Q° 30° 45° 60° g0° | 180° 1| 270° | 360°
sin x o | L | L2 B 10| a] o
2 2 2
cos X 1 E i@ L 0 -1 0 1
2 2 2
tg x 0 i‘; 1 J3 — 0 — 0
ctg x — J3 1 2{; 0 e 0 —
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dhopmMynbl CTEPEOMETPUN

BekToOpbl 1 KOOpAMHATHI

CoaepxaHue
bopMynbl

dopmyna

CumBONbI
(0Bbo3HaveHws)

IIpasuio Tpe-
yrOJBHHKA

A, B, C — npous-
BOJRHEIE TOYKI

IIpasuno na-

OACB — napan-

IIpaBuio na-
paileenuneaa

panneio- OA + OB = OC JeJIorpaMM
rpaMmma
> > AI’AE""’An_
IIpaBrI0 MHO- Ay + ApAg + .t TNPOUIBOJILHLIE
rOyroJdLHHKA > >
y +A, A =—AA, TOUKH
OA, OB, OC —

pebpa nmapaniene-
MHIIEeAA;

OC, — puarosarb
1A paJre el nie-
aa

dopmyia BrI-
YUTAHUA

A, B’ O - HpOHB"
BOJILHLIE TOUYKH

IIpuagak KoJ-

k — qucJao, OT-

JIMHEAPHOCTH f;_’= vd; JIEYHOE OT HyJ4,
ABYX HEHYJIE- |d - b]=|d| |} W2 a2
BEIX BEKTOPOR ax0,6+0
ITpuanak KomI- . X, Yy — 4uCIA
JTAHAPHOCTH p=2xda+yb
TPEX BEKTOPOB
M — cepenuna
CepenuHa OT- — 1.2 2 oTpeska AB;
peskxa OM = E(OA + OB) 0 — IpOH3BOIL-
Hag TOYKA
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lpoponxenne rabmiust

CopepxaHue
dopmMynl

Popmyna

CvMBOI
(0603HaYeHuA)

M — neurpoup

Touka nepece- — 4 N , , TPeYroIbHUKA
YeHUA MeJUAH OM = Z(OA + OB + OC) | ABCG;
(uenmpoud) 3 0 — npou3BOJIL-

HafA TOYKA
CranapHoe . . . d, b — Hemynese
L POM3BEIeHHE d+b =|d|-|blcos £(d; b) BeKTOPHI
BEKTOPOB

ClomeHue

fl_: (Il; Y3 21);

BRIYMTAHHE atb= b (X35 Yo 25)
BEKTOPOB B KO- ={x; I Xy Y1 T Y5y 2; T 2,)

OPAMEATAX

YMHOMKEHNE k — 4ucio;
BEKTOPA kd(kx; ky; k2) a(x; y; z)

Ha YHCJO

CranapHoe b= X% + Uity + 2,2, af{xg;: Yy 21
NpOH3BeJeHNe b (x93 Yas 25);

Kocunyc yraa
MEeXJY BEKTO-
pamMu

cos ¢ =

- 2 2 2 2 2 2
Jx1+y1+zl,jx2+y2+22

JnHHa BeKTopa

¢ — BeJIMYHHA YT-
Ja MEX Oy BEKTO-
paMu;

afx; y; 2)

Paccroanue - A(xy; Yo 2,0
MEXAY TOI- B(Xo: Yos 2
KamMu A u B =J(x2-x1)2+(y2_y1)2 +(2,—-2,)° (%95 Y33 29)
1 (A; B; C) —
BEKTOD, NepIeH-
VYpasuenue Afx — xy) + B(y — y,) + JIHRYJIHPH!::II{
IJIOCKOCTH +C(z-29)=0 IIJIOCKOCTH;

My (xg; Ygr 29) —
TOYKa, IPUHALIE-
JKaIaf NJI0CKOCTH
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lpogonxeHwne Tabmiubt

MMEHAVKYIApP-
HOCTH ABVX
NNOCKOCTelt

YcnoBHe ma-
paiNeJBEHOCTH
JABYX OJOCKOC-
Tel

CopepxaHue CnumBonbl
b opmynel Popmyna (oHoaHaueHuA)
M (x; y; 2) — mpo-

Obutee ypaBHe- Ax+By+Cz+D=20 H3BOJbLHAA TOYKA
HHE ILIOCKOCTH : L HOCKOCTH
Kocuryc yraa cos ¢ = Ajx + Byy +
MEeX/y ABYyMA |A1Ay + B By + CCy| +Ciz+ Dy =0;
ILJIOCKOCTAMH = > s 3 T A,x + Byy +
Yenosue nep- NJIOCKOCTY;

AA, + BB, + C,C, = 0;

4

Ag

Bl _Cl
BZ_CZ

(¢ — BEJHYHHA
VIVIA MEXJLY 3TH-
MH ILJIOCKOCTAMHU

Paccroauue
OT TOYKH 0
nJaockoctTH (d)

d

|Axy + By, + Czy + D
JA? + B2 + (2

My (xps Yo 2) —
TOYKA]

Ax + By + Cz +
+ D=0 — nnoc-
KOCTE

IIapamerpuye-
CKHe VpaB-
HEeHHA NPAMOH

e -+

Fo=ry+ kp;
x = x, + kay,
y=y0+ka2,
| 2 =2y + kay

F — pajinyc-BeK-
TOP IPOUABROIIH-
HOH TOYKH IpA-
MOl

Fy — pajuyc-BeK-
TOp AaHHOM TOY-
KH IIpAMOIT;

P — HAOpPABJIAI-
LKA BEeKTOp IIpA-
MOH;

£ — napamerp;
My (x93 Yo3 20} —
JaHHAA TOYKA
OpAMOH;

M (x;y; 2) —
NpPOKIBOJILHAA
TOUKA NPAMOH;

i’ (ay; ay; ag) -
HaNpaBJA0IHH
BEKTOP NPAMOH
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OxoHyaHme Tabniyb

CopepxaHue CumBonl
dbopMynbi Popmyna (0B03HaveHnn)
YpaBHeHHA 2, M, (x5 yps 20

NIPAMOM N0
IBYM €€ TOUKAM

Kocunyc yraa
MeXAY IBYMSA

X9~ X1

Yo~ 1 - 2972,
cos ¢ =
|a1by + axby + aghy|

Y| My(xes yos 25) —
NAHHEIE TOUKH;
51(“1; ag; Gzl
P1(by; by by) —

OPAMBIMHA = > > T . | manpasasommme

Venosue nep- J‘ll taztag Jb1 +b5+bs BEKTOPHI IPA-
MKEIX;

NeHAUKYJIAD- ’

HOCTH IBYX ¢ — BeJMYHHA

IPAMBIX a,b, + asb, + asby = 05 yIJIa MEeXAY HH-
ME

¥cnorwme na- a a a

pasielbHOCTH -1 _ -2 _ 73

ABYX IPAMBIX by by by

Cunyc yria sin ¢ = Ax + By + Cz +

MEKY DPAMOK
1 IIJIOCKOCTBIO

¥Ycaosne nep-
NeHAUKYJIAP-
HOCTH NI PAMOX
H ILIOCKOCTH

MQl + Ba, + Ca3|

= *
JA2+Bz+CzJai?+a22+a§

+ D =0 -— nnoc-
KOCTB}

Play; ag; ag) — Ha-
IPABAAIOMH T
BEKTOD IIPAMOI;
¢ — BeINYHHA
yTa MeXxay npA-

Yenosue MOM ¥ DJIOCKO-
napaLaeh- . Aa, + Ba, +Cay; =0 CTLIO
HOCTH I PAMOH
H ILIOCKOCTH
MHororpaHHukK®
CogepxaHue CuMBONDbI

dopMynbi Popmyna (0Bo3HaAueHnA)
IInomaas noBepxHO- S = 6a2 a — [JUHa pebpa
ctu ryba (S) Ky0a
ITnomans GoxkoBoit P— H?pHMeTp OCHO-
HOBEPXHOCTH Ps- Seor = P+ b ?zaim;;ﬂcm‘a (pmHAa
MOH mpHEMEI (Sg,, ) G6oxosoro pebpa)
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Npogonxenve Tabnuiibl

CopepxaHue CumBOnbI
hOPMYbI Popmyna (0bo3HaveHnA)
IInomans GOKOBOH P — nepumerp mep-
NeHAHKYJIAPHOIO ce-
IIOBEPXHOCTH HA- _p.
. Seox — P 1 YEeHU S,
KJIOHHOH NPU3MEI
(S. ) ! — nnauHA DOKOBOTO
Gox pebpa
IInomaxn 60KOBOH P — nepumeTp ocHoO-
[IOBEPXHOCTH MPAMO- S. =Pl BaHHA;
oK
TO Napajaenennnesa { — nnwHa G0KOBOTO
(Seox) pebpa
P — mepumeTtp OCHO-
BAHHS;
ITnomaas 6o0KoBOH S = 1 p a — anodeMa;
gox — gt "0
NOBEPXHOCTH IIpa- 2 @ — maomaznn OCHO-
BHJILHOR IMHMpaMUABI g - Q BaHMA;
(Seor) Gox  cog @ ¢ — BEJHYHHA ABRY-
T'PAHHOTO VI IPHK
CTOpPOHE OCHOBAHMSA
IInomaas 60xkoBOH P, P, — mepuMeTpsI
DOBEPXHOCTH Opa- P+ P OCHOBAHW;
BHJILHOM yCEeUEeHHOH fox 9 h — anodgema -
nupaMuasl (Sg,.)
_ 3 @ — An1HHa pedpa
O6bem Kyba (V) V=g Ky6a
O6beM IPAMOYTOJIb- a, b, ¢ — u3MepeHns
HOT'0O Napasiejlent- V = abc napaJjinesenunesa
nepa (V)
S, ., — MICIIAAL OC-
HOBaHHA;
h —BnicoTa;
O6'beM IPU3MBI (Ha- V=8,,°h; @ — mIomajs nep-
paanenenuiena ) (V) V=g-l NEeHAUKYAAPHOIO ce-
YCHHA;
! — pauna OOKOBOTO
pebpa
1 S e — IIOMIAAE OC-
O6pem mupamugs! (V) V= §Sncn v h HOBAHUA,

h — BnicOTA
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OxonyaHve Tabnuubt

CopepxaHne
(GOopMynk

dopmyna

CumBonb!
(06023HaveHA)

O6bem ycedeHHOH
nupamuasl (V)

V= %h(Q1+ [0.Q, +

@y, @y — miomasn
OCHOBAHHH;

+ @) h — BBICOTA
OrHomeHne 06'LeMOB v MA, MB, MC, M,A,,
ABYX TETPadApOB MABC, _ M,B,, M,C, — ann-
MABC u M A B,C,, Varane HR pefep TeTpa’pPoR

HMEIOLIHX PaBHEIC
TPEeXTPAHHLIE YIJBI
¢ pepmuHamMu M u M|

_ MA,-MB;-MC,
 MA-MB-MC

Durypobl BpalleHns

auEApa (S;,,)

CogepxaHue CumMBOAb
hopmMynbi Popwmyna (0603HaYEHNA)
IInomaas BoKOROH R — paauyc ocHOBa-
TTOBEPXHOCTH IH- Sg.x = 2NR-h HHA;

h — BRICOTA

Ilnomaas noaHoH mo-
BEPXHOCTH HHIHHAPA
(S

]IDJIH)

S_..=2aR(k + R)

R — papmyc ocHOBA-
HHA;
h — BBRICOTA

IInomans BokoBO#

R — paamyc ocHOBa-

(S

]IOJIH)

TIOBEPXHOCTH KOHyCa Seo = NRI HIH;
(S, ) Gox [ — pnnHa obpasyio-
Gox meﬁ
¥ R — I’I -
Inomazs ToIHOH TMo- pajiiLyc oCHOBA
_ HHA;
BEPXHOCTH KOHyCa Sions = TR(l + R)

Il — pavHa 06pasyo-
e

IInomanes 6okoBOH
IIOBEPXHOCTH yCeUeH-
HOTO KoHyca (Sg,.)

Seo =R + 1)

R, r — pagnycsl oc-
HOBaHMWIA;

I — pnuna obpaayio-
et

HOMH MoBepXHOCTH (S)

Ilnomans coeps (S) S = 4rR? R — paanyc cdepn
R — paanyc cdepsi;
1Lromans cerment- S=2aR-H H — BrICOTA CErMeHT-

HOY TIOBEPXHOCTH
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OxoHYarne Tabavubi

CopgepxaHue CuMBOnbI
dbopmynbi Popmyna {0H603Ha4eHus )
R — pagnyc mapa;
ILnomazs 1maposoro S=2rR‘H H — BrICOTA IIAPOBO-
nosca (S) T'0 IIoAcCa
ITnomank NOBEePxXHO- S=nR+(2h + R — paamyc 1iapa;

CTH IIaPOBOTO CEKTO-
pa (5)

+ J2Rh — h2)

k - BBEICOTA IIIA POBO-
I'0 CeI'MEHTA

R — paguyc OCHOBa-

Qbwem nunauBEapa (V) V=nR:+H HHA;
H — BricoTa
1 R — paguyc oCHOBa-
06Bem xoryca (V) V= EnRz «H HUS,

H — BuICOTA

OfbeM yCceueHHOTO

V= énH(rz + Rr +

R, r — paguych OCHO-
BaAHWH;

xoryca (V) + R?) H — BrICOTa
4 a1 4 R — paguyc mapa,
O6seM mapa (V) V= 37‘R V= Gnd d — pHaMeTp mapa

06 peM mapoBoro

caoAa (V)

V= "—?(3:—% +3r§ +
+ H?)

71+ 'y — PAIHYCH OC-
HOBaHHUH IIapOBOTO
cnos;

H — BmicoTa

O6BpeM IIapoBOTO Cer-
meHTa (V)

3
V= %3!’2+H‘?)

V=1tH2(R - I;I);

R — pamuyc mapa;

H — BwmiCOTA;

r — pajHyc OCHORA-
HHA IIIaPOROTO CEr-

MEHTa

0Ob6'’peM MapoROTO
cexTopa (V)

veLrre.

R — paauyc 1apa;
H — BricoTa
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TUKOB C ApeBHUX BpeMeH A0 XX Beka.




HATNAOHAS MATEMATUKA

e 1 W 3Basuu, M. B. YnHkiuHa.
- ATESIEE
o ore ALK,

NS Z «MHOIOIPAHHUKM: PA3BEPTKM
Pl 11 BAIAYMY. Y. 1,2, 3.

B nocobuu npencTasneHo
M.}Qr@;-m okono 70 pazsBepTok MHOro-
e T & " 77 rPaHHUKOB PAa3HOro YpPOBHS
CNOXHOCTH, BCTPEUAIOLIMXCA B
WKONLHOM Kypce reomeTpuu
10-11 knaccos. K kaxgomy
BUOY PA3BEpPTOK AAIOTCA 3a-
0aun, CBRA3aHHbIE C MHOro-
rPaHHUKAMM, KOTOPbIE MOXHO
CKNEUTb U3 3TUX Pa3BEPTOK.
Bcee 3apauu cHabxeHbl oT-
BETAMM UAK YKA3aHUAMY K pe-
WEHMIO.

U M. CmupHosa, B. A. CMupHos. EEEEEEEIA NERm.
«KOMMbIOTEP MOMOIAET FrEOMETPUW». § OMABIOTER

AOTAET

B naHHon KH1re paccMarpuealoTca KOMNsoTep-
Hbele rpaduyecKkue pepnaxkTops! o6Lero HasHave-
HUS, UCNoNb3yemMble Ansa nzobpaxeHun reoMmeTpuyec-
Kux duryp. NomMnumo 3T0ro, OHa cofepxuT Teope-
TUYECKMIA 1 NPAKTUYECKUI Mmarepuan No reoMeTpun,
3afa4qu pasnuyHoro ypoBHA TpyOHocTH. Knura éyner
Nnone3Ha yYuTensam MateMaTuku, a TakxKe yyauumcs
7-11 KnaccoB, WMHTEPECYIOWMKMCA reoMeTprein #
XXenawummM No3HaKkoMUTLCH C COBPEMEHHbIMU rpaiuyecKUMK CpeacTBamu,

M. B. Tkauesa.
«BPALLAQUIMECHA KYBUKW».

AnbGoM 3agaHuil COCTOUT U3 OBYX OCHOBHbIX
YacTten: TecTOB, NO3BONAWMX NPOBECTN AUarHOCTUKY
YPOBHA Pa3BUTURA NPOCTPAHCTBEHHOIO MblWNEHUA,
v TpeHuHra. OCHOBY TpeHWHIra COCTaBNAIOT 3afaHns,
CBA3aHHble C NOBOPOTOM KyBa BOKPYr CBOEW OCH.
KHura paccuuraHa Ha WUPOKyI0 aygquTopui: oT
OOWKONBHUKOB A0 CTAPWEeKNacCHUKOB Y B3POCHbIX.




